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Preface

Refereed Conference Proceedings
The London Mathemtical Society Symposium{ on
Geometry and Cohomology in Group Theory
12-22 July 1994

The cross-fertilization of ideas from abstract group theory with those from ge-
ometry, the use of topological and cohomological techniques have contributed
over recent years to revitalising group theory and representation theory in
many exciting ways. Not only has this brought impressive mathematical ad-
vances, but again it has drawn in different kinds of specialists. At this London
Mathematical Society Symposium we aimed to draw together experts in alge-
bra, geometry, representation theory and cohomology to make a contribution
to this interchange of ideas. It is an area where there is marked strength in
the United Kingdom, traditionally the home of many group theorists, but
nowadays also active in cohomological and geometric group theory.

The closing report to the Science and Engineering Research Council* began
thus:

“The success of this meeting owed much to the strong list of participants, the
high standard of lectures by invited speakers and to the good environment
at Grey College which encouraged many collaborative research projects. The
success can be measured by the strength of the articles which we are assem-
bling for the Conference Proceedings.”

We thank all those authors whose articles were submitted for this volume, and
also the equal number of referees. We emphasise that every effort was made

1 Supported by SERC Grant GR/H92159.
* Now replaced by the Engineering and Physical Sciences and the Particle

Physics and Astronomy Research Councils.



viii

to have papers refereed to the same standard as academic and learned math-
ematical journals. There are a number of survey articles here including those
by Carlson, Cornick, Grigorchuk, Linnell, Mikhajlovskii and Ol’shanskii, and
Wilson. These cover ground from cohomology and representation theory,
analytic methods and the use of von Neumann algebras, the application of
hyperbolic groups and the structure of soluble groups. Davis gave a series of
lectures on buildings. Further contributions were made following collabora-
tions at the meeting, for example the paper by Neumann and Rowley.

Every participant contributed to the success of this meeting. For the smooth
organization we are indebted to the hard work of Sue Nesbitt, Rachel Duke
and Ruth Silverstone. The support of the London Mathematical Society
and Tony Scholl were invaluable, and the accommodation at Grey College
provided a comfortable and congenial atmosphere. The first named editor
would like to thank Richard Platten for his assistance with authors’ proofs.

Peter H. Kropholier Graham A. Niblo
School of Mathematical Sciences Faculty of Mathematical Studies
Queen Mary & Westfield College University of Southampton
Mile End Road Highfield
London E1 4NS Southampton SO17 1BJ
Ralph St6hr
Mathematics Department
UMIST
P.O. Box 88

Manchester M60 1QD
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On the Cohomology of SL,(Z[1/p])

Alejandro Adem and Nadim Naffah

Mathematics Department, University of Wisconsin, Madison, WI 53706 USA.
Department of Mathematics, ETH-Ziirich, Ziirich CH-8092.

0. Introduction

In this note we compute the integral cohomology of the discrete groups
SLy(Z[1/p]), p a prime. According to Serre [6] these are groups of virtual
cohomological dimension 2. The method we use is to exploit the fact that
these groups can be expressed as an amalgamation of two copies of SL,(Z)
along the subgroup [y(p) of 2 x 2 matrices with lower left hand entry divisible
by p. We first compute the cohomology of this virtually free group (using a
tree on which it acts with finite isotropy and compact quotient), and then use
the well-known Mayer—Vietoris sequence in cohomology to obtain our result.
We assume that p is an odd prime larger than 3. The cases p = 2,3 must be
treated separately; we discuss them at the end of the paper. We are grateful
to the referee for his extremely useful remarks, and to J.-P. Serre for pointing
out Proposition 3.1.

1. Double cosets and permutation modules

In this section we calculate certain double coset decompositions which will
play a key réle in our approach. Let G = SL,(F,), and B C G the subgroup
consisting of all matrices with lower left hand entry equal to zero. It is easy
to see that B =2 Z/p xr Z/p — 1, a semidirect product. We will denote by C,
C, and C; the cyclic subgroups generated by the following three respective
matrices of orders 2, 4 and 6:

(o 2)remi )0 7)
“=Vo <1)7% "\ o) 1 1)

The first author was partly supported by the NSF.




2 A. Adem, N. Naffah

It is easy to check that the set of right cosets B\G decomposes as follows:

z 1

B\G = Ba, U |_| B( 0)

Now as a, is central, we obtain a double coset decomposition for G using B
and C, as follows:

10
G=Ba4CQL|( u B( )CQ)
IE]FP z 1

Applying the usual induction restriction formula we obtain
ZIG/Cy] | 5= (Z[B/C,])". (1.1)

Next we consider the double cosets using Cy. Note that we have
( 1 0) (0 -1 ) (0 -1 )
z 1 1 0/ \1 -z
(0 -—1)( 1 0) (-—l/x ——1)
1 —z/\1l/z 1 B 0 -z

From this we conclude that if z # —1/z or 0, then

o) G Y)2 ()
and so

10 10 1 0
B( )C4=B( )LIB( ),and Ba4C4=BLIBa4.
z 1 z 1 -1/z 1

In each case the two cosets are permuted by the matrix a,. In the case
when 22 + 1 = 0, then the coset is fixed under this action, and hence the
associated coset is equal to the double coset. It is an elementary fact that the
polynomial > + 1 will have roots in F, (necessarily two distinct ones) if and
only if p =1 mod(4). Using this and the induction restriction formula yields

and

Z[G/Cy] |= Z[B/5,Cis"] © ZB/5,Cis7"] @ (Z[B/C,))" ™"
if p =1 mod(4), and

ZIG/C4) |52 (Z[B/Co))"*M7?  otherwise. (1.2)
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The elements s;, s, correspond to the two roots of the polynomial.
1
For Cs, we must look at the action of the matrix of order 3, ) on

-1 -1
the double cosets. In this case the orbit of the action will be of the form

B(alc (1)> B(l/(ll—z) (1)> B((z—ll)/z (1)>

provided = # 1. A coset will be fixed if and only if 22 — £ + 1 = 0; given
that p > 3, this will have roots in F, (necessarily two distinct ones) if and
only if p = 1 mod(3). As for z = 1, the corresponding coset gives rise to the

singular orbit
10
B, B( ), Ba,.
11

From this we can deduce the following decomposition (notation as before):

Z[G/Cs] iB’E Z[B/slcssl—l] @ Z[B/szcssgl] ® (Z[B/Cz])(p_l)/a
if p=1 mod(3) and

Z[G/Cs) | = (Z[B/C,))®*)/®  otherwise. (1.3)

2. The cohomology of ['y(p)
The subgroup I'y(p) C SL2(Z) is defined by

b
Lolp) = {(Z d) € SLy(Z) | ¢ =0 mod(p)}.

If I'(p) denotes the level p congruence subgroup, then clearly I'¢(p) can be
expressed as an extension

1-T(p) > To(p) > B—1.

Recall [6] that SL,(Z) acts on a tree T with finite isotropy, and quotient a
single edge. As I'(p) is torsion free, it acts freely on this tree, and so G =
SL,(F,) acts on the finite graph T'/T'(p). The isotropy subgroups of this action
are precisely C, and C; for the vertices and C; for the edge. Let EB denote
the universal B-space, then clearly using the projection 7 : To(p) — B, I'v(p)
can be made to act diagonally on EB x T, with trivial isotropy. As this space
is contractible, its quotient under this action has the same homotopy type as
the classifying space BT4(p), and so we have BL4(p) = EB x5 T/T'(p).
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Let C* denote the cellular cochains on the B-CW complex T'/T'(p); then it
is clear from the above that

C° = Z[G/C,] |, ®ZIG/Cy] |, and that C' = Z[G/Cy] |, .

In this situation, there is a spectral sequence converging to H*(I'y(p), Z) (see
[2]) with EP = H9(B, C?), which degenerates into a long exact sequence:

... = H{(Ty(p),2) = H(B,C°) —» HY(B,C") = H*'([4(p),Z) — ...
(2.1)
where the middle arrow is induced by the coboundary map é on C*.
As a first application of the long exact sequence (2.1) we obtain

Proposition 2.2. Under the above conditions, H'(Ty(p), Z) = (Z)N® where

(p—-7)/6, ifp=1mod(12);
Np) = (p+1)/6, z:fp‘i‘5 mod(12);
(p—1)/6, ifp=7 mod(12);

(p+7)/6, ifp=11 mod(12).
Proof The sequence (2.1) starts as

0—=Z— (C°% — (C")? = H'(Ty(p),Z2) — H'(B,C").

Recall that H'(B,C°) = 0, as C° is a permutation module. Hence calculating
ranks completes the proof.

To compute the remaining cohomology groups we first switch to the associ-
ated projective group PT'y(p). Note that there will be a situation analogous
to that for the original group, except that throughout we must divide out
by the central Z/2. Note that if PB is the associated group for B, then
C! will now be a free PB-module. Hence the corresponding long exact se-
quence degenerates to yield the isomorphism H*(PT(p),Z) = H*(PB,C°)
for all ¢ > 0, and the fact that all its odd dimensional cohomology (except in
dimension 1) is zero. This is summarized in

Proposition 2.3. For any integer i > 1, we have that

Z/6®Z/6, ifp=1 mod(12);
orn g1 |220T 9= i

0, if p =11 mod(12).
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and H¥**'(PTL(p),Z) = 0.

O
Note that H'(PTy(p), Z) = H(To(p), Z).
Next we apply the spectral sequence over Z associated to the central extension

1 - C; = Ty(p) = PTy(p) — 1.

Note that the interesting cases are if p = 1, 5 mod (12), and that the 3-
torsion plays no role. As the group has periodic cohomology and is virtually
free, it suffices to compute H* and H?. In total degree 2 we simply have the
contributions from H?*(Cy,Z) = Z/2 and H*(PTy(p),Z)o) = Z/2 ® Z/2. As
4-torsion must appear (there will be a subgroup of that order), we conclude
that H*(D'y(p), Z)o) = Z/4 D Z/2.

In total degree 3, we only have one term

H'(PT,(p), H(Cy, Z2)) = (Z/2)N®*.

However, it is not hard to see that the map induced by the quotient in co-
homology, H*(PTy(p),Z) — H*(Ty(p), Z) must be zero. This can be proved
by comparing the two long exact sequences described above and using the
corresponding fact for the map induced by the quotient Z/4 — Z/2. The
only possible differential on this horizontal edge group is ds : E3* — E3°,
hence it must have an image of 2-primary rank 2. We conclude that E.? &
(Z/2)N®) = H3(T,(p),Z), and we obtain

Theorem 2.4. For any integer ¢ > 1, we have
Z/12Z/[6, ifp=1 mod(12);
Z/4®Z/2, ifp=5 mod(12);
Z[3®Z[6, ifp=T mod(12);
Z/2, ifp =11 mod(12)

H*(To(p), Z) =

and
H?*(To(p), Z) = (Z/2)V@.

3. Calculation of the cohomology

To begin we recall that aside from the natural inclusion we also have an
injection p : [y(p) = SLy(Z), given by

(=4 .
c d ple d
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Using these two imbeddings, we can construct the amalgamated product [6]
SLy(Z(1/p]) = SLy(Z) *re(py SL2(Z).

In addition we have that

Z/12 ifris even;
0 if r is odd.

We can identify p* with the ordinary restriction map.

H (SL,(Z),Z) = {

Using the Mayer—Vietoris sequence associated to an amalgamated product
we see that H'(SL,(Z[1/p]),Z) = 0 and that we have exact sequences
0-zV P L H2(SLy(2(1/p]),2)»Z/126Z/12— H? (To(p),Z)— H3 (S L2 (Z[1/p)),Z)—0

and

0-+(Z/2)N P s H? (SLo(Z[1/p)) 2)~2/ 1202 /12— H? (To (p),2) = H*+1 (S Lo (Z[1/p]),Z) 0.

The cohomology will evidently be 2-fold periodic above dimension 2, which
is in fact the virtual cohomological dimension of SL,(Z[1/p]).

We will need the following result, which is due to J.-P. Serre [7]. It can also
be proved using an explicit presentation for the group, described in [1].

Proposition 3.1.
2/3  if p=2
H\(SL,(Z[1/p]), 2) = { /4 if p=5;
Z/12 otherwise.
O
Hence we have that for p > 3, H*(SL,(Z[1/p]),Z) = (Z)¥» o Z/12.
Let A(p) denote the number 12/|Q(p)|, where Q(p) is the largest cyclic sub-
group in H?*(Ty(p),Z). Then, from the fact that the restriction from the

cohomology of SL,(Z) to that of its cyclic subgroups factors through I'y(p),
we deduce that the sequence above simplifies to yield

0— (Z/2)N® — H*(SL,(Z[1/p)),Z) —» Z/12® Z/A(p) = 0 (3.2)

and

H**Y(SL,(Z[1/p)), Z) = H*(To(p),Z)/Q(p).

Moreover, from our previous calculation for I'y(p), we have that
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Z/12 if p=1mod(12);

_ Z/4 if p=5mod(12);
Qle) = Z/6 if p= 7 mod(12);

Z/2 if p=11 mod(12).

It remains only to determine precisely what this extension (3.2) looks like.
We need only be concerned with the 2-primary component. Recall that
H*(SL,(Z[1/p)), Z) is a quotient of H*>(SL,(Z[1/p]),Z), as SL,(Z[1/p]) is a
group of virtual cohomological dimension 2, which has 2-fold periodic coho-
mology. This can also be explained by saying that the sequence in high even
dimensions can be identified with the corresponding sequence in 2-dimensional
Farrell cohomology (see [2]). Mapping one sequence into the other, we see
that a Z/4 summand must split off for all values of p > 3. This means that
the sequence will split for p = 1,5 mod(12). For the remaining cases p = 7,11
mod(12), it remains to solve the extension problem after splitting off the Z/4
summand. However, from our knowledge of H?, we know that the dimension
of H* ® Z/2 can be at most N(p) + 1. We infer that the reduced extension
does not split, and must necessarily have a Z/4 summand present. Hence we
have the following complete calculation:

Theorem 3.3. Let p be an odd prime larger than 3, then

H'(SLx(Z[1/p)),2Z) = 0

and

2 e Z2/12 ifp=1 mod(12);
2P o 7/12 if p=>5 mod(12);
2PV S 712 if p="7 mod(12);
27 e 7/12 if p=11 mod (12).

H*(SL(2(1/p]), Z) =

For i > 2, we have

(Z/2)-"5 0 Z/12 if p=1 mod(12);
. L) @2 eZ/1202/3  if p=5 mod(12);
H*(SLy(Z[1/p)), Z) = T/ ST 20T/A i p=T mod(12);
(Z/2)

Z)2)*0f Z/1260 Z/12 if p=11 mod(12),

and
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Z/6 ifp=1 mod(12);
Z/2 if p=>5 mod(12);
Z/3 ifp=T mod(12);
0 if p=11 mod(12).

H*7Y(SL,(Z[1/p)), Z) =

0
Of the two remaining cases (p = 2, 3) the second one can be done in a manner
totally analogous to what we have presented. Specifically we have that
Z ifi=0,1;
H'([4(3),Z) =< Z/6 ifiis even;
Z/2 ifi>1isodd.

We obtain that H2(SL,(Z[1/3]),Z) = Z & Z/4, H**'(SL,(Z[1/3]),Z) = 0,
and it only remains to deal with the extension

0— Z/2 — H¥(SL,(Z[1/p)),Z) - Z/126 Z/2 — 0.

As before the Z/12 must split off, and by rank considerations an extra Z/4
summand must appear. To summarize, we have

0 if 7 is odd;
H(SL,(Z[1/3]),Z) = { Z&® Z/4 ifi=2;
Z/120Z/4 ifi=2j, j>1.

The case p = 2 is complicated by the fact that I'(2) is not torsion—free.
However, one can still make use of the associated projective groups; PI'(2) is
free of rank 2, and there is an extension

1— PI'(2) = Pl4(2) = Z/2 — 1.
Analyzing the action on the corresponding graph, it is not hard to show that
Z if7is 0 or 1;
H*(PT(2),Z) = { Z/2 ifi is even;

0 otherwise.
Then, using the central extension, it is direct to show that

Z ifiis 0 or 1;
HY(To(2),Z) = Z/4 ifiis even;
Z/2 ifiisodd, i > 1.
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Using the Mayer—Vietoris sequence as before, we obtain that

H*(SL,(Z[1/2)),Z) = Z & Z/3, H'(SLy(Z[1/2)), Z) = 0

if 7 is odd, and a short exact sequence

0 — Z/2 = H*(SLy(Z[1/2)), Z)) — Z/12 ® Z/3 — 0.

In this case, we do not know that the Z/12 summand must split off. Looking
at the 2-primary part, we see that it can have at most one cyclic summand.
The only possibility is Z/8, and we have

0 if 7 is odd;
H{(SL,(Z[1/2)),Z) 2 Z&Z/3 ifi=2
Z/24®Z/3 ifi=2j5 j>1.

Remarks. Note that this last group has no finite subgroups of order eight,
which makes its cohomology rather interesting. We are grateful to Hans-
Werner Henn for pointing out the correct cohomology of this group. Also we
would like to point out that Naffah [4] has calculated the 3-adic component of
the Farrell cohomology H*(SL,(Z[1/N)), Z) for any integer N. This of course
can be used to recover our calculations at p = 3 in dimensions larger than
2. Moss [5] has computed the rational cohomology of SL,(Z[1/N]) which
again can be used to recover part of our results. The general calculation of
H*(SLy(Z[1/N]),Z) seems to be a rather complicated but interesting open
problem. We refer to [3] for more on this.
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1. Introduction

Whatever one may think of a proof that covers over ten thousand pages of
journal articles, some of which have still not appeared in print, the classifi-
cation of finite simple groups is a remarkable theorem. It says that (apart
from the cyclic groups of prime order and the alternating groups) most finite
simple groups are groups of Lie type. These are the analogues of the compact
Lie groups, defined over a finite field. They admit a uniform description in
terms of the fixed points of certain automorphisms related to the Frobenius
map, on the corresponding algebraic groups in prime characteristic. The clas-
sifying space of a finite group of Lie type fibers over that of the corresponding
Lie group with fibers which are cohomologically finite away from the defining
characteristic. Apart from the groups of Lie type, there are the alternating
groups A, (n > 5), and twenty-six other groups called the sporadic simple
groups.

The first five sporadic groups were discovered by Mathieu in the late nine-
teenth century. The remaining twenty-one were discovered in the nineteen
sixties and seventies. The largest is the Fischer—Griess Monster, which has
order roughly 8 x 10%. For a wealth of information on the sporadic groups
and other “small” finite simple groups, the reader is referred to the ATLAS of
finite groups [Atlas]. A great deal of effort has gone into trying to understand
these sporadic groups. For example, the “Monstrous Moonshine” [CN] (see
also [CS]) is a remarkable series of observations, still not fully understood,
connecting various of the sporadic groups, especially those involved in the
Monster, with the theory of modular functions. This article is about another

Partly supported by a grant from NSF
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attempt to understand some of the sporadic groups from a different point of
view, namely that of the topology of their classifying spaces.

The story started with the construction by Bill Dwyer and Clarence Wilker-
son [DW2] of a new finite loop space at the prime two, which they call DI(4).
The mod two cohomology of its classifying space is equal to the rank four
Dickson invariants, whence the name. Finite loop spaces are sufficiently like
compact Lie groups that this prompted the question of what finite simple
groups could be associated to them in the way that the finite groups of Lie
type are associated to the compact Lie groups.

The first group that was considered in this regard was Conway’s group Cos,
which has a 2-local structure closely associated with the 2-local structure of
DI(4). It turns out that the classifying space of Co; fibers over the classifying
space of DI(4) with fibers cohomologically finite at the prime two. However,
this turns out to be more akin to the relation between M;, and G, than to
the relation between G,(q) and G,.

The finite simple groups which should be regarded as the groups “of Lie type
DI(4)” over the field of ¢ elements don’t literally exist as groups. They were
first considered by Ron Solomon [So] in an attempt to prove that Co; is
determined by a Sylow 2-subgroup. He was led to consider simple groups in
which the centralizer of an involution was Spin(g) (¢ odd), possibly with some
decoration of odd order. In order to prove nonexistence, Solomon was obliged
to write down what appeared to be a consistent fusion pattern for the Sylow
2-subgroup, and then pass to an odd prime to obtain a contradiction. It turns
out that despite the nonexistence of these groups, they have perfectly good
2-completed classifying spaces, which map to the classifying space of DI(4)
with fibers which are cohomologically finite at the prime two.

This prompts the speculation that there should exist a theory of “p-local
groups”, in which one only gives a Sylow p-subgroup and a fusion pattern.
The fusion pattern should obey a set of axioms which are strong enough to
be able to build a p-completed classifying space. One possible candidate for
such a set of axioms has been written down by Puig [Pu] in connection with
his attempts to formalise the local theory of blocks, but much work remains
to be done in this area.

2. Classifying spaces

We begin by describing the theory of classifying spaces, and explain why
they are rigid enough that new maps between them should be considered to
be interesting.

For any topological group G, there exists a contractible space FG together
with a free action of G on EG. A uniform construction was found by Mil-
nor [Mi]. Roughly speaking, the idea is to form an infinite join G * G * - - - of
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copies of G as a topological space, and let G act diagonally. The join X #Y of
two spaces X and Y consists of the space obtained from X x I x Y by iden-
tifying (z,0,y) with (z',0,y) for all z,2' € X and y € Y, and (z,1,y) with
(z,1,y") for all z € X and y,¥y' € Y. The difficult point in Milnor’s construc-
tion is the exact description of the topology on the infinite join. However, we
shall mostly be interested in the case where G is either discrete or a compact
Lie group. In this case, we can just give the infinite join the weak topology
with respect to the finite joins. Then EG is a CW-complex, so to see that it
is contractible, it suffices to see that any map from the n-sphere 5™ to EG
extends to a map from the (n + 1)-disk D™, Since S” is compact, any such
map has image contained in some finite join of copies of G, and then the next
higher join contains the cone on this join, so that the map can be extended
to D**! in this next join.

We write BG for the quotient of EG by the action of G. It turns out that the
classifying space BG is determined up to homotopy by G, independently of
the choice of contractible space EG. Thus if G is a subgroup of G', then using
EG' instead of EG, we see that there is an induced fibration BG — BG'
with fiber the coset space G'/G. Similarly if N is a normal subgroup of G, we
may use EG x E(G/N) instead of EG, with G acting on both factors, and
obtain an induced fibration BG — B(G/N) with fiber BN. In this way, for
any homomorphism of topological groups & : G — G, we have an induced
map of classifying spaces Ba : BG — BG', unique up to homotopy.

If G is discrete, BG is an Eilenberg-Mac Lane space K(G, 1), and EG is its
universal cover. In any case, the loop space QBG is homotopy equivalent to
G as a topological space.

Classifying spaces are homotopically rather rigid. For example, if G and G'
are discrete groups, then the set of homotopy classes of maps [BG; BG'] is
in natural bijection with Hom,,,(G,G")/Inn(G"). Here, the group Inn(G') of
inner automorphisms of G’ acts in the obvious way by composition on the set
Hom,,,(G, G") of group homomorphisms from G to G'. The bijection sends a
map a : G — G’ to Ba: BG — BG'. The inverse of this bijection sends
a map BG — BG' to its effect on m;. This, of course, depends on a choice
of basepoints, but the orbit under the action of Inn(G") does not.

On the other hand, if G is a connected simple compact Lie group, then a
theorem of Jackowski, McClure and Oliver (Theorem 3 in [JMO)]) says that
there is a natural bijection

Homy;erp(G, G)/Inn(G) A {k > 0: k=0 or(k,|W|) =1} — [BG; BG|

sending (o, k) to ¥ o Ba. Here, the smash product denotes the quotient
of the direct product given by identifying all elements in which at least one
coordinate is zero. For k > 0, the operations ¥* are the unstable Adams psi
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operations, which are known to exist for any connected simple compact Lie
group and any integer k£ coprime to the order of the Weyl group W. They
commute up to homotopy with maps coming from Lie group homomorphisms.
If k = 0, U* is taken to be the identity map. The map ¥* is characterised by
the property that its effect on degree 2¢ rational cohomology is multiplication
by k* for each i > 0.

These theorems indicate that it is of interest to construct maps of classifying
spaces which do not come from group homomorphisms and Adams operations.
Some examples for connected Lie groups can be found in [JMO]. For maps
from the classifying space of a finite group to that of a compact Lie group,
the situation is rather unclear, and it is possible that one should try to build
a branch of representation theory based on such maps.

A theorem of Dwyer and Wilkerson [DW] indicates that we may work one
prime at a time in this situation. Writing X for the Bousfield-Kan p-
completion of a space X, their theorem states the following.

Theorem 2.1. If 7 is a finite group and G is a connected compact Lie group
then

Map(Br, BG) ~ [[ Map((B~),, (BG);).

Here, and from now on in this article, one must work with simplicial sets
rather than topological spaces, and “Map” denotes the simplicial mapping
space. The homotopy category of topological spaces is equivalent to the ho-
motopy category of simplicial sets (these homotopy categories are formed by
inverting weak equivalences), via singular simplices and geometric realization.
So we use the term “space” from now on to mean “simplicial set”, and we
replace a classifying space by its simplicial set of singular simplices.

The effect of Bousfield-Kan p-completion on the classifying space of a finite
group G is as follows. Without changing the mod p cohomology, it gets rid
of the mod ! cohomology for every prime [ # p. Its effect on the fundamental
group G is to replace it by G/O?(G). So for example if G is a nonabelian
finite simple group then the p-completion of BG is simply connected. The
group G may not be recovered from the p-completion of BG, though the
Sylow p-subgroup and the strong fusion of its subgroups may be recovered.

3. Dickson invariants

Let F, be the finite field of ¢ elements, with ¢ = p* a prime power. Let
V = (F,)" be an n-dimensional vector space over F,. Then the finite general
linear group G = GL,(F,) acts on V in the obvious way, and hence on the
coordinate ring
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FlV]=F,eV'eS(V)e---

We regard this as a graded ring, with I, in degree zero, V* = Homg, (V,F,)
in degree one, S*(V*) in degree two, and so on. It is a polynomial ring over
F, on generators forming an basis for V* in degree one.

L. E. Dickson’s theorem [Di] states that the invariants of this action also form
a polynomial ring;:

]Fq [V]G = ]Fq [cn,O; cety cn,n—l]

in generators c,; (the Dickson invariants) of degree ¢” — ¢*. In fact, there is
an explicit formula for c,; as follows:

Cni = (_1)n_i Z H ¢.

WCV  pev*
dimg, (W)=i glyy #0

If you are a topologist, you may wish to double all the degrees in the above
discussion, because if p is odd, elements of odd degree are supposed to anti-
commute rather than commuting. Having done that, the polynomial ring on
generators in degree two over F, acquires an action of the Steenrod opera-
tions, since it is the mod p cohomology of a torus T = R*/Z" = BZ" of rank
n. The group GL(n,Z) acts on T", and induces an action of the quotient
group GL(n,F,) on its mod p cohomology. This action commutes with the
Steenrod operations, and so the invariants inherit an action of the Steenrod
algebra.

Even if you are a topologist, in the case where ¢ = p = 2, you may also wish
to keep the polynomial generators in degree one. In this case, the polynomial
ring is the cohomology of (RP*)* = B(Z/2)", and so the mod two Steenrod
algebra acts on this polynomial ring. Again, the invariants inherit an action
of the Steenrod algebra. In this case, let us look at the question of when the
algebra of Dickson invariants can be the cohomology of a topological space,
as an algebra over the Steenrod algebra. When n = 1, the group GL(1,F,)
is the trivial group, and the invariants form a polynomial ring on a single
generator in degree one:

]F2 [Cl’o] = H*(RPOO,]FQ) = H‘(BZ/2,]F2)

The situation gets slightly more interesting in rank two. GL(2,F,) is iso-
morphic to the symmetric group of degree three, and the invariants form a
polynomial ring on generators in degrees two and three:

F2[cz0,020] = H'(BSO(3), F2).
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The group SO(3) contains a subgroup E, isomorphic to (Z/2)?, and the
normalizer quotient is Ngo()(E2)/E2 = GL(2,F;). The restriction map

H*(BSO(3),F,) — H*(B(Z/2)*,TF,)¢ @F)

identifies the cohomology with the Dickson invariants.

In rank three, a similar thing happens, but with the exceptional compact Lie
group G,. The Dickson invariants of rank three form a polynomial ring on
generators in degrees four, six and seven:

F, [Cs,o, C3,15 03,2] = H*(BGz, ]Fz)-

The group G, contains a subgroup F; isomorphic to (Z/2)3, and the normal-
izer quotient is Ng,(F3)/Es = GL(3,F,). The restriction map

H*(BGy, y) — H'(B(Z/2)", ;) 5%

again identifies the cohomology with the Dickson invariants.

In rank four, there is no longer a compact Lie group with the right coho-
mology. However, Dwyer and Wilkerson [DW2] recently constructed a space
BDI(4) with the Dickson invariants of rank four as its cohomology. The Dick-
son invariants in this case form a polynomial ring on generators in degrees
eight, twelve, fourteen and fifteen:

F, [c4,0, C4,1,Cq,2, 04,3] = H‘(BDI(‘!)» ]F2)-

The space BDI(4) is not the classifying space of a group, but rather of a
finite loop space DI(4) at the prime two. We shall have more to say about
this in Section 6. This finite loop space may be thought of as containing a
subgroup F, isomorphic to (Z/2)*, with normalizer quotient Npyy) (E,)/Ey =
GL(4,F,). The “restriction map”

H*(BDI(4),F,) — H*(B(Z/2)*,F,)¢ ¢

again identifies the cohomology with the Dickson invariants.

The game stops here. A theorem of Lin and Williams [LW] states that there
is no topological space whose mod two cohomology is the ring of Dickson
invariants of rank five or more (as an algebra over the Steenrod algebra).
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4. Finite groups of Lie type

As we pointed out in the introduction, most finite simple groups are of Lie
type. Actually, just as in the representation theory, from the point of view of
the classifying space, it is better to work with certain “almost simple” groups.
For example, instead of working with PSL(n,F,), it is usually easier to work
with SL(n,F,), or even GL(n,F,).

With this proviso, the data needed to specify a finite group of Lie type are
a compact Lie group G, a finite field F,, and a diagram automorphism «
of the corresponding Dynkin diagram. For a large portion of the groups of
Lie type (the untwisted groups), « is the identity map. For example, both
the finite linear groups and the finite unitary groups come from the Dynkin
diagram A,,, with the identity automorphism in the first case, and a diagram
automorphism of order two in the second case. The finite group associated
with the above data is denoted “G(q), or just G(q) if « is the identity.

The following theorem of Quillen and Friedlander (see Quillen [Nice], and
Friedlander [Fr], Chapter 12) relates the classifying space of the finite group
°G(q) to the classifying space of G.

Theorem 4.1. There is a commutative diagram

B°Glg) —— BG

l [

idx(¥90Ba)
BG — BGxBG
which becomes a homotopy pullback square after Bousfield-Kan completing at
any prime | not dividing q.
In particular, there is a fibration B°G(q) — BG whose fibers have finite
homology at primes | not dividing q.

Here, A denotes the diagonal map from BG to BG x BG. Construction of
this diagram involves replacing the compact Lie group by the corresponding
algebraic group defined over Z, and lifting from characteristic p using étale
homotopy theory. The details may be found in Friedlander [Fr], Chapter 12.
This diagram gives a method of calculating the cohomology of the finite
groups of Lie type away from their defining characteristic. First, one uses
the Eilenberg—Moore spectral sequence on this homotopy pullback to calcu-
late the cohomology modulo a certain filtration, then one uses the subgroup
structure to ungrade. This was carried out by Quillen [Qu] in the case of
GL(n,F,), Fiedorowicz and Priddy [FP] in the case of the other classical
groups, and Kleinerman [KI] for the exceptional Lie types.

To give an example, consider the fibration BGy(g¢) — BG, for ¢ an odd
prime power. The homology of the fiber at the prime two is an exterior
algebra on generators in degrees three, five and six. So we get an embedding
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H*(BGz,]Fz) = ]Fz[ca,o,ca,bca,z] - H*(BGz(Q)a]Fz)-

The corresponding Eilenberg-Moore spectral sequence calculation gives a fil-
tration of H*(BG,(q),F,) whose associated graded is a tensor product of a
polynomial ring on the Dickson generators in degrees four, six and seven,
with an exterior algebra on generators in degrees three, five and six. After
ungrading, we see that H*(BG,(q),F,) is a free module of rank eight over the
Dickson algebra. In particular, it is a Cohen~Macaulay ring, and the Poincaré
series for the cohomology is

O i ; 1+ +)(1+¢%)
;t dimg, H (BG(q),F;) = =1 =) (1= t7)'

5. The Mathieu group M,

A few years ago, Adem, Maginnis and Milgram computed H*(BM,,,F,) (see
[AMM]). Their answer was rather complicated, but they observed that the
answer was a finitely generated free module over a subring isomorphic to the
Dickson invariants of rank three:

H*(BG, F,) = ]Fz[ca,o,ca,bca,z] - H*(BMm]Fz)-

It is clear that there can be no homomorphism of groups from M,, to G,
inducing the above map in mod two cohomology, because G, has a seven
dimensional complex representation, while the smallest nontrivial complex
representation of M, is eleven dimensional. However, it turns out that there
is a fibration BM,, — BG, whose fibers have finite mod two cohomology.
There are (at least) two possible strategies for constructing such a map. One
(Milgram [Milg]) is to construct maps from BM;, to BG,(q) for suitable
g, and then use the Quillen-Friedlander theorem. A more direct approach
(Benson and Wilkerson [BW]) goes as follows. Let P be a Sylow 2-subgroup
of M,s, of order 2¢. Let W be the centralizer of the center of P, and W' be the
normalizer of a normal fours group in P. Then |W : P| = |W': P| = 3, but
W 2 W'. The obvious map from the amalgamated free product W xp W' to
M,, is a cohomology isomorphism, and so after completing at the prime two,
we obtain a homotopy equivalence (B(W p W'))) — (BM,;)5. It turns out
that there is a group homomorphism from W xp W' to G,, whose image is
dense, and having the desired effect in cohomology. Now using Theorem 2.1,
we may pass from a map between 2-completions to a map between the original
classifying spaces BM|;; — BG, by specifying any map we want at odd
primes.

The classifying space B(W *p W') can be obtained by taking the homotopy
colimit (see Chapter XII of Bousfield and Kan [BK]) of the diagram
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BP —— BW

|

BW'

which may be thought of in this case as a “double mapping cylinder”.

6. Finite loop spaces

From the point of view of a homotopy theorist, the two properties of a compact
Lie group G which stand out are:

(i) G is a finite CW-complex, and
(if) G has the homotopy type of a loop space (namely G ~ QBG).

We say that a space X is a finite loop space if it satisfies properties (i) and (ii).
It turns out that finite loop spaces enjoy many of the properties of compact
Lie groups. There is an algebraically defined maximal torus, and a Weyl
group which is a finite reflection group [AW)].

Since homotopy theorists like to work one prime at a time using Bousfield—
Kan p-completion, it is appropriate also to introduce the p-complete version
of this definition. We say that X is a finite loop space at the prime p if it
satisfies the following two properties:

(i), X is p-complete and H*(X,F,) is finite, and
(ii), X has the homotopy type of a loop space BX.

Note that BX is now just the name of the space whose loops are homotopy
equivalent to X. To give a finite loop space, we must really give both X and
BX, but X is determined by BX so it is only necessary to construct BX.
Again, a finite loop space at the prime p has an algebraically defined maximal
torus, and a Weyl group which is a finite p-adic reflection group. The finite
reflection groups over the complex numbers were classified by Shephard and
Todd [ST]. Clark and Ewing [CE] determined which of these were defined
over the p-adics for p not dividing the group order, and demonstrated how to
produce a finite loop space at the prime p in this “non-modular” case. There
remains a well defined list of questions, one for each prime dividing the order
of each of the groups in the list of Shephard and Todd.

There is essentially only one known example of a connected finite loop space
at the prime two, which is not the 2-completion of a compact Lie group. All
other known examples are given by taking products. The example in question
is the space DI(4) ~ QBDI(4) constructed by Dwyer and Wilkerson [DW2].
The Weyl group of DI(4) is Z/2 x GL(3,F,), acting as a three dimensional
2-adic reflection group. It is group number 24 in the list of Shephard and
Todd. The corresponding “root system” has 21 pairs of opposite roots, so
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the dimension of DI(4) is 3 + 2 x 21 = 45. The 2-adic integral cohomology
of BDI(4) is a polynomial algebra on three variables in degrees 8, 12 and 28,
corresponding to (twice) the degrees of the fundamental invariants of the Weyl
group. The mod two cohomology is the Dickson algebra on four generators
in degrees 8, 12, 14 and 15.

Dwyer and Wilkerson constructed the space BDI(4) as a homotopy colimit
as follows. Consider the category whose objects are the groups (Z/2)" for
1 £ n < 4, and whose arrows are the injective homomorphisms between
these groups. They constructed a functor to the homotopy category taking
the following values:

Z/2 v BSpin(7)}  (Z/2)* — B(SU(2)*/ + 1)
(Z/2)° = B(T*%Z/2);  (Z/2)*~ B(Z/2)"

They then proved that this could be lifted to a functor to the category of
spaces, so that they could then take the homotopy colimit. Some of the maps
involved do not exist until the spaces have been 2-completed.

The homotopy colimit of the above functor over a full subcategory consisting
of a single object plays the role of the classifying space of the “normalizer”
of the corresponding elementary abelian 2-subgroup in DI(4). For example,
the normalizer in this sense of the subgroup (Z/2)* is a non-split extension
of this elementary abelian subgroup by its automorphism group GL(4,F,).
It is interesting to speculate on the existence of a suitable algebraic system of
dimension 45 which should play the role of a tangent space at the identity for
DI(4). It should be almost, but not quite, a Lie algebra over the 2-adics. One
tempting candidate is the set of 3 x 3 skew-hermitian matrices over a suitable
2-adic version of the Cayley numbers. This would have the right dimension,
but on the face of it, it would seem to contain the wrong 21-dimensional Lie
subalgebra (C; instead of B;). But there may be some twisted version of this
which works.

7. Conway’s group Co,

Conway’s sporadic simple group Cos; was discovered as part of a series of
groups arising from Leech’s close packing of spheres in twenty-four dimen-
sions [Co,CS]. It is defined as the stabilizer of the origin and a type three
vector in the group of automorphisms of the Leech lattice, and has order
210.37.5%.7.11.23. The following theorem was proved in {Co3]:

Theorem 7.1. There is a map from BCos; to BDI(4), which induces an
embedding

H*(BDI(4),F,) C H*(BCos, ;)
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in such a way that the latter is a finitely generated module over the former.

Prior to the proof of this theorem, nothing was known about the mod two
cohomology ring of BCo; (apart from in degrees one and two). It is still not
known whether the mod two cohomology of BCo; is a free module over the
rank four Dickson invariants, which amounts to the question of whether it
is a Cohen—-Macaulay ring. It is known, however, that the cohomology of a
Sylow 2-subgroup of Coy is not Cohen—Macaulay, because there are maxi-
mal elementary abelian 2-subgroups of different ranks, so that it is not even
equidimensional. But all maximal elementary abelian 2-subgroups of Co,
have rank four.

The idea of the proof of the above theorem is as follows. Let P be a Sylow
2-subgroup of Cos, of order 2'°. Then Z(P) = (t,) has order two, and C =
Coco,(t1) is a double cover of the simple group Ss(2). Now the Weyl group of
type E; is Z/2 x Ss(2), and so there is an obvious map from Sg(2) to SO(7),
which lifts to a map from C to Spin(7).

There is a normal fours group (¢;,%,) in P whose normalizer N is a solvable
maximal 2-local subgroup of Co; of order 2'°.3%. There is also a normal
subgroup V = (t1,13,13,t4) = (Z/2)" whose normalizer X = Nc,,(V) is a
non-split extension of (Z/2)* by GL(4,F,). It turns out that the natural map
from the homotopy colimit of the diagram formed by the classifying spaces
of C, N, X and their intersections to the classifying space of Co; is a mod
two cohomology equivalence. This is proved essentially by the methods of
Jackowski and McClure [JM].

Now we have already chosen a suitable map from C to Spin(7), and hence
from BC} to BSpin(7)3. So we choose a map from BN, to B(SU(2)3/+1
XGL(2,F,))s (the classifying space of the “normalizer” of (Z/2)* in DI(4))
and a homotopy equivalence from BX} to the classifying space of the “nor-
malizer” of (Z/2)* in DI(4), in such a way that the diagrams obtained by
restricting to intersections commutes up to homotopy.

Finally, in order to obtain a map of classifying spaces, it is necessary to lift to
strictly commuting maps. There is an obstruction theory for doing this, and it
turns out that the obstruction lies in a group isomorphic to Z/2. Fortunately,
there is just enough room for maneuver to change this obstruction to zero,
and so a map of classifying spaces is obtained.

8. Some nonexistent finite simple groups

In his 1974 paper [So], Ron Solomon considered the problem of classifying
finite simple groups in which the Sylow 2-subgroups are isomorphic to those
of Conway’s group Cos. In this paper, he proved that Co; is the only such
group. In the process of proving this, he was forced to examine a configuration
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in which the centralizer of an involution is isomorphic to Spin(7,F,) (g an
odd prime power), possibly with some decoration of odd order at the top
and bottom. In fact, only the case where g is congruent to 3 or 5 (mod 8)
was relevant to the problem he was trying to solve, because for other values
of ¢ the Sylow 2-subgroup is larger than that of Co;. However, we shall be
interested in all odd prime powers g.

The final result of Solomon’s analysis was that if G is a finite group with an
involution z satisfying

0% Cs(2)/(02Cs(z) N 0% Cs(2)) = Spin(7, F,)

then 2z € Z*(G) (that is, 205(G) € Z(G/O»(G))). In particular, G is not
simple. In order to reach this conclusion, he was obliged to examine a con-
figuration which appeared to be consistent at the prime two, but which gave
rise to a contradiction upon examining a Sylow p-subgroup, where p is the
prime of which ¢ is a power.

Despite the nonexistence of Solomon’s groups, they have 2-completed clas-
sifying spaces. Namely, Dwyer and Wilkerson [DW3] show that for each
2-adic unit g, there is a (unique up to homotopy) self homotopy equivalence
¥¢ ;. BDI(4) — BDI(4) whose effect on degree 2i integral cohomology is
multiplication by ¢’. In fact, they prove that the group of homotopy classes
of self equivalences inducing the identity on mod two cohomology is precisely
the group of such operations ¥?; since minus the identity is in the Weyl
group, W7 is indistinguishable from ¥~?, so the group is isomorphic to the 2-
adic units modulo 1. For an odd integer q, write BSol(q) (Sol for Solomon)
for the space defined by the following homotopy pullback diagram:

BSol(q) — BDI(4)

| Ja

idxw?

BDI(4) —— BDI(4) x BDI(4).

The following diagram of maps of classifying spaces commutes up to homo-
topy:

B(Z/2 x My,) -+ BCos
3 3

B(Z/2 x G,{q)) — BSpin(7,F,) — BSol(q)
3 3 3

B(Z/2xG,) — BSpin(7) — BDI(4).

Using the Eilenberg—-Moore spectral sequence on the pullback diagram defin-
ing BSol(q), one can easily deduce that the Poincaré series for the cohomology
is given by
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>, .. ; 1+ + A+ (1 + )
;dlmy2 Hi(BSol(q),F,) = = )1 = %) (1 = ) (1= 1)

We have maps

H*(BDI(4),Fs) — H"(BSol(g), E;) —+ H*(B(Z/2)", E;)°H%

whose composite is an isomorphism. Using this, one can show that, as an
algebra over the Steenrod algebra, H*(BSol(g),F,) splits as a tensor product
of H*(BDI(4),F,) with the cohomology of the fiber of BSol(¢q) — BDI(4);
namely with H*(DI(4),F,). The latter is generated by an element A in degree
7 whose fourth power is zero, and two elements p and v of degrees 11 and 13
which square to zero. The action of the Steenrod algebra is determined by
Sq*()\) = , Sq*(k) = v, and Sq'(v) = X2
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1. Introduction

1.1. Summary

This is an outline of recent work aimed at understanding the finiteness prop-
erties F,,, FP,, FD and FP of the group N in a short exact sequence

N—G 3 Q

where @ acts properly discontinuously by isometries on a space having, in
some rather general sense, non-positive curvature. Our results apply, in par-
ticular when @ is a free group, or a discrete cocompact subgroup of a virtually
connected linear semi-simple Lie group, or an S-arithmetic subgroup of a re-
ductive algebraic group of global rank zero.

This work was begun during a 1992 Semester on Geometric Methods in Group
Theory at the Centra de Recerca Mathematica of the Universitat Autonoma
de Barcelona. It was continued at the Durham Symposium, partially sup-
ported by the National Science Foundation and by means of travel grants
from the Deutsche Forschungsgemeinschaft. We are grateful for all of these
sources of support.
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1.2. The finiteness properties

Recall that a group G is of type F, (respectively FP,) if there exists a
K(G,1)-complex (respectively a free G-resolution F' -» Z) with finite n-
skeleton. Both F; and F'P, are equivalent to G being finitely generated. Con-
dition F; is equivalent to G being finitely presented, and the weaker (but pos-
sibly equivalent®) condition F'P; is equivalent to G = H/P with H finitely
presented and P<H a perfect normal subgroup. G is of type F' (respectively
FD) if there exists a finite (respectively finitely dominated) K(G, 1)-complex,
and of type FP if there exists a finite projective G-resolution P - Z. It is
not known if F'D implies F.

1.3. The Problem

It is easily observed that if both N and G in §1.1 are of type F;, (respectively
FP,), sois @. And if both N and @ are of type F, (respectively FP,),
so is G. Thus we are left with the problem of studying the behaviour of N
under the assumption that both G and @ are of type F,, (respectively FP,),
and we shall from now on make this assumption without specially mentioning
it. The case when G is free of rank 2 and @ = Z shows drastically that N
will not, in general, be of type F,, (respectively F'P,). Hence the Problem
is to find computable parameters which control the exceptional case that N
succeeds in being of type F,, (respectively FP,). In case G is of type F we
will also be interested in when N is of type FD (respectively FP).

1.4. The case when @ is Abelian

Our Problem has been previously investigated in case @ is Abelian. In
the papers cited below, subsets X"(G) and £"(G;Z) of the R-vector space
Hom(G, R) are defined which should be thought of as “geometric invariants”,
for they parametrize the Problem in the following sense:

Theorem. ([BNS], [BR], [R,]) Consider the ezact sequence in §1.1 with
Q@ Abelian and G of type F, (respectively FP,). Then N is of type F,
(respectively FP, ) if and only if the image of =* : Hom(Q,R) — Hom(G,R)
is contained in X"(G) (respectively ¥*(G;Z) ).

The geometric invariant X'(G) was first studied in the special context of
metabelian groups G in [BS,] as a tool to characterize finite presentability of
G. For arbitrary groups G, X'(G) was introduced in [BNS] and subsequently
extended to n > 2 in [BR] and [R;] (see also [R,]). The desire to prove the
above theorem has always served as a guideline. ¥'(G) has been computed
in many cases, whereas the higher invariants are more difficult to compute.

? Bestvina and Brady have recently shown that F, # FP,



26 R. Bieri, R. Geoghegan

For further information see the manuscript [BS,] or Holger Meinert’s survey
article in this volume.

1.5. The set up

A group @ acts properly discontinuously on a space M if every point z € M
has a neighbourhood U such that {g € Q | gU N U # 0} is finite.

In the proof of the above theorem one starts by choosing a basis for the
torsion-free part of the (finitely generated) Abelian group Q. This provides
a properly discontinuous and cocompact translation action of @ on the Eu-
clidean space E™, and this action is crucial throughout the proof. We will
refer to this as the “flat case”.

For our generalization, (the “non-positively curved case”) we assume the
group @ in §1.1 acts properly discontinuously and cocompactly by isome-
tries on a “convex geodesic space” M. This is defined in §2, but one should
think of prominent examples such as Euclidean and hyperbolic spaces, uni-
versal covers of closed manifolds with non-positive sectional curvature, locally
finite trees and, more generally, locally finite Euclidean buildings. In partic-
ular, @ could be any discrete cocompact subgroup of a virtually connected
linear semi-simple Lie group G acting on the homogenous space G modulo
a maximal compact subgroup; or @ could be an S-arithmetic subgroup of
a reductive algebraic group of global rank 0, acting on the product of the
Bruhat-Tits buildings associated to the places in S. We note that our most
fundamental result, Theorem 5, does not explicitly require cocompactness.
It will be convenient to fix a group of isometries G of M with the property
that the action of @ on M is given by a monomorphism 6 : Q — G. We
will prove that N is of type F, if and only if the action 67 : G — G is
“(n — 1)-connected” in a sense to be defined. Now, other actions p: G —
G, with p(G) not necessarily properly discontinuous or cocompact, can be
“(n — 1)-connected”; so, as in the flat case, we use this property to define
a subset SE"(G) of the space R(G,G) = Hom(G,G) of all G-actions (i.e.
representations) into G. The group G is given the compact-open topology,
and since G is finitely generated R(G,G) can be viewed as a subspace of a
finite product of copies of G.

There is also an “(n — 1)-acyclicity” property having a similar relationship
to F'P, and leading to a corresponding subset SX*(G;Z) of R(G,G).

1.6. The main results

Theorem A. Both SE*(G) and SE"(G;Z) are open subsets of R(G,G).
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Theorem B. Consider the short exact sequence in §1.1 and assume we are
given a properly discontinuous and cocompact action 6 : Q — G. Then N
is of type F, (respectively FP,) if and only if 0n € SE™(G) (respectively
fr € SEG;Z)).

Theorem A generalizes Theorems A in [BNS], [BR] and [R.], and Theorem
B generalizes [BNS; Theorem B1], [BR; Theorem B] and [R., Satz C], all
of which treat the flat case. As in those papers, by combining Theorems A
and B we get an openness result for the finiteness properties F, and FP, —
something which is intelligible without any knowledge of SE*. Let Ro(G, G)
denote the subspace of R(G,G) consisting of all cocompact actions p: G —
G such that p(G) acts properly discontinuously on M. Then we have

Theorem C. The set of all p € Ro(G,G) with ker(p) of type F,, (respectively
FP,) is open in Ro(G,G).

Remark. Weil (W] has proved the following: If G is a Lie group and p €
R(G, G) has the property that H'(G,g) = 0, then every p' sufficiently close
to p is obtained from p by conjugation in G (and hence has the same kernel).
Thus Theorem C is only of interest when Weil’s result or some other “local
rigidity” theorem does not apply.

If, in §1, G is of type F then there exists a finite-dimensional K(N,1)-
complex; so N has type FD (respectively FP) if and only if N has type
F, (respectively FP,), where n is the dimension of some K(G,1)-complex
(respectively projective G-resolution P - Z). Hence we have:

Corollary D. Assume that the group G in §1.1 is of type F. The set of all
p € Ro(G, G) with ker(p) of type FD (respectively F P ) is open in Ro(G, G).

In §6.5 we give a description of SE"(G;Z) in terms of the vanishing of homol-
ogy groups of GG in dimensions < n with coefficients in the Novikov modules
ZG® (these are generated by completions of the group ring ZG with respect
to certain filtrations on G):

Theorem E. With hypotheses as in Theorem B, N is of type FP, if and
only if H,(G;ZG®) =0 for all p < n and all boundary points e of M.

1.7. The invariants Z"(G), Z"(G;Z)

These are true generalizations of the Bieri-Neumann-Strebel-Renz geometric
invariants, and are introduced in §3.2 They are more subtle than the previ-
ously mentioned “symmetrized” versions SX*(G), SEX*(G;Z), but are not
relevant to our main theorems. However the example discussed in §3.4, of
G = PSL,(R) and n = 0, suggests that they are of independent interest.
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2. Convex geodesic spaces

2.1. The spaces

Let (M,d) be a metric space. If a,b € M, a geodesic segment from a to b is
an isometric embedding [0,d(a,b)] — M. A geodesic raybased at a € M is an
isometric embedding [0, 00) » M taking 0 to a. The metric space (M, d) is
a length spaceif there is a geodesic segment from any point to any other point.
The metric d is proper if for each a € M, the map d(a,-) : M — R is a proper
map (i.e., preimages of compact sets are compact); proper metric spaces are
locally compact, and all closed-and-bounded subsets are compact. The length
space (M, d) is conver if whenever w; and w, are geodesic segments linearly
reparametrized by [0,1], d(w,(t),w,(t)) is a convex function of ¢.

A conver geodesic space is a convex length space M with a proper metric
such that for every a # b € M, the geodesic segment from a to b can be
prolonged to a (not necessarily unique) geodesic ray based at a.

2.2. Examples

Examples of convex geodesic spaces are (1) E™; (2) Hyperbolic space H™; (3)
locally finite affine buildings; (4) complete simply connected open Rieman-
nian manifolds of non-positive sectional curvature; (5) piecewise Euclidean
CAT(0) complexes, in the sense of [Br], in which all closed-and-bounded sets
are compact and no link is contractible. Every convex geodesic space is a
“Busemann space” in the sense of [Bo]; we remark that the term “Busemann
space” has different meanings in other places. It follows (see [Bo]) that if @
acts properly discontinuously and cocompactly on a convex geodesic space M
(as is usually the case in this paper) then either @ is hyperbolic in the sense
of Gromov or M contains a totally geodesic embedding of a Minkowskian
plane.

2.3. Horoballs

Let M be a convex geodesic space. If a € M, let E, denote the set of all
geodesic rays in M based at a € M, topologized as a subset of M with
the compact open topology. It is not hard to show that E, is compact and
metrizable. For each e € E, and t € [0,00) the closed horoball HB,, is
defined to be the closure of U{B,_.(e(u)) | u > t}, where B,(z) denotes the
open ball in M about z of radius r.
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HB ,

Bu—t(e(u))

3. The Y-invariants

3.1. Connectivity at infinity

Let (M,d) be a convex geodesic space and let G be a group of type F,
acting on M by isometries. Choose a K(G,1) complex Y having finite n-
skeleton and let X = Y be the universal cover on which G acts by covering
transformations. Then we can construct a G-equivariant map h: X™ - M
as follows. We pick a base point * € M and a finite set V of vertices of
X containing exactly one vertex in each G-orbit of X°. Define h(v) =
for each v € V and extend equivariantly to X°; then extend equivariantly
skeleton by skeleton subject to the condition that for each cell ¢ of dimension
< n, h(o) lies in the closed convex hull of h(5).

Each geodesic ray e € F, based at * gives rise to a decreasing filtration
(X{4)ezo of X™ by subcomplexes: X[. ,, is defined to be the largest subcom-
plex of X" lying in h™'(HB.). This filtration determines a sort of “end”
of X™ defined by e, since different choices of i : X™ — M lead to equivalent
filtrations. Thus we may talk of connectivity of X™ in the direction of this
“end”. For p > —1 we say that X" is p-connected in the direction e if there
is a constant A > 0 such that for each { > 0 and each integer —1 < ¢ <p
every map f : 5% — X7, ., extends to a map f Bt X When
g = —1 this says that each X{;,, is non-empty.
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Proposition 1. For p < n — 1, whether or not X" is p-connected in the
direction e depends only on G, its action on M, and the ray e, not on the
choice of X (i.e. of Y'), nor on the choice of h.

3.2. The invariants

Let G be a given group of isometries of M and R(G,G) = Hom(G,G) as in
§1.5. Define X?(G) C R(G,G) x E, to be the set of all pairs (p,e) with the
property that X" is (p — 1)-connected in the direction e. By Proposition 1,
¥?(@) is an invariant of the group G when p < n —1.

There is some redundancy in the product R(G,G) x E,. If H is a group
of isometries of M which fixes the base point * and normalizes G then H
acts both on R(G,G) and on E,, where the effect of the action of v € H
on p € R(G,G) is given by vp(-)y~. The subset *(G) C R(G,G) X E, is
invariant under the diagonal action of H. Hence one could also define ¥?(G)
to be a subset of the space R(G,G) xy E, of all orbits under the diagonal
H -action. This is particularly convenient if H acts transitively on E,, for if
so one has an isomorphism R(G,G) xy E, £ R(G,G)/H,,, where H,, < H
is the stabilizer of some chosen “base ray” e, € E,.

3.3. Connection with the flat case

In the flat case we have M = E' and G = Translation group of E'. We
can take H to be the group {+idm}. Then H,, = {1} and we recover the
original invariant £?(G) C Hom(G,R) described in §1.4.

3.4. PSL,(R)-action on I

Here we discuss the case where M is the hyperbolic plane H? and G =
PSL,(R) acting on the upper half plane model. For the base point * € H? we
take the imaginary unit ¢ € C (which corresponds to the centre in the unit
disk model). The stabilizer of * in PSL,(R) is then given by

a b
n=fe( 1) |l
b a

Thus H is homeomorphic to a circle S* and acts transitively on the space of
rays E,. In the unit disk model H is the group of rotations around *. We
identify each e € E, with its endpoint on the boundary of H?. In the upper
half plane model oo is a canonical endpoint, and its horoballs are given by
HB 4 = {z | Im(2) > t}. If one thinks of the invariant ¥*(G) as a subset
of R(G,PSL,(R)) then it suffices to restrict attention to this filtration. Thus
p: G — PSL,(R) is in £?(G) if and only if X is (p — 1)-connected in the
direction co. Given a fixed action p one can study the behaviour of p with
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respect to the various e € E, by studying the orbit p* of p in R(G, PSL,(R))
under H with respect to 00.

Let us examine X°(G). Taking the K(G,1)-complex Y with a single vertex
makes it clear that a given representation p: G — PSL,(R) is in L(G) if
and only if Im (G*), i.ethe set of all imaginary components of the g € C, is
unbounded. In other words: the point oo € JH2 is an accumulation point of
G+ in the horocycle topology. This should be compared with the much weaker
condition that co is an accumulation point of G* in the Euclidean topology
of the compactified unit disk model of H?, which simply means that the
absolute values of points in G* are unbounded. Note that if p(G) = SL,(Z)
then co is an accumulation point of G'x in the Euclidean topology but not
in the horocycle topology.

The situation can be analyzed further under the assumption that p : G —
PSL,(R) is a discrete representation (i.e., p(G) is a discrete subgroup of the
Lie group PSL,(R)), for in that case one can say rather more about the
behaviour of horocyclic accumulation points of Gx on JH?. Suppose oo is
one of them and is, at the same time, fixed under some parabolic element
of p(G). Then Gx contains subsets A C G* with Im(A) unbounded but
Re(A) bounded; oo is then said to be a point of approzimation. Points of
approximation cannot lie on the boundary of any convex fundamental polygon
but parabolic fixed points do (see [Be; p. 261]). Hence if p € £°(G) then oo
cannot be a parabolic fixed point. In fact, assembling results from Chapters
9 and 10 of [Be] one gets:

Proposition 2. Let p: G — PSLy(R) be a discrete representation of the
finstely generated group G. Then the following are equivalent:
(1) p € Z°G);
(it) oo € OHF is a point of approzimation;
(i11) oo is not on the boundary of any convex locally finite fundamental do-
main.

Corollary 3. Let p: G — PSLy(R) as in Proposition 2. Then we have:

(a) p* C X°(G) if and only if G\H is compact.

(b) The complement of p® NE°(G) in p™ is countable if and only if G\H?
has finite area.

Remark. Let p: G — PSL;(R) be as in Proposition 2, and assume G has a
fundamental domain with finite area. Then p € X°(G) if and only if co € JH?
is not a parabolic fixed point. The finite area assumption excludes the case
that p(G) is “elementary”, so the G-orbit of each point of OH* is dense in
OH? . Hence, the set of parabolic fixed points is either empty or dense in JH?,
and we find that if p(G) is not cocompact then the complement of X°(G)Np*
in p* is dense in p¥.
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3.5. Independence of base point

It was a matter of convenience to define £?(G) to be a subset of R(G,G)x E, ,
or, if H fixes *+ and normalizes G, as a subset of R(G,G) xy E,. This
apparent dependence on * € M can be removed. Say that e € E, and
¢ € E, are parallel if {d(e(t),e'(t)) | t > 0} is bounded. It is shown in
[H; 2.2] that given e and *' there is a unique ¢’ parallel to e (the proof
in [H], ostensibly for CAT (0) spaces, works for convex geodesic spaces t0o).
Since parallel rays e and e’ lead to equivalent filtrations (X7, ) and (X(% ),
X" is (p — 1)-connected in the direction e, using =, if and only if it is
(p — 1)-connected in the direction €', using *'. So, writing E for the set of
“parallelism classes” of geodesic rays, we can equally well define £?(G) to be
the corresponding subset of R(G,G) X E, or of R(G,G) xy E if H is the
normalizer of G in the group of all isometries of M.

4. Discussion of the Theorems

4.1. The symmetrized invariants

As before we are given a group G, a convex geodesic space M with a base
point x € M, and a group of isometries G of M. In the flat case when G =
T(E'), the 1-dimensional translation group, it was fairly easy (but crucial) to
observe that the invariant £?(G) was an open subset of the space R(G, T (E'))
for p < n. From the remark at the end of §3.4 we see that this will not, in
general, be the case. For an openness result we have to replace T*(G) C
R(G,G) x E, by a cruder version of it. This symmetrized invariant is the
subset of R(G,G) defined by

SZ?(G) = {p| (p,e) € Z*(G), forall e€ E,}.

Thus a homomorphism p : G = G is in SZ?(G) if X is (p — 1)-connected
in all directions e € E, .

In the flat case where G = T'(E'), ST?(G) is just the intersection of T?(G)
with its antipodal set —X?(G). In the example G = PSL,(R) of §3.4 it is the
intersection Npey LP(G)".
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4.2. The main results

Theorem 4. SZ*(G) is an open subset of R(G,G).

As in the flat case, this openness result is based on a criterion for the action
p € R(G,G) tobein £*(G) in terms of a finite collection of small homotopies.
In the flat case this was called the “X"-criterion” (see [Bi] or [BS.]) and its
proof, by induction on n, was independent of the Theorem cited in §1.4.
In the non-positively curved case, however, a proof of the analogous “ST"-
criterion” is intimately bound up with the proof of:

Theorem 5. Let p € R(G,G) be such that p(G) acts properly discontinu-
ously on M. If p € ST"(G) then the kernel of p is of type F,.

We briefly discuss the proofs of Theorems 4 and 5. With notation as in §3.1,
one wishes to find R > 0 such that the pair (X", X"(R)) is n-connected;
here X"(R) denotes the largest subcomplex of X™ lying in h™*(Bg(*)). The
complex X™(R) is acted on by N = ker(p), and if the p(G)-action on M is
properly discontinuous the map N\X™ — M covered by h is proper. The
last two sentences imply that X™(R) is a cocompact (n — 1)-connected N-
complex, so N has type F,.

The proof that the pair (X", X"(R)) is n-connected is delicate. By “ele-
mentary expansions” we attach finitely many G-orbits of cells to X to get a
stronger version of (n — 1)-connectedness in which the constant A (see §3.1)
is zero. The fact that E, is compact is crucial in that, when we wish to
perform homotopies of maps f : (B?,577!) = (X?, X?(R)) in different di-
rections e, compactness allows us to only use finitely many directions. We
deform f, rel S77!, to a map into X?(R) by small homotopies in different
directions, and then the use of only finitely many directions bounds certain
important positive numbers away from 0. The construction of these small ho-
motopies requires the “A = 0” connectedness conditions; on the other hand,
deriving the “A = 0” connectedness actually requires the same kind of small
homotopies in lower dimensions. Thus the proofs of Theorems 4 and 5 com-
prise one big induction. The details involve ensuring that the homotopies are
suitably “Lipschitz over M” in order to have a sufficiently strong inductive
hypothesis.

The simultaneous proof of Theorems 4 and 5 is long. It is based on ideas and
techniques from the flat cases - more precisely: from the proof of the “Xn-
criterion” (see [BS,] or [Bi, Theorem A]) and the Theorem stated in §1.4
(and in [Bi] as Theorem E). The present generality entails new complications
and technicalities - mostly coming from the fact that G does not act trivially
on R(G,G) any more. We are preparing a detailed paper.

We now turn to the converse of Theorem 5. There is an obvious necessary
condition for an action p € R(G, G) to be in SZ?P(G): p has to be in ST°(G)
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~ the point being that this latter condition depends only on the image p(G)
rather than on G itself: every horoball of M must contain a point of the
orbit Gx = p(G)x. In the case when M is the Euclidean m-space or the
hyperbolic plane (see §3.4) this necessary condition is actually equivalent to
saying that the G-action on M is cocompact. Indeed, we do find a converse
to Theorem 5 in general under the cocompactness assumption:

Theorem 6. Let p € R(G,G) be such that p(G) acts properly discon-
tinuously and cocompactly on M. If the kernel of p is of type F, then
p € SEMG).

The assumption in Theorem 6 that p(G) be cocompact may be too strong.
But we have doubts that the weaker condition p € SE°(G) would be suffi-
cient. We do, however, have necessary and sufficient conditions in terms of
the subspace h(X™) C M.

Proposition 7. (a) If ker(p) is of type F, then X and h : X® - M
can be chosen so that h™'(h(0)) is (n — 1)-connected for each cell o of X
of dimension < n —1. (b) If the choice referred to under (a) is made then
p € ST™(G) if and only if h(X™) C M is (n—1)-connected in every direction
ec E,.

Here, the definition of connectivity of £(X™) in the direction e has to be trans-
lated from the definition for X™ in §3.1 by using the filtration (A(X(, )20
forec E,.

5. Horo-connectivity

5.1. horo-p-connectedness

We continue to discuss the set up of §3.1. A map f: Z — X" is proper in
the direction e if for each ¢ > 0 there is a compact subset C' C Z such that
f(Z-C) C X(,,. Wesay X is horo-p-connected rel e if for every 0 < g < p
and every map f : R? — X7 which is proper in the direction e there is a map
f:R? x [0,00) = X% extending f which is also proper in the direction e.
For p < n this is well-defined; but we shall also need it for p = n, and until
now X@%) has not been defined. To get around this, simply extend the map
h to the (possibly not locally finite) complex X™*! in the manner described
in §3.1. This will not cause problems in view of Theorem 8 below.
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5.2. Alternative description of ST*(G)

In the flat case, when M = E' and G = translations, it was shown (see [Bi],
[BS.]) that X is horo-n-connected rel e if and only if X™ is (n—1)-connected
in the direction e, and this established an alternative description of the “flat”
invariant ¥*(G). But in the present generality we are unable to prove either
implication in that theorem. However, we can prove the desired result if we
look at all directions e simultaneously:

Theorem 8. X is horo-n-connected rel e for every e € E, if and only if
X" is (n — 1)-connected in all directions e € E,. Hence

SE™G) ={p € R(G,G) | X is horo-n-connected in every direction e}.

5.3. How to check for horo-p-connectedness

If we pick a proper base ray « in R? and a base ray € in X' which is
proper in the direction e, the proper homotopy classes of proper maps in the
direction e from (R?,a) to (X"+',€) form horo-homotopy groups (X, €)
for ¢ > 1 (pointed sets for ¢ = 1). The details are so precisely analogous to
the discussion of the groups 77 (X, e) in [BT] that we refer the reader to §2 of
that paper for proofs of all assertions in this subsection. Clearly, X is horo-
p-connected rel e if and only if X is horo-0-connected rel e, and 7¢(X,€) is
trivial for 1 < ¢ < p < n. Asin [BT; 2.9-11], there are short exact sequences
of groups for 2 < ¢ < n, and pointed sets for ¢ = 1:

&)} - mi(X,e) > ly{wq_l(X(':j;},é)} - {1}.

1

{1} - lm' {7 (X3F,
Here, i ranges over Z*, and the inverse sequences of ordinary homotopy
groups have base points along €, and bonds induced by € in the obvious way.
An inverse sequence of groups G, + G, + - - - is semistable or Mittag-Leffler
if for any k the images in G, of the groups G;, j > k, are almost all the
same. If those images are almost all trivial, the inverse sequence is pro-trivial.
Thus, (see [MS; II §6]) we have, for p > 1:

Proposition 9. X is horo-p-connected rel e if and only if there erists
ezactly one proper homotopy class of proper rays in the direction e, and,
using any such ray € as base ray, the groups {wq(X&f;},é)}i are pro-trivial
for 2 < q < p—1 and semistable for ¢ = p.
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6. Homological companion results

All results in the previous sections have homological analogues which we
collect here.

6.1. The homological invariants

We continue to discuss the set up of Section 3.1.

Fixing a commutative ring R with 1 # 0, we say that X" is p-acyclic (over
R) in the direction e if there is a constant A > 0 such that for each ¢ > 0 the
inclusion X, .y, — X{.,) induces the zero map on R-homology in dimensions
< p. Analogous to Proposition 1 we have that for p < n — 1 p-acyclicity
(over R) in the direction e depends only on R, G, its action on M and the
ray e. Given a group G of isometries of M we can now consider the subset
¥?(G,R) C R(G,G) x E, consisting of all pairs (p,e) with the property that
X" is (p — 1)-acyclic in the direction e.

The symmetrized invariant is the subset STP(G; R) C R(G,G) defined by

S¥?(G;R) ={p| (p,e) € Z*(G; R), forall e€ E.,},

6.2. The main results

Theorem 4'. S¥*(G;R) is an open subset of R(G,G).

Theorem 5'. Let p € R(G,G) be such that p(G) acts properly discontin-
uously on M. If p € ST*(G; R) then the kernel of p is of type FP, over
R.

Theorem 6'. Let p € R(G,G) be such that p(G) acts properly discon-
tinuously and cocompactly on M. If the kernel of p is of type F P, then
p € ST(G; R).

6.3. Horo-acyclicity

We orient the cells of X" so that C®(X™*'), the R-chain complex of
possibly infinite locally finite cellular chains of X™*! is defined. Here, in
dimension (n+1) it is understood that we only include chains whose boundary
is well-defined. Let C®(X ™) denote the subcomplex of C=(X ™) consisting
of those chains which are locally finite with respect to the filtration (X[;%)):s0,
i.e., for each ¢ X{}%) contains all but a compact subset of the support of the
chain. The g-th homology of this chain complex, H;(X), is the gth horo-
homology group of X rel e (with R-coefficients). We say that X is horo-p-
acyclic rel e if H{(X) =0 for all ¢ < p, (reduced homology for ¢ = 0).
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Theorem 8'. X is horo-n-acyclic rel e for every direction e € E, if and
only if X is (n — 1)-acyclic in all directions e € E. Hence

SE*(G;R) = {p € R(G,G) | X is horo-n-acyclic in every direction e}.

6.4. How to check for horo-p-acyclicity

Everything in §5.3 has a homological analogue, changing homotopy groups to
homology groups. The relevant exact sequence can be found in [Ma).

6.5. Entrance of group homology

The action p: G — G together with an end e € E, defines a filtration of G
by “e-horoballs”: for each ¢t > 0 we put

G(e,t) = {g eqG I g* € HB(e,t)}'

Let RG denote the set of all formal (possibly infinite) R-linear combinations
of elements of G, and RG* C RG the subset of those whose support is locally
finite in the direction e, in the sense that, for each ¢, all but finitely many of
its points lie in G(.4. This is a right RG-module which we call the Novikov
module, (compare [N], [S]). It is clear that there is a natural homomorphism
¢, : Hy,(G; RG°) — H;(X) which is an isomorphism for p < n and an
epimorphism for p = n. Hence, the vanishing of H,(G; RG®) for p < n
implies that X is horo-n-acyclic in all directions e. In the flat case, the
converse is true (see [BS,]) but in the present non-positively curved case we
only have

Theorem 10. X is horo-n-acyclic in all directions e € E, if and only if
H,(G;RG®) =0 forallp<n and all e € E,. Hence ST*(G; R) is the set

{p € R(G,G) | H,(G; RG*) =0 forall p<n andall e € E.}.
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Cyclic Groups Acting on Free Lie Algebras

R. M. Bryant

Department of Mathematics, UMIST, P. O. Box 88, Manchester, M60 1QD.

1. Introduction

The purpose of this note is to study a conjecture of M. W. Short [5] which
is concerned with some special cases of the problem of determining the fixed
points of a finite group acting on a free Lie algebra. Short formulated his
conjecture on the basis of evidence obtained by hand and computer calcu-
lations. The main results of this note explain the theoretical significance of
the numbers occurring in Short’s conjecture and show that this conjecture is
equivalent to some simple and natural conjectures concerning free Lie rings.

For any positive integer m and any commutative ring R with identity let
L(R,m) denote the free Lie algebra over R on m free generators x,,. .., Tm.
Let G(m) be a cyclic group of order m generated by an element g and let
G(m) act (on the right) as a group of Lie algebra automorphisms of L(R,m) in
such a way that ;9 = z;4; (1 <i<m—1) and z,,9 = ;. For each positive
integer n let L,(R,m) denote the R-submodule of L(R,m) spanned by all
monomials in Zy,...,Z, of degree n: thus L(R,m) = @,,, L.(R,m) and
each L,(R,m) is G(m)-invariant. This note is concerned with the problem
of obtaining information about L, (R, m)%(™ the set of elements of L, (R, m)
which are fixed by all elements of G(m) (or, equivalently, fixed by g). We
shall regard L(R, m) and L,(R,m) as right RG(m)-modules in the obvious
way.

Let L(m) = L(Z,m) where Z is the ring of integers. Furthermore, if p is a
prime number, write I, for the field of p elements and M (p) = L(F,, p). For
positive integers m and n let

flmm) === 3 uldyme

din
(d,m)=1

Here p denotes the Mobius function and (d, m) denotes the greatest common
divisor of the positive integers d and m.
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Conjecture A, (M. W. Short [5]). For any prime number p and any
positive integer n, M, (p)°® has dimension f(p,n) over F,.

It is easy to see that the conjecture is true in those cases where p does not
divide n (see [5]) and Short gave further evidence obtained partly by com-
puter. He has verified that the conjecture is true in the following cases: p = 2,
n<20;p=3,n<9;and p=5,n < 5. The evidence is therefore quite strong
in the case where p = 2. This was in fact the motivating case because the
problem of determining dim(A,,(2)¢®) was posed some time ago by L. G.
Kovécs (see Problem 11.47 of [4]).

For any finite group G let v be the (norm) element ¥ ,.¢ k of the group ring
ZG. Clearly, for any (right) ZG-module U, Uvg C U®, where U°€ is the set of
elements of U fixed by G. Also, for all u € U, uvg = |G|u, so U¢/Uvg has
exponent dividing |G|. In particular, when G is cyclic of order p, U¢/Uvq
may be regarded as a vector space over F,.

It will be shown in this note that Conjecture A is equivalent to the following
conjecture.

Conjecture B. For any prime number p, L(p)®® = L(p)vgy.

To be more precise, it will be shown that Conjecture A holds for given values
of p and n if and only if L,(p)°® = L,(p)vy. Since L(p)°® /L(p)vg, is
isomorphic to H°(G(p), L(p)), the zero-dimensional Tate cohomology group
of G(p) with coefficients in L(p) (see Chapter XII of [2]), Conjecture B asserts
that H°(G(p), L(p)) = 0. More general versions of Conjecture B might also
be considered. For example, it may be true that L(m)%™ = L(m)vg(m, for
every positive integer m.

It will also be shown that Conjecture B is equivalent to the following conjec-
ture.

Conjecture C. For any prime number p, the ZG(p)-module L(p) has no
non-zero module direct summand on which G(p) acts trivially.

In the context of Conjecture C the case p = 2 is particularly interesting. The
integral representation theory of G(2) shows that, for each n, L,(2) (like any
ZG(2)-module which is free of finite rank as Z-module) is the direct sum of
ZG(2)-modules of Z-rank one (with one or other of the two possible G(2)-
actions) and regular ZG(2)-modules (see Section 74 of [3]). Thus L(2) has a
basis Q with the property that QU— is G(2)-invariant. But can one actually
find a basis with this degree of symmetry?

The author and R. Stohr have now shown that Conjecture A is true in the
case p = 2 (Fized points of automorphisms of free Lie algebras, Arch. Math.
67 (1996), pp. 281-289). Thus Conjectures B and C are also true for p = 2.
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Problem D. Find a basis § of L(2) such that QU —Q is G(2)-invariant.

An effective solution of this problem would yield a resolution of Conjecture C
(and hence Conjecture A) for p = 2 because Conjecture C holds in this case
if and only if no element of  is fixed by G(2).

The connection between Conjectures A, B and C is accomplished by means
of some results which will be stated now and proved in Section 2.

Proposition 1. Let G be a cyclic group generated by an element g of prime
order p and let U be a right ZG-module which is free of finite rank as Z-
module. Let £ be a complez primitive p-th root of unity and let d¢(U) denote
the dimension over Q€] of the &-eigenspace of g acting on Q€] ®z U (with
Q€] ®z U regarded as a Q¢]G-module). Then

dimg, (U/pU)¢ = de(U) + dimg, (U /Uvg).

Furthermore, dim(U® /Uvg) is equal to the largest number which is the Z-rank
of & module direct summand of U on which G acts trivially.

Proposition 2. Let m be a positive integer, m > 2, and let £ be a complex
primitive m-th root of unity. Let G(m) be the cyclic group of order m gen-
erated by an element g acting on L(Q[€],m) as previously described. Then,
for every positive integer n, the &-eigenspace of g acting on L,(Q[¢],m) has
dimension f(m,n).

Now let G = G(p) and U = L,(p), so that Q[¢]®zU = L,(Q[¢],p). By Propo-
sition 2, d¢(U) = f(p,n). Also, in this case, U/pU = M, (p), so Proposition 1
gives the following result.

Corollary 3. Let p be a prime number, n a positive integer, and G = G(p).
Then

dim(M,(p)®) = f(p,n) + dim(L,(p)°/L.(p)vc).

Thus dim(M,(p)¢) = f(p,n) if and only if L,(p)¢® = L.(p)ve. This estab-
lishes the equivalence of Conjectures A and B. The equivalence of Conjectures
B and C follows from the last statement of Proposition 1.

I am very grateful to Dr L. G. Kovacs for introducing me to Short’s con-
jecture and for discussing it with me on many occasions during my visit to
the Australian National University in 1993. I also gratefully acknowledge
the financial support for the visit which I received from the ANU. My fur-
ther thanks are due to Dr Kovécs for his comments on a preliminary draft
of this note which enabled me to simplify the presentation and proofs very
considerably. Finally I thank Dr Short for telling me of his own work on the
conjecture and for sending me a copy of [5].
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2. Proofs

Proof of Proposition 1 We write

A(U) = de(U) + dim(US /Uvg) — dim(U/pU)®

and aim to prove that A(U) = 0. We shall make use of the integral represen-
tation theory of G as described in Section 74 of [3].

Let R = Z[¢] and K = Q[§]. We regard K as a QG-module in which g acts
on K by multiplication by £. Hence K is also a ZG-module. By a fractional
ideal of K we mean a non-zero finitely generated R-submodule of K. Each
fractional ideal A of K is a ZG-submodule of K which is free of rank p — 1
as Z-module.

We regard the group ring ZG as the right regular ZG-module and write T
for a trivial ZG-module of rank 1, that is, a free Z-module of rank 1 with the
trivial action of G. Note that R regarded as a ZG-module can be identified
with the augmentation ideal of ZG.

It is easy to verify that A(R) = 0, A(ZG) = 0 and X(T) = 0.

Let A be a fractional ideal of K regarded as ZG-module. Since A has Z-rank
p — 1, it is easily verified that Q ®; A is isomorphic to K as QG-module.
But K is isomorphic to the augmentation ideal of QG. Hence d¢(A) = 1.
Clearly A¢ = {0}, so dim(A¢/Avg) = 0. It is easy to verify that A/(1 —¢)A,
(1—8A/(1—€)PA,...,(1-£)*2A/(1 - £)P~* A are isomorphic to each other
as G-modules and

(A/(1—€P A =(1-€r24/Q - A

Now (1 — €)' = pu where u is a unit of R (see (21.11) of [3]). Hence
(1—£)»'A = pA. But A/pA has order p*~'. Thus each factor (1 —&)*A/(1 —
€)' A has order p. Hence dim(A/pA)¢ =1. (In fact, A/pA is isomorphic as
F,G-module to the augmentation ideal of F,G.) Therefore A(A) = 0.

Now let U be an arbitrary ZG-module which is free of finite rank as Z-module.
Then, by (74.9) of [3], the ZG-module U @ R has a direct sum decomposition

UsR=U,0U,d -0,

where, for each %, either U; & ZG, U; 2 R, U; 2 T or U; & A for some
fractional ideal A of K. (By considering U @ R instead of U we have ensured
that r # n in the notation of [3].) Thus

AU) +AMR)=AU®R) = AU,) + - + A(U,) = 0.

Hence A(U) = 0 as required.
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It remains to prove the last statement of Proposition 1. It is easily verified
that dim(R°/Rvg) = 0, dim(ZG°/ZGv;) = 0, and dim(A¢/Ave) = 0 for
each fractional ideal A. On the other hand dim(7°/Tvs) = 1. Thus, with

U@RzUleUge“‘@Ug,

as before, dim(U®/Uv;) is the number of values of  such that U; &2 T. As
shown in the proof of (74.3) of [3], the number of trivial modules in a direct
sum decomposition into indecomposables of any integral ZG-module is an
invariant. The result follows.

Proof of Proposition 2 Let x be the character of the representation of G(m)
on L,(Q[¢],m). By Brandt’s character formula [1],

Z# g™, i=0,1,...,m—1,

L™
where tr(g*) denotes the trace of g*¢ in the representation of G(m) on the
space L, (Q[¢],m) spanned by z, .. . Note that tr(g'®) = m if m|id and
tr(g**) = 0 otherwise.
By the inner product formula for characters, the £-eigenspace of g acting on
L,(Q[¢], m) has dimension

1 m-—1

- Z ZM tI' id n/d{z

N =0 djn

Suppose d is a divisor of n satisfying (d,m) = k > 1 and write m = km'.

Then

m—1
Z (tr( id n/d{z _ Z mn/d{]m —
1=0 =0

If d is a divisor of n satisfying (d,m) = 1, then tr(¢*¢) =0fori =1,...,m—1.
Thus

3

(tr(gid))n/dgi — mn/d‘

i
o

i

Therefore the required dimension is

_Zu

din
(d,m)=1

which is f(m, n).
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0. Introduction

The purpose of this article is to report on some recent developments in the
area of quotient categories of modules filtered by complexity. The quotient
category construction is certainly not new but its application to the represen-
tation theory of finite groups was only recently begun in joint work with Peter
Donovan and Wayne Wheeler. In [CDW)] we considered the filtrations on the
category of modules given by the complexity invariant. It was shown that
the sets of morphisms in the quotients are localizations of cohomology. As a
direct consequence, the endomorphism ring of the trivial module decomposes
as a direct product of rings with the factors corresponding to the components
of the maximal ideal spectrum of the cohomology ring of the group. Specifi-
cally it was shown that the endomorphism ring has a set of orthogonal central
indempotents which correspond to the components of the variety.

At the same time, the trivial module is indecomposable in the quotient cate-
gory. All of this indicates that the quotient categories have no Krull-Schmidt
theorem, no uniqueness of decompositions of modules. This has been verified
in general for the trivial module and shown to hold for other modules as well
[C,CW].

The failure of Krull-Schmidt in quotients set the stage for several unusual
developments in a different direction. It seems that the uniqueness of decom-
positions can be recovered if we move to the category of infinitely generated
modules. Simply stated, the problems lies in the fact that the quotients are
triangulated but not abelian. The usual method of splitting indempotents

Partly supported by a grant from NSF
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in an abelian category involves looking at the kernel and cokernels of the
idempotents. However these constructions are not available in a triangulated
category, and the substitute construction of homotopy limits requires the tak-
ing of infinite direct sums. On the other hand many of the main techniques
from the module theory of modular group algebras are based on finiteness
conditions such as finite generation of modules and finite generation of coho-
mology. Indeed, the definition of the complexity of a module, which defines
the filtration on the module category, depends on the modules having finite
dimension over the base field.

A major focus of this survey is the recent results aimed at the development
of a theory of varieties and complexity for infinitely generated modules. We
will stick to the case in which G is a finite group and & is an algebraically
closed field of characteristic p > 0. The requirements on the coefficient ring
k are not entirely necessary, but occasional adjustments must be made in
hypotheses of theorems if the algebraic closure condition is relaxed. Many of
the older results on complexity and varieties of modules have been extended
to certain classes of infinite groups such as compact Lie Groups or groups of
finite virtual cohomological dimension. The same may be possible here. In
fact, our hope is that a module theory for infinitely generated modules may
aid in the development of a theory of modules for infinite groups, based on
their finite subgroups.

The paper is organized roughly as follows. Section 1 is mainly a survey
of background material on cohomology rings, varieties and complexity. We
consider only finitely generated modules except that we give some examples
to illustrate a few of the differences which should be expected when we pass to
the category of infinitely generated modules. Section 2 begins with a review of
the basic quotient category construction. An outline of the results of [CDW]
is presented with an emphasis on the structure of endomorphism rings and the
failure of the Krull-Schmidt theorem in the complexity quotient categories.
In Section 3 we introduce homotopy limits. It and other limit techniques play
a vital role in the analysis to come. We offer several equivalent definition of
the extended notion of complexity. Each has its own peculiar advantages, and
the proof of their equivalence is straight forward. More complicated is the
definition of the variety of an infinitely generated module. The initial attempt
at such a definition in [BCR1] has been refined and improved in later work.

In Section 4 we outline some of the latest work on indempotent modules and
decompositions of the categories [Ric], [B2], [BCR2). The main idea is that
the category of all kG-modules has idempotent modules, that is, nonprojec-
tive modules M such that M ® M = M @& P where P is projective. For those
of us accustomed to working only with finitely generated modules the exis-
tence of indempotent modules was a surprise. A finitely generated module
M is idempotent if and only if M 22 k£ @ P with P projective.
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1. Finiteness Conditions

Suppose that G is a finite group and that k is an algebraically closed field of
characteristic p > 0. In this section we consider the category mod-kG of all
finitely generated kG-modules. The cohomology ring H*(G, k) plays a large
role in the general study of kG-modules. One of its most important features
is a theorem of Evens which asserts that the cohomology ring is finitely gen-
erated as a k-algebra. In particular, it is a noetherian ring. Moreover, if M
and N are in mod-kG then Ext;,(M, N) is a finitely generated module over
H*(G,k). To get a feeling for the structure we consider a few examples.
First suppose that G = (z) is a cyclic group of order p. Then the trivial
kG-module has a minimal projective resolution of the form

=P p 2PN k—0

where P; = kG for all . Here

(z - Do if 7 is odd,
Oi(a) = { o

(z—1)>"'a if{iseven.
Now Homye(P;, k) = k and hence H¥(G, k) = H(Hom¢(P,, k)) has dimen-
sion 1 in every degree. Notice further that the resolution repeats every two
places and there is a surjective chain map of degree 2 (or degree 1 if p = 2).
The chain map represents an element ¢ in H*(G, k) (in HY(G,k) if p = 2).
So we have that
K[Gn)/(n®) if p>2,
k[¢] if p=2.

It is a technicality to check that the element € H'(G, k) for p > 2 squares
to zero.

H'(G,k) = {

o

Next suppose that we have an elementary abelian p-group G = (z,,...,z,) =
(Z/p)". Tt can be seen that kG = k(z,) @ k(z2) ® ... ® k(z,). As a result,
the trivial kG-module, k, has a projective resolution of the form

P*=P1,*®P2,*®"'®P",*Mk

Here P,, — k is a k{z;)-projective resolution as in the previous paragraph.
The tensor product is over the coefficient ring k and the formula for the tensor
product of the complexes is the usual Kiinneth formula. Thus

Hom, (P, k) = Z Homyg (k(z:), k)

iy4etin=i

=Zk. 1

iy tin =i
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and
H*(G,k) = H*((z1), k) ® - - - ® H*({n), k).

The cup products satisfy the anticommutativity rule 8o = (—1)de&®) des(@) 5,
So we have that

k[CI)"')Cn]®A(n1)"')nn) lpr_2,
kG, -y Gl if p=2.
Here A is the exterior algebra generated by the degree 1 elements n, ..., 7,.
Notice that the ideal generated by n,,...,n, is a nilpotent ideal and hence is

in the Jacobson radical of H*(G, k) and is contained in every maximal ideal.
Therefore we have that

H'(G,k) = {

H*(G, k)/RadH*(G, k) X K[Cy, - .., Cal, 1.1

a polynomial ring. If p = 2 the generators are in degree 1, while if p > 2,
they are in degree 2.

If G is not elementary abelian then the structure of the cohomology ring is
more complex. For example suppose that G = (z,y | 2> = y* = (zy)* =1) is
a dihedral group of order 8, p = 2. Then the cohomology ring has the form

H*(G, k) = klm,n., <]/ (mn.), 1.2

with 7,, 7, in degree one and ¢ in degree 2. This is not a polynomial ring.
It has two minimal prime ideals generated by 1, and 7. The quotient
H*(G,k)/(m) = kins,¢] is a polynomial ring, though the generators are not
both in the same degree. The group G has two maximal elementary abelian
2-subgroups: H, = (z, (zy)?) and H. = (y, (zy)?). In fact, with proper choice
of generators, the prime ideals (m) and (1) can be assumed to be the kernels
of the restriction homomorphisms to the subgroups H, and H,, respectively.
The example illustrates the general situation. It is always the case that the
minimal prime ideals of H*(G, k) are the radicals of the kernels of the restric-
tions to the maximal elementary abelian p-subgroups of G. All of this was
contained in the fundamental work of Quillen.

(1.3) Quillen’s Theorem [Q)]. (see also [QV]). Let Ag be the collection of
all elementary abelian p-subgroups of G. Then the kernel of the map

II resce: H'(G, k) — [[ H'(E,k)

EcAg EcAg

is a nilpotent ideal. So kernel([]; res¢ g) is in the Jacobson radical of H*(G, k)
and, most importantly, it is in every mazrimal ideal of H*(G, k).

Let Vz(k) denote the maximal ideal spectrum of H*(G, k). Because H*(G, k)
is finitely generated as a k-algebra and almost commutative (if p > 2 then



Quotient Categories of Modules 49

the elements of odd degree, which anticommute, square to zero and hence
are in every prime ideal of H*(G, k)), Vz(k) is an affine variety. Also it is a
homogeneous variety since H*(G, k) is a graded ring. Indeed, it is often more
convenient to consider the projective variety V¢ (k) of lines in Vg(k), since
almost all of the ideal which we consider are graded ideals.

Notice that if G = (Z/p)" is an elementary abelian group, then Vg(k) =
k. This is because k is algebraically closed and H*(G,k)/RadH*(G,k) is
a polynomial ring. Thus every maximal ideal m € Vg(k) is the kernel of a
homorphism H*(G, k) — k given by a point evaluation, f — f(), for f in
the polynomial ring and a € &£™ a point corresponding to m. Then the result
of Quillen may be interpreted as saying that

Vi (k) = U resy, 5 (Vi(k)) 14

is a union of “folded” copies of k' where V¢(k) = k' for ¢ the p-rank of E.
From Evens’ Theorem on finite generation it can be deduced that resy; 5 :
Ve(k) — Vg(k) is always finite-to-one, hence the “folded copy of £*”. But
more importantly we get that

dim Vg(k) = r = p-rank(G). 1.5

The p-rank of G is the largest integer  such that G has an elementary abelian
subgroup E = (Z/p)".

All of the above has an extension to finitely generated modules. Suppose that
M is a finitely generated kG-module. Then H*(G, k) acts on

Ext;(M, M) = H*(G, Hom, (M, M)).

So let J(M) be the annihilator in H*(G, k) of Ext;;(M, M). Notice that
for any kG-module N, Ext, (M, N) is a right Ext;,(M, M)-module and
Ext,(N, M) is a left Ext;, (M, M)-module. An element in J(M) annihilates
the identity element of Ext;,(M, M) and hence by associativity it annihi-
lates Exty, (M, N) and Ext;,(N, M). That is, J(M) is the annihilator of all
cohomology of M in either variable. So we let

Va(M) = Vg (J(M)) = MaxSpec(H* (G, k) /J(M)) C Vi (k) 16

be the closed set of all maximal ideals in H*(G, k) which contain J(M).
Ve (M) is an important invariant of the module M. When we write V(&) we
mean the variety of the trivial module &, which is the same as the maximal
ideal spectrum of H*(G,k) =2 Ext;,(k,k). A few of the properties of the
variety, Vz(—), are listed below.

(1.7.1) V(M) = {0} if and only if M is projective.

(1.7.2) V(M) has dimension 1 if and only if M is periodic. By periodic we
mean that M has a projective resolution

e — P2 P M —0
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which repeats itself, i.e., for some n; P, & P,,, and 0; = 0;,, for all i > 0.
V(M) having dimension one means that V(M) is a union of a finite number
of lines.

(1.7.3) In general, dim V(M) is the complexity of M, as defined by Alperin
(see Section 5.1 of [B1l]). The complexity of M is the polynomial rate of
growth of the terms of a minimal projective resolution of M. That is, if

.— P 2P %P M —0

is a minimal projective resolution of M, then M has complexity ¢ > 0 if and
only if ¢ is the least nonnegative integer such that there exists a polynomial
f of degree t — 1 with Dim(P,) < f(n) for n sufficiently large. Notice that
the zero polynomial, f(n) = 0, has degree —1 and hence the complexity of a
projective module is zero.

(1.7.4) Vg (M) = Ve (" (M) = Ve(M*). Here M* is the k-dual module M* =
Hom, (M, k) with G-action given by (gA)(m) = A(g7'm) for A € M*, m € M.
The modules of 2°(M) are defined by the minimal projective resolution of
M in (1.7) in that Q*(M) = 0"*(P,) = Kernel(d,-,) for n > 0. For n < 0, we
can give a minimal injective resolution

0—M—Q 50,230, — ...

and the same definition applies (i.e. Q™(M) = 8_,(Q,)). It should be noted
that kG is a self-injective ring so that injective modules are projective and
vice versa. Consequently, Q7 (Q(M)) & Q" (M) modulo projectives for all
i, j. Here we must define Q°(M) = Q71 (2(M)) to be the nonprojective part
of M so that M = Q°(M) @& P where P is a projective module, possibly zero.
(1.75) f 0 — M, — M, — M; — 0 is an exact sequence of finitely
generated kG-modules then Vg(M;) C Vg(M;)U Vg (M,) whenever {i,j, k} =
{1,2,3}. For any modules M, and M, we have that V5 (M, ® M,) = V5(M;)U
Ve (M,).

(1.7.6) Vo(M ® N) = V(M) NVg(N) for any finitely generated kG-modules
M and N. Here ® means ®; and the G-action on m ® n is the diagonal one,
g(m®n) = gm® gn.

(1.7.7) Vo(M) = Ugpeaw(resg g(Ve(M))). This is the natural analog of
Quillen’s Theorem, that was first proved by Alperin and Evens and, inde-
pendently, by Avrunin.

Many of the properties of the variety V;(—) can be verified easily once the
equivalence with the rank variety is established. The rank variety of a finitely
generated module M is a closed set of k™ which can be computed directly
from the structure of M in the case that G = (Z/p)" is an elementary abelian
p-group. Its definition is as follows.

Suppose that G = (zy,...,z,) = (Z/p)" is an elementary abelian group of
order p". For o € k*, o = (0u, ..., o), let u, =14+ T, ay(x, — 1). Notice
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that, because k has characteristic p, 2 = 1, and u, is a unit of order p in
kG. The important thing is that kG as a k(u,)-module is projective. That is,
(u,) as a group of units in kG looks like any cyclic subgroup (z) where z € G.
Indeed, the group algbebra kG does not remember what the group elements

are. If uy, ..., u, are elements of the form u, for different a(1),...,a(n) € k"
with a(1),...,a(n) linearly independent in k", then the inclusion u; — kG
induces an isomorphism k{u,,...,u,) — kG.

Now suppose that M is a finitely generated kG-module. It makes sense to
think about the restriction, M |,,,, of M to a k(u,)-module. So we can
define the rank variety of M to be

ViM)={a€ck | M|y, isnot free } U{0}. 1.8
The connection with the cohomological variety is expressed by the fact that
when G = (z,,...,%,) is an elementary abelian p-group and M is a finitely

generated kG-module then V(M) = VZ(M). This is not really an isomor-
phism but rather an isogency. The reason is that for p-odd, the map induced
by restriction

H*(G, k)/RadH*(G, k) — H*((us), k)/RadH* ({ua), k)

takes a polynomial f = f((,...,¢,) to the element f(of,...,a2){? (as in
(1.1)) where o = (ay,...,a,) € k", ( € H*((ua), k) is a carefully chosen
generator, and d is the degree of the polynomial f. Hence the map on varieties
also involves a twist by the Frobenius automorphism when p > 2.

We end this section with a discussion of a couple of examples of infinitely
generated modules. The examples illustrate some of the constructions we have -
just discussed and also give a hint of the difficulties encountered in moving to
the category of all kG-modules. In both examples we let G = (z,y) = (Z/2)*
be a fours group, and & an algebraically closed field of characteristic 2. In
the examples we represent the modules by diagrams in which the vertices
represent elements of a k-basis for the module while the arrows represent
multiplications by the elements of the group algebra as in

a c
multiplication by z—17 \imultiplication by y-1
b d

So the modules have the following diagrams.

VAYAYAY:

Example A
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Example B

AVAVAVAY:

That is, example A has a k-basis {a;,b; | i > 0} and the action of the group
is given by

(.’L‘ - l)a,' = b,‘, (y -— l)a,' = b,’+1, (.’L‘ -— l)b, = (y —_ l)b, = 0

Example B has one extra basis element, a4, with the same relations except
that (z — 1)ap = 0. Now if U = (u) is a group of order 2 then the free
module kU has a basis {1,u— 1} such that (obviously) (u—1)-1 =u—1 and
(u—1)2 = 0. In general a kU-module N is free if and only if we have that
w € (u—1)N for any w € N with (u — 1)w = 0. With this in mind consider
Example B. We claim that if & = (a1, @) € k? and if o, # 0, then B |, is
a free module. The reason is that

1 1
by = (u, ~ 1) (“ao) y by = (us — 1) (_’al +9%ao> )
ay Q; o7

a, a2 2

1 2
b3 = (’U,a — 1) (—’(12 + g%al +%l_a2> ,etc.

and the set of U-fixed points of B is exactly the subspace spanned by the set
{by,b2,b3,...}. On the other hand if a; = 0 then (u, —1)a; = 0 and B is not
a free k(u,)-module. Hence if we compute a “rank variety” by the method of
(1.8) we get that VZ(B) = {(0,a2) | ; € k} which is a closed set, a line, in
K2

Now suppose we consider the module A restricted to (u,), a = (@, az) € k2.
Notice that if a;, = 0, &y # 0, then A (., is free since b; = (u, — 1) (alla,)
However if a; # 0 then it is impossible to write b, as a linear combination of
a finite number of the elements (u, — 1)a;. So A l(u,) is not free if a, # 0.
Thus the “rank variety”,

Va(4) =k \ {(n,0) | o € k}

is an open set in the Zariski topology of k2.

For both of these modules, (M) = M. That is, both are periodic of period
1. For example, for the module A, we have a projective cover ¢ : P — A
with P being a free kG-module with kG-basis {¢;}i»e and ¢(c;) = a;. Then
the kernel of ¢ has basis

a=(y—1De—(z—1eiyr, bj=(x—-1)(y~1e, i>0.



Quotient Categories of Modules 53

It is an easy exercise to check that {a}}, {b}} satisfy the same relations as the
chosen basis for A.

In Section 3, we will see that the module A has complexity 2 while module
B has complexity 1. This is still the dimension of the “rank variety”, but it
seems to be no longer tied to the “rate of growth” of the projective resolutions
of the modules. The other thing which should be pointed out here is that
both A and B are idempotent modules in the sense that, for A,

AR A= A® P

for some projective module P. We will show later that in the category of
finitely generated modules there are no idempotents other than the trivial
module.

2. Quotient Categories

In this section we introduce the quotient category construction on categories
of kG-modules. We confine ouselves to the case of finitely generated mod-
ules, but our aim is to set the stage for the extension to infinitely generated
modules. We begin with the ordinary module category mod-kG of all finite
generated kG-modules and £G-module homomorphisms. We briefly survey
the definition of a triangulated category and the construction of quotient cat-
egories. Details can be found in the books by Happel [H] or Weibel [W].
The applications of the quotient categories to the study of modular group
representations can be found mostly in [CDW].

The stable category stmod-kG of finitely generated £G-modules modulo pro-
jectives has exactly the same objects as the category mod-kG. The morphisms
in stmod-kG are given by the formula

Hom M, N) = Homg(M, N)/ PHom(M, N)

stmod-ka(

where PHome(M,N) is the set of all homomorphisms & : M — N such
that o factors through a projective kG-module, i.e., @« = v o 3 where § :
M — P,v: P — N for some kG-homomorphisms £, v, and some projective
module P. It might be important to recall that kG is a self-injective ring so
that a kG-module is injective if and only if it is projective. Hence factoring
through a projective is the same as factoring through an injective. There are
two properties of morphisms in the stable categories which we would like to
emphasize. The first is the fact that cohomology really takes place in the
stable category.

(2.1) For any kG-modules M, N and any n > 0, we have that

Hom Q*(M),N) = Ext;o(M,N).

StmOd-kG(
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That is, suppose that (P,, €) is a minimal projective resolution of M and that
¢:Q*(M) — N is a homomorphism. Then we have a commutative diagram

On41
Pn+l Pn

Poy e P M 0

with p the surjection with kernel 8,,,(P,.:) and ¢ the inclusion. The fact
that ({p)8,41 = 0 says that {p is a cocyle. It is an exercise to check that
¢ factors through a projective if and only if {p is a coboundary, i.e., if and
only if there exist ¢ : P,_; ~> N such that { = ¢. So the class of { in
Homg; 10 4-1c (M, N) determines a unique element of Exty, (M, N).

(2.2) Homg; 1 o d- e (" (M), Q*(N)) = Hom (M, N) for any n > 0.

stmod-xc
That is, any homomorphism 6 from M to N lifts to a chain map from a
projective resolution of M to a projective resolution of N, thus inducing a
homomorphism Q"(8) from Q"(M) to Q*(N). The class of 2*(6), modulo
projectives, is uniquely determined by the class of 8. It is also true that the
isomorphisms in (2.1) and (2.2) can be used to define the cup product. That
is, if v € Ext™(L, M), { € Ext"(M, N) then the cup product (v is the class
of the composition ¢ o Q"(7y). Furthermore if we are willing to consider Tate
cohomology and injective as well as projective resolutions, then (2.1) and
(2.2) hold for all n.

For our purposes, one of the most important things about the stable category
is that it is triangulated. Every morphism is a part of a triangle of modules
and morphisms. We can illustrate the principle with the following exercise.
Suppose that « : M — N is any kG-homomorphism. Then we can find
projective modules P and @ and homomorphisms 6 : P — N, 7: M — Q
such that o = (@,0) : M@® P — N is onto and " = (‘:) M — N&Qis
one-to-one. For example, P might be a projective cover of N or @) an injective
hull for M. So we have exact sequences

0—USMoP 2 N—0

and ., )
0—MS5NeQ -5V —0

where U and V are the appropriate kernel and cokernel. It can be shown that
U = Q(V) & (proj), that is, U is Q(V) plus a projective direct summand. For
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convenience of language we actually think of this as V & Q~*(U) & (proj). So
then we get a triangle in the stable category

U M- N-2 )

with vertices U, M and N, and edges v, o, 3. Everytime we go around the
triangle we must apply the translation functor Q~!. The principle is that
exact sequences in the module category mod-kG correspond to triangles in
the stable category exactly as in the illustration.
The definition of a triangulated category is given by several axioms (See [H]
or [W]). Most of these express well known properties of modules and exact
sequences and hence there is not much point in going into the details here.
Rather we consider next the quotient category construction which is made
possible by the triangulation.
Suppose that M is a triangulated subcategory of stmod-kG, meaning that
if two of the objects in a triangle in stmod-kG are in M then so is the
third. The quotient category Q = stmod-kG/M has the same objects as
stmod-kG, but the sets of morphism in Q are obtained by inverting any
morphism in stmod-kG if the third object in the triangle of the morphisms
is in the subcategory M. Thus a morphism from M to N in Q@ might be
represented by a diagram

M&ULN 23

where, s is invertible as above. We think of the morphism as being f o s71.

It is actually an equivalence class since it is necessary to identity f os~! with
(ft)(st)"' = fotot~los~! whenever t : W — U is a morphism in stmod-kG
such that the third object in the triangle of ¢ is in M. The composition of
two morphisms

LEeUSHL MandM &V SN

is the splice got™'o fos™ . In the cases we consider, it is not difficult to show
using pullbacks that the product can be put in the form of (2.3) as above.
For any nonnegative integer c, let M, be the full subcategory of stmod-kG
of all finitely generated kG-modules with complexity at most ¢. By (1.5),
M, = stmod-kG if r is the p-rank of G. By (1.7.5) every M, is a triangulated
subcategory of stmod-kG. As a result we have that the quotients M,/ M,
are defined.

Suppose that ¢ € H*(G, k) is a nonzero cohomology element and that the
dimension of V(() is less than r. The element ( is represented by a cocycle
¢': (k) — k (see (2.1)) which is obviously a surjection. Thus we have an
exact sequence

0— L, — Q*(k) <5 k — 0. 2.4

The important point is that:



56 J. F. Carlson

(2.5) V(L) = V(€), the set of all maximal ideals in Vi (k) which contain ¢
(see [B1], or [E]).

Hence the assumptions on ¢ guarantee that L, has complexity less than r and
hence the morphism ( is invertible in the quotient category M,/ M.,_,. This
leads us to the following observation

(2.6) Every object of M,/ M.,_, is periodic.

In the triangulated category M,/M.,_; the periodicity is measured by the
translation functor Q7%, or by its inverse Q. So suppose that M is a kG-
module of complexity ¢. Then Vg(M) C Vg(k) has dimension ¢. It is not
hard to see that for some n > 0 there exists an element { € H"(G, k) such
that V(¢) N Ve(M) has dimension ¢ — 1. So we have that

Vg(L( ® M) = Vg(L() n Vg(M) = Vg(C) n Vg(M)

has dimension ¢ — 1 (by (1.7.6) and (2.5)) and hence L, @ M € M, _,. So
suppose we tensor the sequence in (2.4) with the module M. We get an exact
sequence

0—LOM— (k)M ¥ koM — 0.

Of course k® M = M, but also Q" (k) ® M = Q*(M) & (proj). This last is a
consequence of the fact that tensoring with a projective module always yields
a projective module. Hence we have that, in the quotient category, the class
of ( ® Idy : Q*(M) — M is invertible and is an isomorphism. This proves
(2.6).

The situation we encounter in the proof of (2.6) really does represent the
general situation. For suppose that U and M are in M, and that s : U - M
is invertible modulo M,_,. Let W € M,_, be the third object in the triangle
of the morpshim s. It is always possible to find an element ( € H"(G, k),
some n, such that V;(¢) N Vg (M) has dimension ¢ — 1 and ¢ annihilates the
cohomology of W (implying that Vo(W) C Vi(¢)). Then it can be shown
that

(2.7) There exists t : Q*(M) — U such that st : Q*(M) — M is equivalent
to ¢ ® I'dys in stmod-kG and is invertible modulo M,_,.

Thus we have that any morphism
M<&U-LN
is equal in M./ M._, to one of the form
M onuM) S N

So by (2.1) we have that
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(2.8) In Q,, Homg_ (M, N) = [Ext;s(M,N)-S7']° where S = {¢ € H*(G,k) |
¢ homogeneous, dim V5(¢) N Vz(M) < ¢} and [ ]° indicates the elements of
degree zero.

Now consider the case ¢ =r and M = N = k, the trivial kG-module. We re-
call that Vg (k) = U, V; where V; = res g, (Vg (k)), and the elements E; run
through a set of representatives of conjugacy classes of maximal elementary
abelian p-subgroups of G ( see (1.4)). The closed sets V; are the components
of the variety and hence no V; is contained in the union of the others. Appeal-

ing to some results of commutative algebra we notice that there are elements
Giy---,C in H*(G, k), for some n, such that

1) Ve(G)nVi< ¥,

(2) Va(G)NV; =V, for j #1,

() ¢¢;=0in H>™(G,k) if i # j.

Notice in (3) that V5(G(;) = Ve(k) and hence we are assured that (;(; is
nilpotent. Now let

(=G+ - +C( € H'(G,K).

Then the elements e; = (; - (7! are orthogonal idempotents in Homg, (k, k).
It follows that

Homg, (k,k)=R, ®---® R, 2.9

where each R; is a local ring corresponding to a conjugacy class F; of elemen-
tary abelian p-subgroups of maximal rank 7 in G.

Hence we have that the endomorphism ring of the trivial module & in Q,
decomposes. On the other hand it can be shown [CDW], using subadditive
functions on the category, that the trivial module is indecomposable in Q,.
This violates the usual intuition of people studying module categories over
artinian rings. The indication is that there is no Krull-Schmidt Theorem
in @,, i.e.,, no uniqueness of decompositions of objects as direct sums of
indecomposable objects. The validity of these indications is confirmed in the
following example. This example is not the same as the one in [CDW)]. That
is, even if the ultimate decomposition is the same, the example of the triangle
(exact sequence) is chosen to indicate a more general decomposition which is
discussed further in Section 4.

Suppose that G = (z,y | z°> = y* = (zy)* = 1) is a dihedral group of order 8.
Of course, the coefficient field & has characteristic 2. Notice that

kG = k(A, B)/(A?, B?,(AB)? — (BA)?)

where A =1+ 2z,B =1+ y and k{(A, B) indicates the polynomial ring in
noncommuting variables A and B. The diagrams which we draw for kG-
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module are explained in detail in [Rig]. The free module ¥G has diagram

7\

.

where again each vertex represents a k-basis element and an edge (arrow)
represents multiplication by A or by B as indicated. Now G has two maximal
elementary abelian 2-subgroups: H; = (z,(zy)?) and H, = (y, (zy)?). The
induced modules from the two subgroups also have diagrams

—xtG— %16
Ml—-kHl—lA, Mz_k”2—lB

From the diagram for kG we see that Q(k) has a diagram (obtained by re-
moving the top vertex and its adjoining edges)

m, my

R_/a'

That is Q(k) is generated as a kG submodule of kG by m; = z + 1 and
m, =y + 1. Then we have an exact sequence

0— L —Qk)®Uk) > M, dM,—0

given in diagram form as

L 1) m, ms
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where 6(m;) = u,8(my) = v,0(n;) = Bu,6(n;) = Av. The kernel L is
generated by Bm, + n; and Am, + n, and has diagram

( identify 1

Amy +n, Bm; +n, Amy + 1,
‘\\Q\ /ﬁ//\\Q\ ////
. . . . B
o N /-

'A‘/s'

(the two ends of the diagram are the same.) It is not difficult to check that
L is a periodic module. Moreover as in (2.6) we can show that Q(k) = k in
the quotient category Q, = M,/ M,. Because L € M, we have that inQ,,

k®k =kl @kl

This is an honest example of the failure of Krull-Schmidt, since the three
modules in the equation can all be shown to be indecomposable in Q,.

Finally we should mention that the morphisms in quotients of greater differ-
ence M,/ Mg, ¢ = d > 2, can also be characterized [CW2], though the answer
is far more complicated. The problem is to find objects to take the place of
the modules (M) in (2.7). The objects which we create are paramerterized
by (c—d)-tuples ((y, - . ., {._4) of homogeneous elements of H*(G, k) such that
NV%(¢;) has dimension r — (¢ — d). The homomorphism group, Home (U, k),
for such an object U is given by a spectral sequence whose E,;-page is a trun-
cated Koszul complex determined by the elements (i,...,{,_4. It appears
that the E,-page is a sort of Cech cohomology of a certain sheaf. However,
the elements of Homyg (U, k) only represent elements of Hom a4, (k, k). To
characterize Hom,,/aq, we must take a limit of the spectral sequences.

3. Extensions to infinitely generated modules

In the previous section we discussed the fact that the quotient categories
M, /M._; do not in general have uniqueness of decompositions of objects.
As one example we showed that the endomorphism ring of the trivial module
in @, = M,/M,_, decomposed as a direct sum of rings with the summands
corresponding to the components of maximal dimension r in the variety Vs (k).
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In particular, we stated that there were idempotents e; € Homg_(k, k) cor-
responding to the components of the variety. The usual proof of the Krull-
Schmidt Theorem, which expresses the unique decomposition of modules into
indecomposables, proceeds by finding an idempotent in the endomorphism
ring of the module and showing that the module is the direct sum of the
kernel and the image of that idempotent. That is, the idempotent splits
the module. The problem with the quotient category Q, is that it is not
an abelian category. So even if we have idempotents in the endomorphism
ring, there are no kernels or images. The category Q, is triangulated but not
abelian.

In this section we discuss some of the constructions which can be made in a
triangulated category to imitate the properties of an abelian category. Most
of the new results of this section are contained in the manuscript [BCR1]. The
first is the technique of using idempotents to split modules. The method is
called a homotopy limit and is well known to the experts in stable homotopy
theory [BN]. The only problem with the construction is that it requires the
taking of infinite direct sums of modules and hence a passage to the category
of all kG-modules, even the infinitely generated ones. In order to put the
method to use we must extended our concepts of complexity and varieties to
the category of all kG-modules.

Suppose that we have an idempotent e = f/s in Homu,, a, (M, M) for some
kG-module M. Let 1-e = (s—f)/s =g/s. Then f+g=sand fg=gf = 0.
For convenience of notation we assume here that s = 1. We will state later
the adjustments which must be made if s % 1. The question here is how do we
split the idempotent e in the triangulated category. The trick is to produce
a triangle whose third object is the “image” or the “kernel” of e. This is the
homotopy limit and we get it in the following fashion. Let M' = @2, M be a
direct sum of copies of M and consider the map 1, given diagrammatically
by

W

B ROROR

- OROTOR

That is,

Yi(my, mg, . ..) = (f(m1) + g(ms), f(m,) +g(ms), -+ ).
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The reader may wish to notice here, that if this were an ordinary category of
modules with f+g = 1, then ¢, would be a surjection. But in the triangulated
category (assuming we can allow the infinite direct sum) we have a triangle
of the morphism ¥,

M, — M 25 M — Q7Y(M,),

which defines a new object M;.

Now notice that, if f +g = s # 1, but s is invertible in the quotient category,
then we need to let M, be the third object in the triangle of the morphism
¥ where 1] is given by ¢| = ¢ /Y]

I'/"’l’ I'/"l t
Me—M-—-M

for 1, as before and ¢} = (s, s, s,...).
Next suppose that ¢, is the morphism constructed in the same way but with
f and g interchanged. Then we have a triangle

M, — M' 25 M — Q7'(M,).

Now take the direct sum of the two maps ¢, and ¢,. By rearrangment of the
sums, we have a diagram

MoM ud MoM
® 4 ®
Mo M X Mo M
@ ///L//] @
MoM ud MoM
® ®

0 0
where X = (g ) and Y = (g f)' The next step is to rearrange the
g

module again by applying the map A = ( f g) to the sum M @M. Notice
-9

that ( f
g

g) is the inverse of A. It is a routine check to see that

(GGG 7)=6 o)
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GGG 760

We conclude that the third object in the triangle of the morphism

and

MeoM 'Pﬂz MoM

is isomorphic to M. But then M = M; @ M, because of the uniqueness of
the third object in the triangle of a specified morphism.

So we see, that in a triangulated category, it is possible to split idempotents
provided we can take infinite direct sum. However the definitions of com-
plexity and varieties for modules are based on the finiteness conditions of
section 1. Hence we wish to try to extend these notions to the category of all
kG-modules. For this purpose let StMod-kG denote the stable cateogry of all
kG-modules. We need to define subcategories M_, of StMod-kG, of all kG-
modules of “complexity” c. Before attempting such a thing let us emphasize
the properties which we wish M, to have. Specifically, we would hope to be
able to get the following.

(3.21) M, should be a full triangulated subcateogry of StMod-£G.

(3.2.ii) The collection of finitely generated module in M, should be precisely
the objects in M. That is, M, N stmod-kG = M..

(3.2.iii)) M, should be closed under infinite direct sums and summand.
Finally, and most importantly, we would like to be assured that nothing is
lost in the passage to the infinitely generated category. That is, we wish that

(3.2.iv) The natural functors M_ /My, — M_ /M, should be fully faithful for
alld < ec.

With these conditions in mind we offer several candidates for the subcate-
gories defining complexity.

(3.3.a) Let Min, denote the smallest triangulated subcategory of StMod-kG
containing M, and also closed under the taking of direct summands and
countable direct sums. Notice that the intersection of two triangulated sub-
categories, which are closed under summands and countable direct sums, also
has all of these properties. So there is a smallest subcategory with these
properties. The categories Min, clearly satisfy conditions (i) - (iii) of (3.2).
But condition (iv) seems to be difficult to show directly. Rather we prove it
as a consequence of the Mzin_’s being subcategories of the other candidates.

(3.3.b) Let U, be the full subcategory of StMod-kG consisting of all modules
M satisfying the condition

(*) ify: X — M with X € mod-kG, then 7 factors as the composition
X -5Y 55 M, y=(n, with Y € M..
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This is the condition which we need to achieve condition (iv) of {3.2). For
suppose that we have a morphism

M<eEU-LN

in U, /U; with M, N, e M, and s invertible. Let W be the third object in the
triangle of the morphism s. Then we have a triangle

W — U - M 2 QY(W),

where Q-1 (W) € U;. Now by (*), v factors as M —» Y - Q-Y(W) for
Y € M,. So we get a diagram of triangles

Yy —5% Q- (W)
14 U——M Q“llW)
o
U U 0
Q(Y)

where U’ is the third object in the triangle of . Hence U’ € M, and r = st
is invertible modulo M,. The existence of the map ¢ is a consegence of the
axioms of a triangulated category (¢ -7 - r = 0). However it is probably just
as easy to understand it by pulling the diagram back to a diagram of exact
sequences in mod-kG.

The existence of ¢, which is invertible modulo M, says that our original
morphism f/s is equivalent to a morphism,

MU SN,
which takes place entirely in M,. Hence the mapping
HomMc/Md(M, N) — Homuc/ud(M,N)

is surjective. A similar argument shows that it is also injective. Conditions
(i) and (ii) of (3.2) can also be verified without much difficulty. Condition
(iii) is a little more difficult.

(3.3.c) Let &, be the full subcategory of stmod-kG consisting of all modules
M with the property

(**) Suppose that § C M is a finite set of elements. Then there exists a
projective kG-module P and a submodule Y € M @ P such that S x {0} € Y
and Y C M..
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The condition defining £, is the one which we usually think is most easily
recognized. However we shall see later in the section that there are some
problems with the recognition. It is easy to verify that the subcategories £,
satisfy conditions (i) - (iii) of (3.2).

The last candidate for a definition of complexity is a variation on (3.3.c). The
limit construction is very useful in creating examples and plays an extremely
important role in the development of the idempotent modules of the next
section.

(3.3.d) Let C. be the full subcategory of StMod-kG consisting of all modules
which are filtered colimits of modules in M..

To put all of this together we prove the following

(3.4) Theorem [BCR1]. For0<c<r,
Min. CU.=C. =E..

The proof is reasonably straight-forward. Once the equality of U,,C, and &,
is verified then the inclusion of Min, is obvious. The inclusion of Y. into
C. requires all of the technicalities of the definition of filtered colimits. An
object M in C, must be in £, because any finite subset of M is in the image
of one of the modules in the system giving the colimit. Finally an object M
from &, is in U, because the image of any v : X — M with X € mod-kG is
generated by the finite set which is the image of the generators of X.

We should note that if we limit ourselves to countably generated modules
then Min. coincides with the other subcategories. In any case we have that
U, = StMod-kG, if r is the p-rank of G, by (1.5) and the definition. The
complexity of a module M & StMod-kG is defined to be ¢ if M € U, but
M ¢ U._,. The Alperin-Evens Theorem extends to the catgegory of all
kG-modules. That is, the complexity of a module is the maximum of the
complexities of the restrictions to the elementary abelian p-subgroups.
Using the arguments from the first part of this section we can split idem-
potents in U,/U._;. To get a Krull-Schmidt Theorem we need only that
idempotents can be split and also that endomorphism rings be artinian rings.
To this end, we define M. ._; to be the smallest subcategory of U, /U,_, which
contains the quotient M./M._; and is closed under the taking of direct sum-
mands. The fact that endomorphims rings of objects in M, ._, are artinian
was proved in [CW1].

(3.5) Theorem (Krull-Schmidt). Up to order and isomorphism every
object in M, ._, is uniquely a direct sum of a finite number of indecomposble
objects.

The effort to find a definition for the variety of a module is still in progress.
Clearly some modification must be made to the definition in section 1. For
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an infinitely generated module M the cohomology ring Ext;;(M, M) is not
necessarily finitely generated as an H*(G, k)-module. So it is possible to have
a situation in which, for a particular element ¢ in H*(G, k), each element of
Ext;,(M, M) is annihilated by some power of {, but no power of { annihilates
every element. This actually happens for the example (B) of section 1. In
addition, a close look at the example (A) of section 1 indicates that variety
of a module might be an open rather than a closed set. One attempt at
solving this problem is proposed in [BCR1]. It defines the variety, Vo (M), of
a module M to be the collection of all V5(J) C Vz(k) where J runs through
the set of all annihilators of all finitely generated H*(G, k)-submodules of
Extio(X, M) for X a finitely generated kG-modules. Thus Vg(M) is a col-
lection of closed subsets of Vz(k). This definition works well relative to the
problem encountered in example (B). In particular, the maximum of the di-
mensions of the closed sets in Vg(M) is the complexity of M, as just defined.
In the case of (B) that complexity is 1. In addition if M is finitely gener-
ated then Vg (M) has a unique maximal element which is Vz(M) and which
contains every other closed set in the coliection Vg(M). However, the exam-
ple does not work so well for example (A). In this case V5 (k) is one of the
closed sets in the collection. Among the other things, it can be seen from
this that the new variety V() does not satisfy the tensor product theorem
(1.6.6). Other variations on this theme are explored in [BCR2]. Some of the
problems, particularly the lack of a tensor product theorem are resolved with
appropriate modificiations in the definition.

It can be shown that example (A) has complexity 2 in the new definition. For
one thing the map ¢ : £ — A, given by ¢(1) = b, does not factor through
any finitely generated module of complexity one. So A € U;. Similarly we
can see that A ¢ &, because the set {b;} is not in any finitely generated
submodule of A or of A & (proj) such that the submodule has complexity 1.

There are several other interesting examples in the appendix of [BCR1]. Some
of them show that the condition in (**) of (3.3.c), which allows the addition of
a projective module P, can not be eliminated. That is, in general, there exist
infinitely generated modules of complexity ¢ which have no finitely generated
submodules of complexity ¢. The point is that the maps which present a
module as a direct limit or filtered colimit of modules of complexity ¢, need
not be injective.

Another example from [BCR1] illustrates the decomposition of the trivial
module which we obtain by extending the category to include all modules.
At the end of Section 2 we showed how the direct sum of two copies of the
trivial module is isomorphic to the direct sum of the two modules induced
from the trivial modules on the maximal elementary abelian 2-subgroups. In
this case the p-rank of G is 7 = 2, and k € M,. All H'(G, k) has two elements
T, with 7, - 7, = 0. Here 1, is represented by a cocycle 5} : Q(k) — k with
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ni(m;) = d;; in the notation of (2.10). It is not difficult to show that n; + 7,
is an isomorphism in @, = M,/M,. That is, the kernel of 9| + n} has
complexity 1. So let n = g +n.. Then in Q,, e, = m/n, e, = n/n are
orthogonal idempotents. It remains to put these elements into the homotopy
limit scheme of the first part of the section, and to write the trivial module
k as the direct sum of two infinitely generated modules. The answer is that
k=2 U, & U,, and this decomposition is represented in diagrams as

AXENEA
R
N N N A

where U, is generated by a,, a,, ... and U, is generated by b,, b,,.... Then we
have homomorphism 8 : U, & U, — k given by

6(a,) =1=0(b) and 8(a;)=0=06(b;) fori> 1.

The kernel of 8 is obtained diagrammatically by indentifying a, and b;,. To
verify that 6 is an isomorphism in @, it is only necessary to check that its
kernel is in ¢, and hence has complexity 1.

4. Decomposition, Idempotents and rank varieties

We saw in the last section, that in a triangulated category, such as M, /M, _,,
a decomposition which is only indicated by the endomorphism ring of an
object is actually realized when the category is extended to permit infinite
direct sums. Results obtained in the last few months have demonstrated the
principle several times over. The most striking fact to be discovered is that the
stable category StMod-kG of all kG-modules has idempotent objects, that is
non-projective modules M such that M @ M = M & P where P is projective.
In fact, the modules A and B at the end of Section 1 are idempotent modules.
The idempotent modules, separate the category into orthogonal subcategories
and tensoring with an idempotent module is a localizing functor in the sense
of homotopy theory.

To set some background, we begin with another decomposition of the quotient
category M,/ M,_,. For notation let E, ..., E, be a complete set of represen-
tatives of the conjugacy classes of maximal elementary abelian p-subgroups
of G. Let Vi = resg g (Vo(E:)) C Vo(k), and recall that V;,...,V; are the
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components of the variety Vi(k) (see (1.4)). For each i, let D; = Dg(E;) be
the “diagonalizer” of E;. That is, the normalizer Ng(E;) acts by F,-linear
transformations on E;, which is an F,-vector space, and the diagonalizer is
the set of elements of Ng(E;) which act on E; by scalar matrices. Thus an
element € Ng(E;) is in D; if and only if there exists a € Z/p = F, such
that zyz™! = y* for all y € E;.

The following theorem is stated in full detail. However this discussion will re-
quire only the more easily understood implications for the quotient categories.
These will be explained later.

(4.1) Theorem [C]. Suppose that m = LCM{ING( : D}, and for each
t1=1,...,t, let m; = m/|Ng(E,) : D,|. Thenfor somen>0 and all £ >0,
there is a projective module P (depending on n,£) and an ezact sequence

0 — L — (™(k)) ZkTG”"—->0

t
i=1
such that Vo(LYNV, £V, foralli=1,...,t.

Notice that the Theorem takes place entirely within the category mod-kG of
finitely generated kG-modules. The statement that V4(L) N'V; # V; implies,
in particular, that dim V(L) < r = dim Vi (k) where 7 is the p-rank of G.
Hence L € M,_;. By (2.6), k is periodic and for some value of £ we have that
(k) = k in the quotient category Q, = M,/M,_,. Composing this with
the isomorphism ¢ proves the following.

(4.2) Corollary. In Q,, k™ = i((k}f)”‘i where m, m; are given as in the
i=1
Theorem.

Frobenius reciprocity for modules over group algebras says that if H C G
is a subgroup then M ® ki = (M ® ky)'® = M} where My means the
restriction of M to a kH-module. So in Q,, for any module M,

t
M 2 (M)

i=1
Hence one way of expressing the corollary is to say that, except for a “com-
plexity factor” (embodied in L) the module theory of kG is controlled at
the level of the diagonalizers of the maximal elementary abelian p-subgroups.
Even if the “complexity factor” is not well understood, it is not difficult to
derive several consequences of the idea. For example it explains why the co-
homology ring Ext:G(ka, k%) must have irreducible modules of dimension
m/m; = |[Ng(E;): D, (see [C]). In a more complicated piece, it was used to
prove restrictions on the varieties of modules M in the principal kG-block
with H*(G, M) = {0} (see [CR)).
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Several months ago, Dave Benson [B2] observed that the corollary implies a
decomposition of the quotient category itself. Remember that M, ,_, is the
closure under taking direct summands of M,/M,.., in the quotient U, /Y, _,.
In M, ,_, we can split idempotents and the trivial module has a decomposi-
tion into a direct sum of indecomposable modules corresponding to the idem-
potents in Homy,, _, (k, k). In turn the idempotents correspond to the com-
ponents V; of maximal dimension in V;(k). For notation here let E,, ..., E,
be the representatives of the conjugacy classes of maximal elementary abilian
p-subgroups of rank r. So if s < 1 < ¢ then the rank of E;, is less than r, V;
has dimension less than r and k'{f has complexity less than r.

The identity element in Homy,,,_, (k,k) is a sum of s orthogonal primitive
idempotents corresponding to the components V;, ..., V,. Then k decomposes
in My, CU, /U, as

keme...on, (4.3)

where each =; is indecomposable and Vg (n;) = V. The fact that k@ k = &
implies, without much difficulty, that m; ® 7; & n; modulo Y,_,. The key
to the argument is that for ¢ # j, m; ® m; € U,_,. Then, given the two
decompositions, it can be shown that k'{f & (q;)™™ modulo Y,_,. More
than that, the category decomposes

IJ-r/.L—lr—l =V, U---UY,

as a direction sum of full triangulated subcategories ¥; = (Y, /U,_,)®7;. The
category V; is equivalent to the corresponding category for the normalizer of
E;. For finitely generated quotients, this fact could only be proved with heavy
restrictions [CW2].

Before proceeding further we might notice that the stable category stmod-kG
of finitely generated kG-modules has no idempotent modules other than the
identity. Hence we are really seeing an unusual new phenomenon in the
infinitely generated quotients.

(4.4) Proposition. Suppose that M is a finitely generated nonprojective
kG-module and that M @ M =2 M @ P for some projective module P. Then
M =2 k& Q for some projective module Q.

The proof is based on a lemma which can be found in [AC]. For the conve-
nience of the reader we reproduce both the Lemma and a sketch of its proof
here. We write U|V to mean that U is a direct summand of V.

(4.5) Lemma. Suppose that M is a finitely generated indecomposable kG-
module. If pt Dim (M) then k|\M Q@ M*. If p|DimyM then M@ M|MQM*®
M.

Proof of Lemma Let {m;} be a basis for M and let {);} C M* be a dual
basis. So \;(m;) =d;;. Let 0: M@ M* — k and v: k — M @ M* be given
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by 8(m ® A) = A(m) and y(a) = a- > m; ® A;. The reader should check that
# and v are homomorphisms and that 8 o ¥ = (Dim;M) - I'd;. If Dim; M is
not zero in k, then (1/Dim, M)# is a one-sided inverse for 4. So suppose that
p|DimM. Let 6, =1®6,0, =001 : MQIM*®M — M andlet v, = 1 ®7,
Yo=7@1: M — M QM*®M. Of course, the above notation requires
that we make the switch of M @ M* with M* ® M when needed. We need
to check that 8,7y, = 0 = 6,7, while 8,7, = Idy; = 6,7,; then the composition

92
MoM®D MoMm oM MeM

is the identity on M @ M. This proves the lemma.

Proof of Proposition The first thing to notice is that if M is an idempotent
module, then so is M*, as M* @ M* = (M ® M)*, and so also is M ® M*.
We have two cases.

Assume first that p{ DimM. Then K\ M @ M* and M =2 (M Qk)|(MIM®
M*) 2 M ® M* ® (proj) . Hence if M % k@ (proj) then k& M|M @ M @ M*
and M\*®kIM @M QQ M*®@ M* = M ® M* & ( proj). Clearly this leads to
a contradiction.

Simlarly, if p|DimM, then MOM|MOMOM* and (MM OMOM*)|(M®
M@M @ M*) = M® M*® (proj). This also is impossible.

Most recently Jeremy Rickard showed us that the stable category StMod-kG
of all kG-module has idempotent objects corresponding to closed subsets of
the variety Vg(k), [R]. The construction is again by a limit process which
looks something like the one we use to split idempotents. This time we take
a colimit of triangles in StMod-kG or of exact sequences in Mod-kG. We
illustrate the technique for the special case that the closed set V = V;(() is
the subvariety corresponding to the ideal generated by a single homogeneous
element ( € H*(G, k).

Suppose that ¢ € H*(G,k). As we saw in Section 1, ( is represented by a
cocycle ¢ : Q*(k) — k. We may translate by the translation functor Q=" and
add a projective P to k so that we have a surjection ¢ : k ® P, — Q~™(k)
which also represents (. So we have an exact sequence

05> QL) ok P> Q"(k)—>0 4.6

From the viewpoint of the stable category, it is the translation by 2" of the
triangle
L — Q*(k) — k — Q7Y(L)

(see (2.4)) which was considered earlier. Of course, there also exists a sequence
such as (4.6) for any power of ¢, and with careful choice of representatives we
get a commutative diagram of the form
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0 —= Q*(L;) — k @ (proj) —— Q-"(k) 0

¢
2
0 —> Q*(Le2) —= k & (prog) ——> Q2 (k) —> 0
¢
3
0 —— " (L¢s) — k @ (proj) —= Q"(k) —0
¢

where the maps in the middle column are all congruent to the identity on &
modulo homomorphisms which factor projectives. Actually the maps in the
middle column are only isomorphisms modulo projective modules. But that
is sufficient. Now take the colimit of the diagram of the corresponding system
of triangles. The colimit is an exact sequence whose corresponding triangle
is

— L(V) B k- FV)— 4.8

in StMod-kG.

Suppose that M is a finitely generated kG-module such that Vo(M) C V =
V&(€). Then for all m sufficiently large ¢™ annihilates Ext;.(M, M). If we
take the tensor product of M with everything in the diagram (4.7), then any
sufficient long composition of map in the right hand column factors through
a projective and hence is zero in the stable category. That is, for any ¢

("R1:Q"E) @M — QUMK M

is a translate of the cup product (™ U Idy, € Ext"™(M, M) and is zero. The
conclusion is that the colimit of the system in the right hand of column of (4.7)
tensored with M is a projective module. Hence L(V)® M = k® M & (proj) =
M & (proj).

The next observation is that for any m, the module L.~ satisfies the property
that Vg(Len) C V. So from the standpoint of the stable category the system
in the left hand column of diagram (4.7) is unchanged when tensored with
L(V). Thus it follows that

L(V)® L(V) 2 L(V) & (proj).

It is not difficult to see also that the “rank variety” of L(V), if computed by
the method of (1.8), is exactly V. As a result the “rank variety” of F(V)
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is precisely Vz(k) \ V, which is an open set. In fact, the two examples at
the end of Section 1 have this property. That is, A = F(V}) and B = L(V})
where V; = {(a,0)|e € k} and V, = {(0, B)|B € k}.

Several other observations are immediate. First notice that the remarks of
the last paragraph can be interpreted as saying that the map

LVYQ L(V) B4 L(V)®k

for p as in (4.8) is a stable isomorphism. Thus L(V) ® F(V) must be a
projective module. Tensoring the triangle (4.8) with F(V), we get that

FWV)® k& F(V) F(V)

is also a stable isomorphism and so F(V) is an idempotent module. Similar
constructions can be made for any closed set. If V. = V((,...,(,) is the
variety of the ideal generated by (y,...,¢ then L(V) & L(V({())® - ®
L(V(¢)) and F(V) is the third object in the triangle of the map L(V) — k.
Also F(V) can be created by taking a limit of the modules U((s,..., ()
defined in [CW2].

One of the surprises is that some of the ideas can be extended to infinite
collections of closed sets. For example, suppose that V, = {V;}ic; is the
collection of all closed subvarieties V; € Vz(k) of dimension ¢, indexed by
some set . With some care it is possible to define a tensor product F(V;) =
iQeaI F(V;) and a triangle

L(Ve) = k = F(V.)

as before. Again L(V,) is an idempotent module and tensoring L(V,) is the
identity functor on Y,. On the other hand, tensoring with F(V,) is a localizing
functor and gives us an embedding of the quotient category U,/U, as F(V,)®
StMod-kG in StMod-kG = UY,.
In the case that ¢ = 1, F(V,) is an infinitely generated nonprojective module
whose rank variety, as defined in (1.8), contains only the zero point. This is
one of many indications that the definition of the rank variety needs some
alteration in order to be useful in the category of infinitely generated modules.
So we define a new rank variety as follows (see [BCR2]).
(4.9) Let K be the algebraic closure of a large transcendental extension of k
(transcendence degree n? is certainly enough). Let G = (z;,...,z,) be an
elementary abelian p-group. Then the rank variety of a kG-module M is the
set

Vi(M) ={0}U{ae K" | (K ® M), is not free }
where, for o = (ay,...,a,) € K™, uq, =1+ ¥ as(z; — 1) as before.

In other words, the “new” rank variety of M is the same as the old rank
variety of the extension K ®, M of M to KG-module. The point of the
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extension is that every point of K™ is a generic point for a subvariety of k".
If two points a, 3 € K™ are generic for the same subvariety of kK then for
any kG-module M, either both o and f are in V(M) or neither of them is
in V5(M). Consequently the rank variety of a module M can be thought of
as a subset of the prime ideal spectrum of H*(G, k). Of course, V5 (M) is not
really a variety but just a subset of K™. It is not clear, at this point, what
subsets of K™ can occur as rank varieties of indecomposable kG-modules.
When actually doing the calculation of V(M) for a specific module M, it is
easiest to think in terms of homogeneous varieties. We know that o € k",
a #0,is in V(M) if and only if every point on the line through « is also in
Vi(M). So consider the projective variety V(M) C KP". Now notice that
any line @ € K P" contains at least one point which is generic for a uniquely
defined, homogeneous subvariety of k®. So @ is generic for some uniquely
defined subvariety of the projective space K P". Hence we can see that the
variety of L(V,) consists of precisely those points « such that @ is generic for
a subvariety of dimension at most ¢ — 1 in kP"~'. The rank variety of F(V,)
is K* \\ V5(L(V.)). In particular, the rank variety of F(V,) is not zero so
long asc < r.

(4.10) Theorem [BCR2]. Suppose that G is an elementary abelian p-
group.
(a) (Dade’s Lemma) Suppose that M is a kG-module and that V5 (M) = 0.
Then M is a projective module.
(b) (Tensor Product Theorem) Suppose that M and N are kG-modules.
Then
V(M @ N) =V,(M)NV(N).

It is also possible to define cohomological varieties as in the case of finitely
generated module. One such definition is as follows. Let Vg (M) be the collec-
tion of all closed homogeneous subsets V' of Vz(k) such that the complexity
of M @ E(V) is the same as the dimension of V. For elementary abelian
groups we have that Vg (M) is equivalent to V5 (M) in the sense that a closed
subvariety V € k™ is in V(M) if and only any corresponding generic point
for V is in V5 (M).
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Protrees and A-trees

I. M. Chiswell

School of Mathematical Sciences, Queen Mary and Westfield College, University of London,
Mile End Road, London E1 4NS.

1. Introduction

The idea of a protree is due to M.J. Dunwoody, and they first appear in
[7], although the name protree was not used until later, in [8]. Two major
advances in combinatorial group theory in the late 1960's were the Bass-Serre
theory (see [10]), and Stallings’ work on ends of groups (there is an account
of this work in [11], and from a different perspective in [5]; a more recent
and more general account can be found in [6]). Together, these imply that a
finitely generated group with more than one end acts on a tree with finite edge
stabilisers. This raised the problem of giving a direct construction of the tree,
and it was in solving this problem that Dunwoody introduced protrees. Under
certain circumstances (the finite interval condition, which will be considered
in §3 below), a protree gives rise to an ordinary simplicial tree.

We show here that any protree arises in a simple way from a A-tree, for
some suitable ordered abelian group A. For information on A-trees, see [1].
This is part of a programme, started in [4], to demonstrate that any notion
of generalised tree which occurs in the literature is a manifestation of some
suitable A-tree.

A protree is, by definition, a partially ordered set (E, <) together with an
order-reversing involution £ — E, e — e*, such that, for all e, f € F, exactly
oneofe> f,e> f*,e* > f,e* > f*, e = f, e = f* holds. Note that this
implies e* # e for alle € E.

For example, if E is the set of oriented edges of a tree, and e* is the oppositely
oriented edge to e, then we can obtain a protree by defining e > f to mean
that e points towards f (i.e. there is a reduced path in the tree starting with
e and ending with f), as illustrated in the following picture.

O—p—0 cee O——0

e f
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In view of this example, we shall occasionally refer to elements of a protree
as edges. It is well-known that a tree determines a Z-tree (see, for example
[4; Lemma 4]), whose points are the vertices of the tree, and whose metric
is the path metric of the tree. The oriented edges of the tree are in one-
to-one correspondence with the ordered pairs of vertices at distance 1 apart
(associate to each edge e the ordered pair consisting of the initial and terminal
vertices of e).

This can be generalised as follows. Let A be an ordered abelian group with
a least positive element, denoted by 1, and let (X, d) be a A-tree. We define
E(X) = {{u,v) € X x X | d(u,v) = 1}. We put (u,v)* = (v,u), and if
e = (u,v), f = (z,y), then we define e > f to mean [u,y| = [u,v,z,y] (this
notation is explained in (2.10) of [1], and will be used extensively). This
defines a protree (E(X), <), a fact we shall prove shortly. (We are, of course,
using the usual conventions for partial orders, so e < f means f > e or
f=e).

We shall often suppress the partial ordering and write E instead of (E, <),
and use < to denote any partial orderings under consideration. A mapping
¢ : E — E' of protrees will be called an embedding if it is one-to-one, e < f
implies ¢(e) < ¢(f) and ¢(e*) = ¢(e)*, for all e, f € E, and an isomorphism
is a bijective embedding. A subprotree of a protree E' is a subset E of E'
such that e € E implies e* € E; it then follows that E is a protree by
restriction, and the inclusion map E <« E' is an embedding. The notions of
automorphism and of group action on a protree are defined in the obvious
way. If E is a G-protree (i.e. G is a group acting as automorphisms of E),
then E is said to be G-finite if there are only finitely many G-orbits of edges.
We shall show that any protree can be embedded in a protree (E(X), <)
for some A-tree (X, d) and ordered abelian group A having a least positive
element. However, before doing so, we shall consider the vertices, in the
generalised sense defined in [8], for a protree of the form (E(X),<). The
result is what one would expect intuitively, that vertices arise from points of
X, open ends of X and open cuts in X (these terms are defined in [1]).
Before proving that (E(X), <) is a protree, we need a remark, which will also
be useful later.

Remark. If (s,t) € E(X) and r € X, then either t € [s,7], so [s,7] = [s,¢,7],
or s € {t,r], so [t,r] = [t,s,r|. Forif t & [s,r], then [s,r] N[s,t] = {s} (since
[s,t] = {s,t}), so [t,7] = [t, s, 7], using one of the axioms for a A-tree.

Lemma 1. Let (X,d) be a A-tree, where A has a least positive element.
Then (E(X), <), with the involution e — e* defined above, is a protree.

Proof Let e = (u,v), f = (z,y) and g = (s,t) be elements of E(X), and
suppose e > f > g. Then [u,y] = [u,v,z,y] and [z,t] = [z,y,s,t]. Since
z # y, it follows from the Piecewise Geodesic Proposition ([1; 2.14(c)]) that
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[u,t] = [, v, 2,9, s,t] = [u,v, s, t], hence e > g.
If e > e then [u,v] = [u,v,u,v], which implies d(u,u) = 2d(u,v) > 0, a
contradiction. It follows that < is a partial order.
Clearly e** = e, and e > f implies f* > e*. It remains to show that exactly
oneofe> f,e> f* e* > f,e > f*,e=f, e= f* holds. We first show
that at least one of these possibilities occurs. By the remark preceding the
lemma,
[uv y] = [uavvy] or ['v,y] = ['U’uv y]
and [u,y] = [u,z,y] or [u,z]=[u,y,1]

giving four cases, which we consider in turn.

Case 1. [u,y] = [u,v,y] and [u,y] = [y, z,y]. Then either [u,y] = [u,z,v,y]
and v # z, or [u,y] = [u,v,z,y]. In the first case, e = f (since d(u,v) =
d(z,y) = 1), and in the second, e > f.

Case 2. [u,y] = [u,v,9] and [u,z] = [u,y,z]. Then [u,z] = [u,v,y,1], so
e> f*.

Case 3. [v,y] = [v,u,y] and [u,y] = [u, z,y]. Then [v,y] = [v, u, ,y], that is,
e > f.

Case 4. [v,y] = [v,u,y] and [u,z] = [u,y,z]. By the remark preceding
the lemma, either [v,z] = [v,y, ], in which case [v,z] = [v,u,y, z], that is,
e* > f*, or [v,y] = [v,x,y]. Then either [v,y] = [v,u, z,y], which implies
z =y, a contradiction, or [v,y] = [v, T, u,y] with u # z, which implies u = y
(since [u, z] = [u,y,z]) and v = z (since d(u,v) = 1). Thus e = f*.

We have to show that exactly one of the six possibilities occurs. We have
already noted that e > e is never true, and clearly e* # e. Also, ¢ > €*
is never true. For otherwise, [u,u] = [u,v,v,u], which implies v = u, a
contradiction. Thus it suffices to show that, if e > f, then none of e > f*,
e* > f, e* > f* holds, for we can replace e by e* or f by f*, or both in the
argument. Assume, then, that

[u: y] = [u,v,x, y] (*)

If e* > f then [v,y] = [v, 4, 2, 9], so d(v,y) = d(v, u) + d(u, ), and from (x),
d(u,y) = d(v,y) +d(v, w). This gives d(u,v) = 0, a contradiction. Similarly if
e* > f*, so [v,z] = [v,u,y, 2], we obtain from (x) the contradiction d(u,v) =
0. If e > f*, then we obtain from (x) the contradiction d(z,y) = 0. This
completes the proof of the lemma.

Note that, if G is a group acting as isometries on a A-tree (X,d), where
A has a least positive element, then G preserves segments, so G acts as
automorphisms of the protree (F(X), <).



Protrees and A-trees 77

2

Let (E, <) be a protree. An orientation of E is a subset O of E such that O
contains exactly one element of the pair {e,e*}, for every e € E. The set VE
of generalised vertices of E is the set of all orientations O of E satisfying

e €0 and f > e implies f € O.

These definitions are given in [8], although we are using the notation of [9].
In the case that E is the set of edges of a tree, each vertex gives rise to an
element of VE, namely, the orientation consisting of all edges which point
towards the vertex. Similarly, every end of the tree gives rise to an element
of VE. As noted in [9], these are the only elements of V'E in this case. We
shall show that there is a similar classification of elements of VE in the case
that £ = E(X), where (X, d) is a A-tree and A has a least positive element,
denoted by 1. In general, there are three kinds of elements in VE(X), the
third kind corresponding to open cuts of X, which do not occur in the case
A = Z. We begin by describing the three types of elements of V E in detail.

(1) Let w € X. Define a subset O,, of E(X) by: e € 0, <= [u,w] = [u, v, w],
where e = (u, v). This is an orientation by the remark preceding Lemma 1.
Suppose e = (u,v), e € O,, f = (z,y) € E(X) and f > e. Then [z,v] =
[z,y,u,v] and [u, w] = [u, v, w]. Since u # v, it follows from [1; 2.14(c)] that
[z, w] = [z, y,u,v,w] = [z,y, w], hence f € O,. Thus O,, € VE.

(2) Let £ be an end of X (see [1; 2.23]). Define O, by e € O, < v €
[u,€), where e = (u, v) (the notation [, €) is explained in (2.24)(a) and the
paragraph preceding it in [1]). It follows easily from (2.22)(c) and the remarks
in (2.21) of [1] that [u, £)N[v,€) = [w, ) for some w € X, and [u, w]N{v,w] =
{w}. By the axioms for a A-tree, [u,v] = [u,w,v], and since d(u,v) = 1,
either w = u or w = v. Hence O, is an orientation of E(X).

Suppose e = (u,v), e € O,, f = (z,y) € E(X) and f > e. Then [z,v] =
[z,y,u,v] and v € [u,€). Since u # v, it follows easily that [z,v] C [z,¢), so
y € [z,€), hence f € O, and we have shown that O, € VE.

(3) Let (X,,X,) be an open cut of X; this means that X,, X, are disjoint
subtrees of X whose union is X, and neither of them is a closed subtree
of X (see (2.25) and (2.27) in [1]). Let &, €, be the open ends of X,;, X
respectively which meet at the cut. By (2), O,, is an orientation of X; for
i =1, 2. We claim that Ox, x, = O., UO,, is in VE. To see this, we make
two remarks.

Remark 1. There is no edge e = (u,v) with u € X;, v € X,.
For suppose e is such an edge. Then, as noted in (2.27) of [1], it follows from
[1; 2.26] that [u,v] = [u,&;) U[v,&,), a disjoint union. Since &, is an open
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end of X, there exists w € [u,&,) with w # u. then w # v since v € X,, and
[, v] = [u, w,v], which implies d(u,v) > 1, a contradiction.
It follows from Remark 1 that Oy, x, is an orientation of E(X).

Remark 2. Ife = (u,v) € Ox, x,, f = (z,y) € E(X), f > eand e € E(X,),
then f € E(X;) (fori =1, 2).

For without loss of generality assume ¢ = 1. Suppose f € E(X,), so f > e.
Then again by [1; 2.27}, [z,v] = [z,y,u,v] = [v,€,) U[z,€,). Since u € X;,
u € [v,€1), which means e* € Oy, x,, contradicting the fact that Oy, x, is an
orientation of E(X).

It follows from Remark 2 that Oy, x, € VE.

Note that, if € is an end of X which is not open, then there exists w € X such
that, for u € X, [u,€) = [u,w], so O, = O,. (In the case that X is a Z-tree
arising from an ordinary tree T, it is the open ends of X which correspond
to the ends of T in the usual sense, and the closed ends of X correspond to
terminal vertices (leaves) of T). We shall show that, if we confine attention
to open ends in (2) above, then we have defined three different kinds of
elements of VE. In order to do so, we first recall the definition of directions
in an arbitrary protree (E, <) ([8]). For O € VE and e € O, put {O,e] =
{fe€O|f<e} Fore, f €O, define e ~ f to mean that there exists g € O
such that g < e and g < f (equivalently, (O, e] N (O, f] # 0). It is shown in
[8] that this is an equivalence relation on O, and elements of O/ ~ are called
directions at O.

Lemma 2. Let (X,d) be a A-tree, where A has a least positive element
denoted by 1. Then

(1) If € 1s an open end of X, there is ezactly one direction at O, in the
protree E(X).

(2) If (X,,X,) is an open cut of X, then there are ezactly two directions at
Oxhx2 n E(X)

Proof (1) Let e = (u,v), f = (z,y) be elements of O,. Then as we have
noted previously, [v,&) N [y,€) = [w,¢) for some w € X. Since € is an
open end, there exists w' € [w,¢) such that d(w,w') = 1. It follows easily
that [u,w'] = [u,v,w,w'] and [z,w'] = [z,y,w,w'], hence e > (w,w') and
f > (w,w'). Also, (w,w') € O,, hence e ~ f.

(2) Let &,, €, be the ends of X,, X, respectively which meet at the cut. By
(1), O,, defines a unique direction in X;, for ¢ = 1, 2. Also, if e ~ f with
respect to O,,, then e ~ f with respect to Ox, x,. Thus, it suffices to show
that if e € O,, and f € O,,, then e & f. Suppose on the contrary that there
exists g € Oy, x, such that g <eand g < f. If g € O,,, then f € E(X,) by
Remark (2) above, a contradiction, and if g € O,, then e € E(X,) by Remark
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(2), which is again a contradiction. These are the only possibilities for g, so
this proves the lemma.

It is also easy to show that, if w € X, then the number of directions at O, in
E(X) is equal to indx(w), as defined in §1 of [2], but we shall not need this.
In particular, (1) of Lemma 2 is true for any end of X, open or not.

Lemma 3. Let E = E(X), where (X,d) is a A-tree and A has a least
positive element, denoted by 1. An element of VE cannot be of more than
one of the following forms.

(1) O, for somew e X

(2) O, for some open end € of X

(3) Ox, x, for some open cut (X,,X,) of X.

Proof 1f € is an open end of X, then O, # O, for any w € X. For suppose
O, = 0,. Since € is an open end, there exists w’' € [w,¢e) with d(w,w’) = 1.
Then if e = (w,w'), e € O, but e* € O, a contradiction.

If (X,, X;) is an open cut, then Oy, x, # O, for any w € X. For suppose
Ox, x, = O,. We assume without loss of generality that w € X,. Then
0,NE(X,) = O,,, and O, N E(X,) is the element of VE(X,) determined by
w, so this contradicts what has just been proved (with X, in place of X).
Finally, O, # Ox, x, by Lemma 2.

We shall show that any element of VE(X) is of one of the three forms in
Lemma 3. Before doing so, we pause to show that the endpoints of edges
in E(X) are as expected, given the example of a simplicial tree. Recall that
([8]), if E is any protree and e € E, the endpoint ¢e is the element of VE(X)
defined by f € te &< f > e or f > e*. (The endpoint 7e is defined by
Te = te*).

Lemma 4. Let E = E(X), where (X,d) is a A-tree and A has a least
positive element, denoted by 1. Let e = (u,v) € E. Then e = O,.
Proof Let f = (z,y) € E(X). Then by definition,

f €= ([z,v] = [z,y,u,v] or [z,u] = [z,y,v,u] or (z =v and y = u))

and
fdre= f<eorf<e
= ([u.y] = [w,v,z,9] or [v,y] = [v,u,z,y] or (y =v and z = v)).

It follows that f € ce if and only if y € [z, u], that is, f € O,, as required.
Given an element O € VE(X), the next lemma constructs a linear subtree
Lo, of X, where e € O, which will play a role in showing that O is of one of
the forms described in Lemma 3. In the case that O = O, for some open end

€, the subtree Lo, will be a ray in X representing €. The terminology in the
statement of the lemma is explained in (2.18) and (2.21) of [1].
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Lemma 5. Let E = E(X), where (X,d) is a A-tree and A has a least
positive element, denoted by 1. Let O € VE, and let e = (z,y) € O. Put

Lo.={u€ X | v € X such that (v,u) € (O, €]}

Then Lo, is a linear subtree of X with y as an endpoint. Further, if (u,v) €
E,v€ Ly, and (u,v) < e, then (u,v) € O.

Proof We abbreviate Lo, to L. Take u, v € L, and suppose w € [u,v].
We show that w € L. We can assume that u # w # v, so u # v. Choose
u', v € X such that (v',u) € (O,¢] and (v',v) € (O,¢]. Since (O,¢] is
linearly ordered (see [8]) and u # v, we can assume without loss of generality
that (u',u) < (v',v), that is, [v',u] = [v',v,v',u]. Since d(u,u') = 1 and
w # u, [v',u] = [v',v,w, v, u], and since w # v, there exists w’ € X such that
d(w,w') =1 and [v',u] = [¢',v,w',w,u,u]. Then (w',w) < (v',v), hence
(w',w) < e, and (u',u) < (w',w), so (w',w) € O. Thus (w',w) € (0, €], and
w € L. We have shown that L is a subtree of X. (It is non-empty since
yeL).

Next, we show that L is linear. Let u, v, w € L, pairwise distinct. By
[1; 2.20], we need to show they are collinear. Choose u', v, w’ € X such
that (u',u) € (O,e€], (v',v) € (O,€] and (w',w) € (O, €]. again since (O, €]
is linearly ordered, we can assume without loss of generality that (u',u) <
(v',v) < (w'yw). Thus [w',v] = [w',w,v',v] and [v',u] = [v',v,v',u]. Since
v' # v, it follows from [1; 2.14] that [w',u] = [w',w,v',v,u',u]. Hence v €
[w, u], and u, v, w are collinear, as required.

Now we need to show that y is an endpoint of L. Suppose [u,v] = [u,y,v],
where u, v € L. Take ', v' € X such that (v',u) € (O,¢] and (v',v) €
(O,€e]. Then (u',u) < (z,y), so either u = y or [z,u] = [z,y,u',u]. Also,
(v',v) < (z,y), so either v = y or [z,v] = [z,y,v",v]. Thus, if u # y and
v#vy, [u,v] = [u,y,v] = [y, v, y, ', v], which implies (u,u') > (v',v). By the
axioms for a protree, this contradicts the fact that (O, €] is linearly ordered.
Hence either u = y or v = y, and y is an endpoint of L.

Finally, suppose (u,v) € E, v € L and (u,v) < (z,y). Take w € X such
that (w,v) € (O, ¢€]. If (u,v) = (z,y) then (u,v) € O as required, so assume
(u,v) < (z,y), that is, [z,v] = [z,y,u,v]. Then v # y since u # v, so
(w,v) < (z,y), i.e. [z,v] =[z,y,w,v]. Since there is a unique point in [z, v]
at distance 1 from v, it follows that u = w, hence (u,v) = (w,v) € O.

Before proceeding, the following simple observation is worth recording.

Remark. If, in Lemma 5, w € Lo, then [w,z] = [w,y,z]. In particular,
xz ¢ LO,e-

Lemma 6. Under the hypotheses of Lemma 5, suppose Lo, is an X-ray
fromy, so Lo, = [y,€) for some end € of X. Then O = O,.
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Proof Let f = (u,v) € E(X). We have to show that v € [u,¢) if and only
if f € O. Since both O and O, are orientations, it suffices to show that
v € [u,e) = f € O. We again write L for Lo,.

Now, as has been noted previously, [u,€) N L = [u,&) N[y, &) = [w, &) for some
w € X. Also, it is easy to see that [u,¢) = [u, w]U[w,¢€), [y,€) = [y, w]U[w,€)
and [u,w] N L = {w} = [u, w] N [y, w] (see [1; 2.21]). Assume v € [u,¢).

Case (1). Suppose u # w. Then d(u,w) > 1, so [u,w] = [u,v,w]. Also,
L # [y,w], otherwise L G [y,u] = [y, w] U [w,u] (using one of the axioms
for a A-tree), contradicting the assumption that L is an X-ray. Since L is
linear, there exists w' € L such that [y,w'] = [y, w,w'] and d(w,w’') = 1.
By the remark preceding the lemma, [z, w'] = [z, y,w'] = [z, y, w,w']. Hence
(z,y) > (w,w'), so (w,w') € O by Lemma 5.

If w € [u,w] then w' € [u,w]N L = {w}, i.e. w = w', a contradiction.
By the remark preceding Lemma 1, w € [u,w']. Hence [u,w'] = [u,w,w'] =
[«, v, w, w"), which implies (u,v) > (w,w'), so (u,v) € O since O € VE.

Case (2). Suppose v = w. Then u € L, and [u,e) C L, so v € L. By the
remark preceding the lemma, [z,v] = [z,y,v]. Also, [y,€) = [y, u] U [u, ), so
[y, v] = [y, u,v] (because [y, €) is linear, has y as an endpoint and v € [u,¢)).
Thus [z, v] = [z,y,u,v], hence (z,y) > (u,v), and (u,v) € O by Lemma 5.
This completes the proof.

The case where Lo, is not an X-ray is dealt with in the next two lemmas.

Lemma 7. Under the hypotheses of Lemma 5, choose z € X \ Lo,.. Define
Xi={ue X |[u,2]NLo, #0} and X, ={u € X | [u,2]N Lo, = 0}.

Then (X,, X;) is a cut in X.

Proof Clearly X, N X, =@ and X, U X, = X, so we have to show that X,,
X, are subtrees of X. As usual we write L for Lo,..

Suppose u, v € X,. Then we can find w, w' € L such that [v, z] = [v,w, 2] and
[u, 2] = [u,w', 2]. By [1; 2.14(a)], [v, 4] C [v, w]U [w, w| U [w',u]. If p € [v,w],
then [v, 2] = [v,p,w, 2], so w € [p, 2], hence p € X,. Thus [v,w] C X;, and
similarly [w', u] C X,. Also, [w,w'] C L C X, since L is a subtree of X, hence
[v,u] € X,, showing X, is a subtree of X (it is non-empty since L C X,).
Suppose u, v € X,. Let w € [u,v] and suppose that w € X,, so [w,2] =
[w,l,2] for some | € L. By [1; 2.14(a)], either w € [u,2] or w € [v,2].
If w € [u,2], then [u,2] = [u,w,2] = [u,w,!, 2], which implies u ¢ X, a
contradiction. If w € [v,2], then [v,2] = [v,w,2] = [v,w,,2], so v & X,
which is also a contradiction. This shows that X, is a subtree of X (it is
non-empty since z € X,).

Before stating the next lemma, we need another remark.
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Remark. Suppose (X,d) is a A-tree, where A has a least positive element
denoted by 1. Let (X;, X;) be a cut in X. Then either X;, X, are both closed
subtrees of X, or neither is closed, i.e. the cut is an open cut.

For suppose X is closed, and choose z € X, y € X,. Then [z, y|N X, = [z, 2]
for some z € X;. Since z # y, there exists w € X such that d(w, z) =1 and
[z,y] = [z,2,w,y]. Then [w,y]N X, = 0 and [z,y] = [z,2] U [w,y], hence
X, N[z,y] = [w,y], and it follows easily that X; is a closed subtree of X.

Lemma 8. Under the hypotheses of Lemma 5, suppose Lo, is not an X -ray
from y, and let L' be a linear subtree from y such that Lo, g L'. Choose
z€ L'\ Lo,. Let (X,,X,) be the cut defined in Lemma 7. Then

(1) If X (so X3} is a closed subtree of X, then O = O, for somev e X
(2) If (X1, X3) is an open cut, then O = Oy, x,.

Proof 1t follows easily from the hypotheses that L C [y, z], where L means
Lo.. Also, [y, 2N X, = LNX, = L. Forclearly L C X,, and ifu € [y, 2]N X,
then [u, z] = [u,1, 2] for some ! € L, hence [y, 2] = [y,u,l,2],s0 u € [y,!] C L.

Case (1). Suppose X, X, are both closed subtrees of X. Then L = [y,2]N
X, = [y, v] for some v € X. Also, X, N [y,2] = [u,z] for some u € X. It
follows that d(u,v) =1 (see (2.26) in [1]).

We claim that, if d(v,w) = 1, where w € X, then (w,v) € O. Suppose first
that w € L. Then since [y,v] = L, it follows from the remark preceding
Lemma 1 that [y,w] = [y,v,w]. Again by the remark preceding Lemma
1, either [z,w] = [z,y,v,w], or {y,w] = {y,z,v,w], or z = w. If [z,w] =
[z,y,v,w], then (z,y) > (v,w), and it follows that (v,w) € O (otherwise
w € L by definition of L), hence (w,v) € O. If [y,w] = |y, ,v,w] then
z € [y,v] C L, contradicting the remark preceding Lemma 6. If z = w, then
[v,z] = [v, y,z] by the remark preceding Lemma 6, and d{v,z) =1, so v = y.
Therefore (w, v) = (z,y) € O.

Now suppose w € L = [y,v]. By the remark preceding Lemma 6, [z,v] =
[z,y,v] = [z,y, w,v], which implies e = (z,y) > (w, v), hence (w,v) € O by
Lemma 5. This establishes the claim.

We finish the proof of Case (1) by showing that O = O,. As in the proof
of Lemma 6, it suffices to show that (p,q) € E(X) and ¢ € [p,v] implies
(p,q) € O. If ¢ = v this follows from the claim we have just proved. If ¢ # v,
then we can find w € X such that d(v,w) = 1 and [p,v] = [p, ¢, w,v]. By
the claim, (w,v) € O, and since (p,q) > (w,v), we obtain (p,q) € O since
0 € VE(X).

Case (2). Suppose the cut is an open cut, and let €, €, be the open ends of
X, and X, respectively which meet at the cut. By the observations at the
beginning of the proof and (2.26), (2.27) in [1], L = [y, 2] N X; = [y,£,), and



Protrees and A-trees 83

[v,2] = [y,€1) U [2,€2). Note that, since y € L, y € X;, hence z € X, by
Remark 1 preceding Lemma 2.

We show that O N E(X,) = O,,. As in the proof of Lemma 6, it suffices
to show that (u,v) € E(X;) and v € [u,¢,) implies (u,v) € O. Suppose
(u,v) € E(X;) and v € [u,&,). Again by [1; 2.27], {u,y] = [y,€1) U [u,&2).
It follows that v € [u,y], and that z & [u,y]. (For z & [y,e;) = L by the
remark preceding Lemma 6, and z ¢ [u, &,) since [u,&,) C X, and z € X,).
By the remark preceding Lemma 1, [u, 7] = [u,y,z] = [u,v,y,z]. It follows
that (z,y) > (v, u), hence (v,u) € O, otherwise u € L, which is impossible.
Therefore (u,v) € O, as required.

It remains to show that O N E(X,) = O,,. Since e € X, and L is the X-ray
[y,€1) of Xi, it suffices by Lemma 6 to show that L = L;, where

L, = {u€ X, | v € X, such that (v,u) € (ON E(X,),¢] }.

Clearly L, C L. Suppose u € L, so u € X, and there exists v € X such that
(v,u) € {O,¢]. It follows from Remark 1 preceding Lemma 2 that v € X,.
Thus (v,u) € (O N E(X,),e], so u € L,. This finishes the proof.

We can now state a theorem classifying the elements of VE(X).

Theorem 1. Let E = E(X), where (X,d) is a A-tree and A has a least
positive element. Then if O € VE, exactly one of the following is true.

(1) O =0, for somew € X

(2) O =0, for some open end € of X

(3) O = Oy, x, for some open cut (X1, X,) of X.

Proof This follows from Lemma 3, Lemma 6 and Lemma 8, except in the
case that X consists of a single point, say X = {w}, in which case E(X) = 0.
But then O,, = 0, which is the unique element of VE in this case.

3

A protree (E, <) (indeed, any partially ordered set) is said to satisfy the
finite interval condition if, for alle, f € F, theset {g€ E|e < g < f}is
finite. If (E, <) is a G-protree, where G is a group, we say (F, <) is a nice
G-protree if every G-finite subprotree has the finite interval condition. With
these definitions, we can state the main result, which is slightly more general
than suggested in the introduction, in that a nice group action on a protree
can be extended to an action by isometries on a A-tree in which the protree

embeds. The method of proof uses ultraproducts, and is similar to that used
in [4].
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Theorem 2. Suppose, G is a group and (E, <) is a nice G-protree. Then
there exist an ordered abelian group A with a least positive element, a A-
tree (X,d) on which G acts as isometries and a G-equivariant embedding of
protrees ¢ : E — E(X).

Proof Let S be the set of all G-finite subprotrees of (E, <). For F € S, there
is by [7; Theorem 2.1] (or [6; Ch. 2, Cor. 1.10]) a G-tree T realising (F, <),
in that F is the set of oriented edges of T, and (F, <) is obtained from T in
the manner described in §1. Further, as noted in §1, T determines a Z-tree,
say (Xr,dr), and G acts as isometries on Xp. Thus there is an isomorphism
of protrees F' — E(Xr), e — (sg(e), tr(e)), where sp(e) is the initial vertex,
and tp(e) the terminal vertex of e in Tr. We choose, for each F' € S, an
element vy € Xp.

For FF € S, define ap = {F' € S| FC F'}. Thenif F, F € S, apNapm 2
apur, and FUF' € S. Also, ap # 0 since F € ap. It follows from Cor. 3.5,
Ch. 1 in [3] that there is an ultrafilter D in P(S), the Boolean algebra of all
subsets of S, such that ar € D for all F € S. Form the ultraproducts

X =lres Xr/D, *G =lpes G/D =G°/D, A =[lpesZ/D =25/D

and let d = [[pesdr/D. I (2r)res is an element of the cartesian product
[Ires Xr, its equivalence class in [[pes Xr/D will be denoted by (zr)res,
and similar notation will be used for the elements of the other ultraproducts.
Thus d is given by: d( (xF)Fe& (yF)FeS (dF(xF’ Yr )Fes
By Lemma 5 of [4], (X,d) is a A-tree, with *G acting as isometries, hence
G acts as isometries via the canonical embedding of groups G — *G, g —
(9r) res, where gr = g for all F € S. Explicitly, g(Zr)res = (gZr)res for
g € G and zy € Xp. Further, it is well-known (and easy to prove) that the
canonical embedding of Z into A embeds Z as a minimal non-trivial convex
subgroup of A, so the integer 1 is the least positive element of A. Thus we can
form the protree (E(X), <), and E(X) is a *G-protree, hence a G-protree.
For e € E, define s(e) = (ur(€))res, where

sp(e) ifee F

o) = { .

Up otherwise
and define t(e) = (wr(e)) res, where
tr(e) ifeeF
Up otherwise.

o=

Thus s(e), t(e) € X, and in fact d(s(e),t(e)) = 1. For let F; = GeUGe*,
F,eS and for all Fe€ap,, e€F, hence dr(ur(e), wr(e)) = dr(sr(e), tp( )) = 1
since dr is the path metric on Tr. Since ap €D, it follows that d(s t(e

1. Therefore there is a mapping ¢ : E — E(X) given by ¢(e) (s(e
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Now for e € F, we have just used the fact that, for all F' € ag,, ur(e) = sr(e)
and wr(e) = tg(e). Since ap, € D and D is closed under finite intersections,
it follows that, if zr € Xp for F € S, then (zr)res = s(e) if and only if 7, =
sr(e) for almost all F, and (zr)res = t(e) if and only if z = tp(e) for almost
all F. (That is, the sets {F € S | zr = sr(e)} and {F € S | zr = tr(e)}
belong to D).

It follows easily that s(e), t(e) are independent of the choice of the elements
vr. It also follows that ¢ is one-to-one. For if e, f € F, s(e) = s(f) and
tle) = t(f), then sp(e) = sp(f) and tg(e) = tp(f) for almost all F, in
particular for at least one choice of F' € S. But this implies e = f since Tr
has no circuits of length 2. We have to show ¢ is an embedding of protrees.
Suppose e, f € F and e < f. Let F; = GeUGe" UGf UGS, s0 F, € S.
For all F € ar,, we have [sp(f),tr(e)] = [sr(f), tr(f), sr(e),tr(€)] and since
ap, € D, it follows that

d(s(f), t(e)) = d(s(f), ¢(f)) + d(t(f), s(e)) + d(s(e), t(e))

hence, by (2.14)(b) in [1], [s(f),t(e)] = [s(f),t(f), s(e), t(e)]. Thus ¢(e) <
&(f), and ¢ is order preserving.

Ifec E, let F, = GeUGe*, so Fy € S and for all F' € ag,, sp(e*) = tr(e).
Since agp, € D, it follows that s(e*) = t(e) for all e € E, hence s(e) = t(e*)
and ¢(e*) = ¢(e)*, as required.

Finally, we have to show that ¢ is G-equivariant. Let ¢ € G and e € F.
Again let Fy = GeU Ge*. For F € ag,, Tr is a G-tree, so

(ur(ge), vr(ge)) = (sr(ge), tr(ge)) = (gsr(e), gtr(e)) = (gur(e), gur(e)).

By definition, gs(e) = (gur(e))res, and this is equal to (ugr(ge))res, i-e. to
s(ge), since ag, € D. Similarly gt(e) = t(ge), so gp(e) = ¢(ge), and the proof
is complete.

We end by noting that Theorem 2 cannot be strengthened to the statement
that any protree E is isomorphic to E(X) for some suitable A-tree X. For
example, let E, = E(X), where X is Z, viewed as a Z-tree. Thus E, =
{(tm,n) | myn € Z and |m —n| = 1}. Let O = {(n,n+1) | n € Z}, so
O € VE, (indeed O = O, where ¢ is one of the ends of Z). Now take 3 copies
of E,, i.e. let E = Ey x {1,2,3}. Fore, ¢ € E, and k, k' € {1,2,3}, define
(e, k) < (€', k') to mean that either k =k’ ande< €' in Ey,or k£ k', ' € O
and e € O. Also, define (e, k)* to be (e*, k). It is easily checked that this
makes F into a protree.

Let O' = O x {1,2,3}, so O' is an orientation of E, and in fact O' € VE.
For if (e, k) € O' and (e, k) < (€', k'), then e € O, so k = k' and e < €, hence
e € O and (¢,k') € O'. We claim that there are three directions at O' in
E, namely the equivalence classes of e; = ({0,1),7) for ¢ = 1, 2 and 3. For
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suppose e € O and k € {1,2,3}. Then either (e, k) < ¢, or e, < (e,k), so
(e,k) ~ e. If e; ~ e;, then there exists ¢ € O and k € {1,2,3} such that
e; > (g9,k) and e; > (g, k). Since g € O, this implies 1 = k = j, establishing
the claim.

Suppose there is an isomorphism of protrees ¢ : E — E(X), where (X,d)
is a A-tree and A is an ordered abelian group with a least positive element
1. By Lemma 2 and Theorem 1, ¢(O') = O,, for some w € X. Now X has
more than one point, since E is non-empty, so there is a point of X, say u,
at distance 1 from w. Then (u,w) € O,, so (u,w) = ¢(e) for some e € O'.
We can write e = ((n,n + 1),k) for some n € Z and k € {1,2,3}. Let
f=((n+1,n+2),k),s0 f € O, and ¢(f) = (v',w') for some u', w' € X.
Since e > f, ¢(e) > @(f), that is, [u,w'] = [u,w,u’,w']. It is easy to see that
there is no edge g € E such that e > ¢ > f, and it follows that w = u', so
é(f) = (w,w'). But then ¢(f*) € O, hence f* € O', a contradiction, so no
such isomorphism ¢ exists.
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1. Introduction

Let G be a group and k be a commutative ring. The k-algebra R is said to
be graded by G if it has a direct sum decomposition as k-modules

R=@R,
9€G
such that R,R, C R, forall g,h € G. We call R, the base ring. For example,
if one wants to study the group algebra R = kI’ where I'/N = G then it is
sometimes useful to consider R as being G-graded with Ry, = kNz and base
ring kN. In this case R = kN %G is a crossed product of G over kN and thus
a strongly G-graded k-algebra since kNzkNy = kNzy for all Nz, Ny € G.
We shall elaborate on this in Section 2. Most of what we describe is true for
arbitrary & but for simplicity we shall assume that £ = Z and from now on
R will denote a strongly graded ring (i.e. Z-algebra) unless otherwise stated.
The purpose of this paper is to describe some techniques for studying certain
homological properties of R and of the category of (right) R-modules. Much
of what we shall say is already known but it seems worthwhile to collect
this material for group theorists since some of the known (and hopefully
future) applications have a homological group theory flavour. From a group
theoretical point of view the main problem with (but also the main interest in)
studying strongly graded rings is that although G is not in general isomorphic
to a subgroup of U(R), the units of R, its group structure has a great influence
on the ring structure of R (which is not the case for arbitrary graded rings.)
The unifying theme of the paper is to use homological algebra and group

The author was supported by a CRM Postdoctoral Fellowship



Homological techniques for strongly graded rings 89

actions to translate properties of simpler objects , i.e. group rings and skew
group rings where G C U(R), into the more general setting.

In Section 3 we describe Cohen-Montgomery duality for rings which are graded
by finite groups {12]. Let F be a finite group, let R be an F-graded ring, let
Mg (R) be the matrix ring over R with rows and columns indexed by F', and
let R{F™ be the smash product which we shall define later. We shall sketch
the proof of the following duality theorem [12, Theorem 2.12 and Theorem
3.2].

Theorem 1.1. (Cohen-Montgomery} The matriz ring Me(R) is isomorphic
to the skew group ring (R§F*)}F. Furthermore, if R is strongly graded then
REF* 1s Morita equivalent to R,.

Therefore, since R is Morita equivalent to Mr(R), we can study R-modules by
studying modules over a skew group ring whose base ring is Morita equivalent
to that of R. As an illustration we prove a version of Maschke’s theorem for
strongly graded rings.

If the group is infinite then the duality construction can be extended in various
ways. Unfortunately, we then find ourselves faced with infinitely indexed
matrix rings and thus lose Morita equivalence. The question is then: Which
type of matrix ring to use in a given situation?

Quinn discovered one such construction which has proved useful for answering
ring theoretic questions concerning (graded) ideals [31]. The construction we
shall use differs slightly from Quinn’s in that the matrix algebra is nonunital.
However it is a direct limit of ordinary matrix rings and this is often enough
to solve problems of a homological (though not cohomological) nature. We
then show how the Hochschild homology and, if G is torsion free, the cyclic
homology groups of strongly graded algebras can be computed by using du-
ality together with the corresponding results for skew group rings in [27] and
[19].

If S is a ring then there are Connes’ shift operators ¢ : HC,,(S) —
HC,,_5(S) and Chern characters ch, : Ky(S) — HC,,(S) for every integer
n, with ch,_, = o - ch,. In particular the Hattori-Stallings rank function
chy factors through the higher cyclic homology groups. Eckmann has used
this fact to prove the strong Bass conjecture for rational group algebras of
some classes of groups [18]. We show how Eckmann’s result can be slightly
extended by computing the cyclic homology of certain crossed products.

In Section 4 we review the tensor identity for strongly graded rings (see [15])
and describe some applications. If R is G graded , M is a right R-module and
V is a right ZG-module then M ® V has a right R-module structure and in
particular M ®Z[H\G] is an R-module for every subgroup H of G. Let Ry be
the subring of R supported on the homogeneous components corresponding
to elements of H. The tensor identity states that
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Lemma 1.2. If R is a strongly graded ring then M @ Z[H\G| = M ®g, R
as R-modules

The main applications of the tensor identity so far have been in proving
that an R-module M has finite projective dimension if it has finite projective
dimension over Ry for every subgroup H of G belonging to a some class of
groups ¥ [23] and [24]. The basic strategy is to find naturally occurring long
exact sequences

0—V, — - —V—V—Z—0

where each V; is a direct sum of permutation modules of the form Z{H\G]|
with H € %, and then to tensor this sequence with M since M ® V; is a
projective R-module by the tensor identity. This happens, for example, if
G € H,%x.

Definition 1.3. H,X is the class of groups which admit a cellular action
on a finite dimensional contractible cell complex with isotropy subgroups in
%. In particular H,§ is the class of groups which admit an action with finite
isotropy groups.

The class H;§ (strictly) includes all groups of finite virtual cohomological di-
mension and seems to be the correct setting for studying such groups. For ex-
ample Theorem 1.8 and Theorem 1.10 generalise known results about groups
of finite virtual cohomological dimension to groups in H;§. Many of the re-
sults in this paper concerning groups in H;§ have also been proved for the
much larger class Hg if one restricts to modules of type FP,,.

To illustrate how the tensor identity is used we prove the following version of
Chouinard’s theorem for strongly graded rings [2]:

Theorem 1.4. (Aljadeff-Ginosar) Let F be a finite group, let R be an F-
graded ring and let M be an R-module. Then M is a projective R-module
if and only if M is projective as an Rg-module for all elementary abelian
subgroups E of F.

The idea in the proof is to use the tensor identity twice, first to reduce to
Sylow p-subgroups of F and then to reduce from p-groups to elementary
abelian p-subgroups by an induction argument.

Let k be a field of characteristic p > 0 and let M be a finitely generated kF-
module. The theory of varieties of modules has been developed by several
authors in recent years and has proved to be very powerful. See [7, Chapter
5] for an overview and references to other work. Basically the idea is to study
the commutative ring

B0 H(F k) ifp #2,

HFk) = {H‘(F,k) ifp=2
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using techniques from algebraic geometry. Let Vi denote the affine algebraic
variety of the maximal ideal spectrum of H'(F,k). One associates a subva-
riety Ve(M) to the module and the dimension of this variety is equal to the
complexity cr(M) of M. Let

o —Ppb— P —F—M-—0

be a minimal projective resolution of M [6, p.29].

Definition 1.5. The complexity cz(M) of the module M is defined to be
the least integer s such that there is a constant k > 0 with

dim, P, < k.n®1.

Alperin and Evens have shown that c-(M) is equal to the maximal complexity
ce(M) of the restriction of M to elementary subgroups E of F' [1]. It would
be interesting to develop a complexity theory for group algebras of arbitrary
groups or even for more general types of ring, but this seems out of reach
with present methods.

However, if cx(M) = 0 then it follows that M is projective and this situation
had already been covered by Chouinard [11]. Thus in some sense Theorem 1.4
can be considered as the ‘complexity zero’ case for strongly graded rings over
finite groups.

As another application of the tensor identity we prove the following theorem
[15].

Theorem 1.6. (Cornick-Kropholler)

Suppose G € H,;§ and H is a subgroup of G of finite index. Let R be a
G-graded ring and let M be an R-module. Then M is a projective as an R-
module if and only if it is projective as an Ry-module and as an Rp-module
for all finite subgroups F of G.

Using Theorems 1.4 and 1.6 we outline a proof of a theorem which was proved
during the conference [3].

Conjecture 1.7. (Moore) Let G be a group, let H be a subgroup of finite
index and let S be a ring. Suppose that for every g € G — H, either

1 g has finite order invertible in S, or

2 there exists an integer n such that g® € H — {1}.
Then every SG-module M which is projective over SH is also projective over

SG.

Notice that the conjecture makes sense for strongly graded rings where R
takes the place of SG, Ry takes the place of SH and the condition that g
has finite order invertible in S is replaced by the condition that ¢ has finite
order invertible in R;. If these conditions are satisfied we say that the triple
(R, G, H) satisfies the Moore condition.
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Theorem 1.8. Let G be a group in H,3, let H be a subgroup of finite
indez and let R be a strongly G-graded ring. If (R, G, H) satisfies the Moore
condition and M is an R-module which is projective over Ry then M is a
projective R-module.

Finally in Section 5 we turn our attention to the complete cohomology theory
invented independently by Vogel (see Goichot’s paper [22]) and Mislin [29].
Recall that for any rlng S and S-modules M and N, there are complete coho-
mology groups Ext S(M N) defined for every integer n. There has been con-
siderable progress in developing this theory. For example, proj.dimg(M) < oo
if and only if E}RZ(M , M) [23] and this fact has been used in several subse-
quent papers ([24], [25], [14], [15]). However it has proved difficult to actually
compute the complete cohomology of specific examples.

When G is a group of finite virtual cohomological dimension and M is a
ZG-module then E’])?L;G(Z, M) = H*(G, M) (Tate-Farrell cohomology.) The
advantage with Tate-Farrell cohomology is that it is that it is defined using
complete resolutions and so techniques such as Shapiro’s Lemma and spectral
sequences are available for computation [9, Chapter X]. Under what other
conditions do complete resolutions exist, and when can they be used to com-
pute complete cohomology groups?

The first observation to make is that complete cohomology disappears on
projective modules. With this in mind we make the following definition.

Definition 1.9. Let S be aring and let M be an S-module. Then a complete
resolution of M is an acyclic sequence of projective S-modules P, = (P,, ),
indexed by the integers, such that

P, agrees with a projective resolution of M in sufficiently high dimen-

sions.

Homg(P,, Q) is acyclic for every projective S-module Q.

We remark that only the first part of the definition is used in defining complete
resolutions in Tate-Farrell cohomology, but it automatically follows that these
cohomology groups vanish on projective (even induced) modules.

Most importantly we first show that if P, is a complete resolution of M then

Extg(M,N) = H*(Homg(P,, N))

for every S-module N. Returning to strongly graded rings we prove the follow-
ing theorem which describes circumstances under which complete resolutions
exist with an explicit construction.

Theorem 1.10. Let G be a group in the class H,3, let R be a strongly
G-graded ring and let M be an R-module such that proj.dimg M < oo Then
M has a complete resolution.
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As a corollary to this theorem we prove a version of Shapiro’s Lemma, for the
complete cohomology of strongly graded rings.

2. Strongly graded rings

In this section we define strongly graded rings and discuss some basic exam-
ples and properties which we will need later. The reader is referred to Dade’s
paper [17] or Passman’s book {30] for further background information.

Definition 2.1. Let G be a group.
The ring R is strongly G-graded if it has a direct sum decomposition as
abelian groups R = @, 5, such that RyR, = R, for all g,h € G.
The subring R, is called the base ring of R.
If X is subset of G then Rx = @, x R,. In particular if H is a subgroup
of G then Ry is subring of R.

As mentioned in the introduction strongly graded rings are a generalisation of
other well known types of ring. We choose to work in this setting rather than
with crossed products because the proofs seem to become more streamlined.

Definition 2.2. Let R be a strongly graded ring and let U(R) denote the
units of R.
If there exists u, € U(R) N R, for every g € G then R is a crossed
product, and in this case R = @,cq Riu,.
If the set {u, : g € G} forms a subgroup of U(R) thenR = R,G is a skew
group ring. In this case there is a group homomorphism G — Aut(R;)
defined by g — (r = u; ru,).
If the homomorphism is trivial then R is the group ring R,[G].

We have the following examples when Sisaring,1 — N —T—G — 1
is a group extension and R = ST is the group ring.

Example 2.3. R is a strongly G-graded ring with base ring SN and Nz
component SNz for Nz € ['/N 2 G. In fact
1 R= SN G is a crossed product of G over SN because z € SNz is a
unit.
2 If the group extension is split then R = (SN)G is a skew group ring
since the coset representatives may be chosen to form a subgroup of I'.
3 IfI'2 N x G then R = S[N x G] = SN|G] is a group ring.

It has proved useful in some applications to use the following equivalent def-
inition of G-graded rings [15].
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Definition 2.4. A G-graded ring is a ring R together with a ring homo-
morphism v : R — R ® ZG which makes R a ZG-comodule, and in this
case
R,={reR:v(r)=r®g}.

The advantage with this definition is that if M is an R-module and V is a
ZG-module then M ®V has a right R-module structure via the semi-diagonal
action (m @ v) - r = mr @ vg where m € M,v € V and r € R,. We will use
this fact to deduce the tensor identity for strongly graded rings in Section
4. Similarly if N is an R-module we can define a semi-diagonal action on
Homg(V, N) by ¢"(v) = (¢(vg™"))r. The functors -® V' and Homyz(V,_) from
R-modules to itself are adjoint [15, Lemma 3.2].

Lemma 2.5. Homg(M ® V, N) = Homg (M, Homz(V, N)).

3. Cohen-Montgomery duality

Before we describe the duality construction it will be useful to recall some
facts about Morita contexts [4, pp. 60-74].

3.1. Morita contexts
Let S and T be rings, let M be an S-T-bimodule and let N be a T-S-bimodule.

Definition 3.1. A Morita context is a 6-tuple (S, T, M, N, ¢, 8) where
¢:M®TN——>Sand0:N®5M——>T

are bimodule maps satisfying the associativity conditions ¢(m ® n) - m =
m-0(n®@m)and n-¢(m@n)=0n@®m)-nforallme M,n € N.

Theorem 3.2. Let (S,T,M, N, ¢,0) be a Morita context.

1 If ¢ s a surjection then it is an isomorphism and M and N are finitely
generated projective T-modules. Similarly for 8 and S.

2 If ¢ and 0 are both isomorphisms then S and T are Morita equivalent,
and there is a category equivalence - ®s M : ModS — ModT with
inverse N Qr ..

3 If in addition S =T then P and Q) are invertible bimodules. Thus

[P],[Q] € Pic(S)
the Picard group of S, and [P]™! = [Q)].

We illustrate this theorem with the standard example of matrix rings. Let T’
denote the matrix ring M,(S) over the unital ring .S, let Row,(S) be the S-
T-bimodule of row matrices of length n and let Col,,(S) be the corresponding
T-5-bimodule of column matrices. Then we have a Morita context

(S, T, Row,.(S), Col,.(S), ¢,6)



Homological techniques for strongly graded rings 95

where ¢ and 8 are given by matrix multiplication. Since S is unital it is easy
to see that ¢ and @ are both surjections and so S and M,(S) are Morita
equivalent.

3.2. Finite Groups and Maschke’s Theorem

Definition 3.3. Let F be a finite group, let ¢ and h be arbitrary elements
of F and let R be an F-graded ring.
1 Mgp(R) is the matrix ring over R with rows and columns indexed by F.
Rowr(R) and Colgz(R) are then defined in the obvious way.
2 e, € Mgp(R) is the element with 1 in the g, h-position and zeros else-
where. Similarly for p, € Rowr(R) and &, € Colp(R).
3 RYF* =T, her Ron-16€,, is a subring of My (R) called the smash product.

Proof of Theorem 1.1 We identify R as a subring R§F"* via the ring monomor-
phism g where

p(r) =Y reng-1n,7 € R,.

heF
Similarly we identify F' as a subgroup of U(Mpr(R)) via the group monomor-

phism v where

V(g) = Z eh,hg1

heF

and observe that F' acts on R{F* by matrix conjugation. It is easy to check
that >, REF*g C Mp(R) is a direct sum and is in fact equal to Mr(R).
Thus the first part of the theorem is proved.
For the second part let P = @ r Ry-1p; and Q = @,cr Ryk,. Then we have
a Morita context (R, R{F*, P, @, ¢,0) where ¢ and 8 are given by matrix
multiplication. The map ¢ is clearly a surjection and § is a surjection since
R is strongly graded.

Although the calculations in the proof are easy to check, they are also tedious.
Thus it is worthwhile to keep the next example in mind.

Example 3.4. Let F =C; ={1,9,h}, let R=R, ® R, ® R, be a strongly
F-graded ring and let r = ry + 1, + 1, be an element of R. Then

R, R, R, TLOTh Ty
RiF*=|R, R, Ru| andp(ri+ry+ra)=|r, 11 14
R, R, R, L Ty Ty
The group F is embedded in U(Mgr(R)) by the reqular representation
1 0 0 010 0 01
v(D)=10 1 0],v(¢)=10 0 1|, v(k)=1{1 0 O},
0 01 1 00 010



96 J. Cornick

and so
R, R, R, R, R R, R, R, R
Mg(R) = |R, B, R,| ® |R. R, R,| ©® |R R, R,
R, R, R R, R, R, R, R, R,
1 1 1l 1}
(RYF*)F RY{F* RiF*g RYF*h

As an illustration of the duality theorem we prove the following variation of
Maschke’s Theorem which we will need in Section 4 [30, Chapter 1].

Theorem 3.5. Let F be a finite group and let R be a strongly F-graded ring
such that |F| € U(R,). Then every R-module M which is projective as an
R, -module ts also projective as an R-module.

Proof By Morita equivalence it is enough to show that Rowz(M) is a pro-
jective Mp(R)-module. Recall that P = @,z R;-1p, and that there is a
category equivalence - ®g, P: Mod R, — Mod R{F*. It is easy to see that

Rowp(M)gyre = Mg, ®gr, P

and so Rowp (M) gyp- is projective. Thus we may assume that R = @,y R,u,
is a skew group ring.
Choose a free R-module V' which maps onto M. Since M is projective over
R, there is an R;-homomorphism « : M — V which splits the surjection.
But then, using the usual averaging trick, we can split the surjection with the
R-homomorphism

mw— 1/|F| Y e(mu,-1)u

geF

3.3 Infinite groups: Hochschild and cyclic homology

Turning now to infinite groups we denote by Mg(R) the ring of row and
column finite matrices indexed by G with entries from R and by M} (R) the
ideal of M¢(R) whose elements have only finitely many non-zero entries. If
F is the set of finite subsets of G then

M(R) = lim Mx(R)

XeF

is a direct limit of ordinary matrix rings over R. Of course, if G is finite then
M (R) = Mg(R) is the usual matrix ring.

The homomorphisms i : R — Mg(R) and v : G — U(Mg(R)) still make
sense if G is infinite and we put RYG™ = T, per Ryn-1€44 N MG(R). There is
an action of G on the non-unital ring R§G* by matrix conjugation in Ms(R)
and one can deduce [13, Theorem 2.8].
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Theorem 3.6. M (R) = (R§G*)G, the skew group ring of G over R{G*.

We use this theorem to to compute the Hochschild homology and, if G is
torsion free, the cyclic homology groups of strongly graded rings. The reader
unfamilar with these homology theories is referred to [26] for definitions and
properties. We first reduce to the case of skew group rings [13, Theorem 2.11].

Corollary 3.7. HH.(R) = HH.((RYG*)G) and HC.(R) = HC.((RIG")G).

Proof HH.(R) and HC.(R) are Morita invariants of the ring R (e.g. [27])
and commute with direct limits (since they are homology theories).

Let T(G) denote the set of conjugacy classes in G with [g] € T(G) representing
the conjugacy class of g € G. Then the homology groups of R have a direct
sum decomposition indexed by elements of T'(G):

HH(R)= @ HH.(R)yand HC.(R)= @ HC.(R):

[9€T(G) [s]€T(G)

Example 3.8. If S[G] is a group ring then HHy(S[G]) = HC(S[G]) =
S7@),

If R=RG = @y Riu, is a skew group ring and g € G, then there is an
action of Cg(g) on the Hochschild complex C.(R;, Ryu,) by

(rern®- - ®r,)" = (u;'ruu, u;'ru, @ - @u.'r,u,),z € Cqlg).

Similarly there is an action on the acyclic Hochschild complex C'(R;) and
thus an action on TotC(R;). One can then prove the following [13].

Theorem 3.9. Let R be a strongly G-graded ring. Then
1 for all g € G there is a first quadrant spectral sequence

(Ef))pa = Hy(Ccl9), HH,(Ry, Ry))==HH,,(R)(-
2 There is a first quadrant spectral sequence
(Efy)pa = Hp(G, HCy(R,))=HCpy,(R)yy)-
3 If g € G has infinite order then there is a first quadrant spectral sequence
(Ef)pa = Hp(Ca(9)/{9), HH (R, Ry))==>HC,1,(R)(q.

Proof(sketch) This essentially follows from the corresponding results for skew
group rings ([27, Proposition 2.6], [19, Theorem 4.1.1]) and Corollary 3.7. One
must check the following:
1 The isomorphisms in Corollary 3.7 respect [g]-components. This is an
easy computation.
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2 HH,(R,, R,) = HH,(R§G", RiG*g) as abelian groups. This follows from
the fact that R, and R§G* are Morita equivalent if G is finite, Morita
invariance of Hochschild homology and a direct limit argument.

3 The existence of an action of Cg(g) on HH,(R;, R;) which makes the
isomorphism into a ZCg(g)-isomorphism. There is a Morita context

(Rla Rla Rg» Ry'la ¢» 0)

where the maps are given by multiplication in R and are surjections since
R is strongly graded. Thus R, is an invertible bimodule by Theorem 3.2
and so there is a group homomorphism G — Pic(R,) defined by g —
[R,]. We have our action since finitely generated projective modules
induce homorphisms on Hochschild homology [27].

Example 3.10. Let I' be a countable group which is an extension of a
locally finite group N by a torsion free group G, and let To(T") (respectively
T,(G)) denote the set of conjugacy classes of elements of finite (respectively
infinite) order. Using Burghelea’s description of the cyclic homology of group
algebras [10] we know that HC.(QI') = A@ B where

[v]€To(T)

and
[vJ€T1(T)
Alternatively we may regard QI' as the crossed product R = QN % G. In this
case
HC.(R)=HC.(R)y® € HC.(R)y
[9#1]€T(G)
and one can check that HC,(R)y = A and @yjerq) HC.(R)q) = B. The
advantage with this description is that we can use the properties of N and G
to compute B.
To compute HC,(R)(,; we put ¢ = Nz and observe that

HH.(Ry, R)) = H.(N,QNz)

where N acts on QNz by conjugation [28, p. 292]. Therefore the spectral
sequence collapses , because N has homological dimension zero over Q and

SO
HC,.(R)[g] = H*(CG(g)/(g)a HO(N» QNI)

Now suppose further that G' has finite homological dimension over Q and is
either a linear group in characteristic 0 or a soluble group. Eckmann has
shown that Cs(g)/(9) has finite homological dimension over Q for all g € G
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[18] and deduced that the strong Bass conjecture holds for the rational group
algebras of such groups. Thus in our situation HC,(R);gq = 0 for n >> 0 and
hence the strong Bass conjecture holds for QI' (see [5] for the statement of
this conjecture.)

4. The tensor identity

Let R be a strongly G-graded ring, let M be an R-module and let H be a
subgroup of G. We first prove the tensor identity.

Proof of Lemma 1.2 There is an R-module homorphism
M ®p, R — M ® Z[H\G]
defined by
m@re—mr®Hg

for r € R,. Since R is strongly graded we may choose finite collections
z; € Ry-1 and y; € R, such that Y, z,y; = 1. The inverse homomorphism

M ® Z[H\G] — M ®g, R

is defined by
m®Hgw Y mz, ®y,.

We have already seen in the previous section that R, is projective as an R,-
module, and it follows that R is projective over R,. As a first application of
the tensor identity we show that more is true [15, Lemma 6.2].

Lemma 4.1. R is projective as an Rg-module for all subgroups H of G.

Proof Since Ry is a direct summand of R as a Ry-Ry-bimodule it suffices
to show that R®@pg, R is a projective R-module. Using the tensor identity we
see that

R ®g, R= RQ Z[H\G].

so it is enough to show that Homgp(R ® Z[H\G],-) is exact.
If N is any R-module then there is a natural isomorphism

Hompg(R ® Z[H\G), N) — Hom,(Z[H\G], N),

defined by
6 — (Hg~ 6(1 ® Hg)),

and Homgz(Z[H\G], ) is exact because Z|H\G] is free as a Z-module.
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4.1. Chouinard’s Theorem for strongly graded rings

Theorem 1.4 was originally proved by Aljadeff and Ginosar using trace maps
and a variation on the tensor identity. We outline an alternative proof, due
to Benson and Kropholler.

Reduction to p-groups:

Lemma 4.2. Let F be a finite group, let py,...,p, be the distinct primes
dividing the order of F' and let P; be a Sylow p;-subgroup. Then the trivial
ZF-module Z is a direct summand of the permutation module

@Z{R\F]-

Proof Let v : Z — L., Z[P\F] be defined by 1 — (&,...,£,) where
& denotes the sum of the distinct cosets of P; in F. To split this map set
m; := |F : P;|, choose integers l; such that 37, l;m; = 1 and define

e = (e 6n) : DLUPAF) — 2

by
(M) P Les(m) + ...+ laea(n)

where ¢; is the augmentation map. One checks that £¢ is the identity map on
Z and the result follows.

Lemma 4.3. Let R be a strongly F-graded ring and let M be an R-module
which is projective over Rp for each Sylow p-subgroup P of F. Then M is
projective over R.

Proof Tensoring the map ¢ in the previous lemma with M and applying the
tensor identity we see that M is a direct summand of

@M ®Rpi R
i=1

and the result follows by the hypothesis on M.
Thus we may assume that FF = P is a finite p-group. Recall that (for any
ring) elements of Extyz (M, N) correspond to equivalence classes of sequences

0—N—oE,,— - —E —F—>M—20

if n > 0 and multiplication in Ext}(M, M) corresponds to concatenation of
(equivalence classes of ) sequences. We shall need the following fact about
the correspondence:
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Lemma 4.4. If the exact sequence
0—N—E,,—-—E —FE—M-—0
represents zero in Extp(M ,N), and if in addition each E; is a projective
R-module, then N is a projective R-module.
Proof Extend the sequence
E,,— - —FE —E-—M-—0
to a projective resolution F, of M. There is an induced map ¢ : E, — N
and by the correspondence ¢ is a coboundary. Therefore ¢ factors through
E,. . andso N — E,_; is split.
Let 8 : H'(P,Z/pZ) — H*(P,Z) be the connecting homomorphism in the
long exact cohomology sequence corresponding to the short exact sequence
0—Z-—Z—Z/pZ — 0.
A non-zero element z of H'(P,Z/pZ) may be regarded as a homomorphism
from P onto Z/pZ with kernel H and the element §(z) in H*(P,Z) =
Ext} »(Z, Z) corresponds to a four term exact sequence
0 — Z — Z[H\P) — Z[H\P] — Z — 0.
Thus if zy,...,z, is a sequence of non-zero elements of H'(P,Z/pZ) then
B(xy) - ... Blz.) € H™(P,Z)
corresponds to an exact sequence
0—Z—Ey,,—  —E —E-—Z—0
where Ey;_; = Ey;_, = Z[H,\P] and H; is the kernel of z;.
Proof of Theorem 1.4 We have reduced to the case where P is a p-group.
Let R be a strongly P-graded ring and let M be an R-module which is
projective over Rg for all elementary abelian p-subgroups E of P. We need
to show that M is projective over R. Clearly we may assume that P is not
elementary abelian, and by induction that M is projective over Ry for all
proper subgroups H of P.

By a theorem of Serre [7, Theorem 4.7.3], there exists a sequence z;,...,Z,
of non-zero elements in H'(P,Z/pZ) such that

B(z1) ...  B(z,) =0€ H™(P,Z).

Thus there is a sequence

0—Z-—E,,,— +—E —FE —Z-—0
as above which represents the zero element in H*"*(P,Z). Tensoring this
sequence with M and letting R act semi-diagonally we have the exact sequence

0—M-—>MQFE,,,— - —MQE, —MQE, —M—10

which represents the zero element in Ext}y' (M, M). By the tensor identity
M ® E; is isomorphic to M ®g, R (where j = 2i — 1 or 2¢ — 2), and these
modules are projective. Therefore M is projective by Lemma 4.4.
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4.2. Moore’s Conjecture

Let G be a group, let H be a subgroup of finite index and let R be a strongly
G-graded ring. In this section we consider the question: If M is an R-module
which is projective over Ry, then is it projective over R?

Of course this is not true in general. If F' is a non-trivial finite group and S
is a ring, then S is a projective S[F]-module if and only if the order of F is
invertible in S by Maschke’s Theorem.

Thus, it is necessary to impose additional restrictions on R, G and H. Recall
from the introduction that (R, G, H) satisfies the Moore condition if for all
g € G — H either

1 ¢ has finite order invertible in R;, or
2 there exists an integer n such that g" € H — {1}.

If G is finite and (R, G, H) satisfies the Moore condition then Theorem 1.4
provides a positive answer to the question. To deal with arbitrary groups one
looks for situations where it is possible to reduce to the finite case. One such
situation is described in Theorem 1.6.

Proof of Theorem 1.6 It is enough to show that M has finite projective
dimension over R since proj.dimz M = proj.dimy, M if the former is finite
[15, Lemma 6.6].

The group G acts on a finite dimensional contractible cell complex X with
finite cell stabilisers. Let

0—C,—-+—C —Co—Z—0

be the cellular chain complex of X where each C; is isomorphic to

D ZIG.\G],

o€L;

%, is a set of G-orbit representatives of i-dimensional cells in X, and G, is
the (finite) isotropy group of the cell o € ;. Tensoring the sequence with M
and letting R act semi-diagonally we have the exact sequence of R-modules

0—mMeC,—--+  — MRC, - MRCp — M — 0.
Applying the tensor identity we see that M ® C; is isomorphic to

P M®x, R

oEL;

which is projective by hypothesis and so proj.dimgz(M) is finite.
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Proof of Theorem 1.8 We need to show that M is projective over Rp for
every finite subgroup F' of G and then the result will follow from Theorem 1.6.
Consequently, in view of Theorem 1.4, we need only show that M is projective
as an Rg-module for every elementary abelian subgroup F of G.

First observe that M is projective over R, because Ry is a projective R;-
module. Let p be a prime and let E be an elementary abelian p-subgroup
of G. If p is invertible in R,; then M is projective over Ry by Theorem 3.5.
Every non-trivial element of E has order p, and so if p is not invertible then
E is contained in H by the Moore condition. Therefore M is projective over
Ry because Ry is projective over Rz by Lemma 4.1.

Corollary 4.5. (Serre) Let G be a torsion free group of finite virtual coho-
mological dimension. Then G has finite cohomological dimension.

Proof Let
oo —Pp— P — F—Z—0

be an augmented projective resolution of Z as a ZG-module, and suppose
that H is a normal subgroup of G with |G : H| < oo and ¢d(H) = n, so
the kernel K of the map P,_, — P,_, is projective as a ZH-module. The
triple (Z,G, H) clearly satisfies the Moore condition and G € H,§ since it
has finite virtual cohomological dimension. It follows from the theorem that
K is a projective ZG-module.

5. Complete Resolutions

Let S be a ring and let M and N be S-modules. The complete cohomology
groups E/J)?t;(M , N) can be defined in various ways. For example if

e @Gy — @ — @Gy — N — 0
is a projective resolution of N and Kj is the kernel of @; — @Q;_, then

Extg(M,N) = lim Exts(M, K;_ ()

i>n+1

where the homomorphisms in the direct limit system are the connecting ho-
momorphisms in the long exact Ext-sequences induced by the short exact
sequences K; — Q; — K,_; [29]. See also [22], [8], and [24] where the
terminology ‘complete cohomology’ was introduced.
One can see that this definition does not lend itself easily to computation,
so with the special case of Tate-Farrell cohomology in mind we introduced
our alternative Definition 1.9 of complete resolutions in Section 1. In this
section we outline some results which will appear in [16], ignoring many of
the technical details such as homotopy equivalence of complete resolutions.
Of course we need to know the following result otherwise the definition is of
no use to us.
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Lemma 5.1. Let P, = (P.,08) be a complete resolution of the S-module M
and let N be an arbitrary S-module. Then

Bxt, (M, N) & H*(Homs(P., N)).

Proof The functor H*(Homs(P.,, -)) is a (—o0, 00)-cohomological functor from
S-modules to abelian groups [21], which disappears on projective modules.
Suppose that @, = (Q.,d) is an ordinary projective resolution of M which
agrees with P, in dimensions ¢ > n for some positive integer n. Thus there is
a partial chain map ¢ = (¢;>,) : P. — Q. and every ¢; an isomorphism
We first extend ¢ to a chain map in all dimensions. By induction we need
only construct a map @,y : @uy — P,_, such that ¢,_,6, = d.¢,. By
hypothesis the sequence

HomS(Pn—la Qn—l) — HomS(Pn) Qn—l) — HomS(Pn+la Qn—l)

is exact at Homg(P,,@n-1), so the element d,.¢, € Homg(P,, Q,-,) maps to
dn¢n6n+l = dndn+l¢n+l =0€ HOmS(P,H_l, Qn—l) and so there exists

¢n-—l (S HomS(Pn—l’ Qn—l)

such that ¢,_,9, = d.¢. as required. One can show that the chain map
constructed in this way is unique up to homotopy.
Therefore we have a morphism of (—00, 00)-cohomological functors

Exty(M,.) — H*(Homs(P,,-))

where Ext% (M, ) is defined to be zero if i < 0. The maps are isomorphisms
in dimensions 7 > n and thus there is an induced morphism

Bxty(M,.) — H*(Homs(P,, )
which is an equivalence by [29, Lemma, 2.5].

Of course there is no point in making a definition if one does not have ex-
amples. Indeed we construct modules in [16] which cannot have a complete
resolution. However we do have a positive result for strongly graded rings.

Definition 5.2. Let G be a group. Then B(G,Z) is the ring of bounded
functions from G to Z.

Lemma 5.3. (20, Corollary 97.4) B(G,Z) is a ZG-module which is free
abelian as an additive group.

The ring B = B(G, Z) is used in several of the proofs in [14] and [15] and we
shall have little to say about it here quoting results when we need them. For

example the next proposition follows easily from the proof of [15, Proposition
9.2].
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Proposition 5.4. Let G be a group in the class H,§, let R be a strongly
G-graded ring and let M be an R-module such that proj.dimy M < co. Then

proj.dimM @ B < oo
R

where R acts semi-diagonally.

Proof of Theorem 1.10 By the previous proposition it is enough to show
that M has a complete resolution if proj.dimy M ® B < co. Since . ® B is
exact and R is projective over R; we may replace M by a suitable kernel in
a projective resolution of M over R and assume that M is projective over R,
and M @ B is projective over R.

The inclusion Z — B as constant functions is Z-split by f — f(1) and thus
we have a short exact sequence of ZG-modules

Z—B—B({)

and B is Z-free. Let V; denote the ZG-module B ® B for ¢ > 0 (where
B = Z). Tensoring () with B for each i > 0 we have short exact
sequences of ZG-modules

B — Vi— B,
By splicing these short exact sequences together we have the long exact se-
quence V, of ZG-modules

0—Z—Vy,—Vi — -

Now let ¢, be a projective resolution of Z over ZG. By splicing ¢, and
V. together, tensoring with M and letting R act semi-diagonally we have
an acyclic complex P, of R-modules where P, = M ® Q; for ¢ > 0 and
P_;,=M@Q@YV, fori>1. We claim that P, is a complete resolution of M.

It follows from the tensor identity M @ ZG = M ®pg, R, and so each M ®Q; is
projective over R and M ® @, is a projective resolution of M. By Lemma, 2.5,
Homg(M ® V;,_) 2 Homg(M ® B, Homz(B%', ).
and so M ®V, is projective for all ¢ > 0 because M ® B is projective and B

is Z-free. Therefore P, satisfies the first condition of the definition.
Now let X be a projective R-module. The inclusion Z — B induces an
R-split epimorphism Homz(B,X) — X and thus it suffices to show that
Homp(P,, Homgz(B, X)) is acyclic. Using Lemma 2.5 again we have

Hompg(P,, Homz(B, X)) = Homg(P. ® B, X).

The kernels of the complex P, ® B are projective in dimensions > 0 because
M ® B is projective. In negative dimensions they have the form M ® V;
which we have already shown are projective. Therefore P, @ B is split, so
Homp(P, ® B, X) is acyclic and the second condition of the definition is
satisfied.
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Corollary 5.5. (Shapiro’s Lemma) Let G, R and M be as in the theorem,
let H be a subgroup of G and let N be an Rg-module. Then for all integers
n, there are natural isomorphisms

Extp, (M, N) = Extp(M, Homg, (R, N)).

Proof Since Homp, (P,, N) = Homg(P,,Homg, (R, N)) it suffices to show
that the complete resolution P, constructed in the theorem is also a com-
plete resolution of M as an Rg-module. The first condition for a complete
resolution is clearly satisfied since R is a projective Rg-module. Let Y be a
projective Rg-module. The same argument as above shows that Y is a direct
summand of Homz(B(G,Z),Y) as Ry-modules and the result follows.

Remark 5.6. One can also construct spectral sequences in the standard
way, (see [16]).
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0. Introduction

Given a finitely generated Coxeter group W, I described, in [D, Section 14], a
certain contractible simplicial complex, here denoted |W/|, on which W acts
properly with compact quotient. After writing [D], I realized that there was
a similarly defined, contractible simplicial complex associated to any building
C. This complex is here denoted |C| and called the “geometric realization”
of C. The definition is such that the geometric realization of each apartment
is isomorphic to |W|. (N. B. Our terminology does not agree with standard
usage. For example, if W is finite, then the usual Coxeter complex of W is
homeomorphic to a sphere, while our [W| is homeomorphic to the cone on
this sphere.)

There is a natural piecewise Euclidean metric on |W| (described in §9) so
that W acts as a group of isometries. Following an idea of Gromov ([G,
pp. 131-132]), Gabor Moussong proved in his Ph.D. thesis [M] that with this
metric |[W| is “CAT(0)” (in the sense of [G]). This is equivalent to saying
that it is simply connected and “nonpositively curved”. Moussong’s result
implies, via a standard argument, the following theorem.

Theorem. The (correctly defined) geometric realization of any building is

CAT(0).

Although this theorem was known to Moussong, it is not included in [M].

The theorem implies, for example, that the Bruhat Tits Fixed Point Theorem
can be applied to any building. (See Corollary 11.9.)

Partially supported by NSF Grant DMS9208071
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One of the purposes of this paper is to provide the “correct definition” of the
geometric realization |C| and to give the “standard argument” for deducing
the above theorem from Moussong’s result.

Another purpose is to explain and expand the results of [HM] and [Mei] on
graph products of groups. In fact, I was inspired to write this paper after
listening to J. Harlander’s lecture at the Durham Conference on the results
of [HM]. I realized that graph products of groups provide nice examples of
buildings where the associated W is a right-angled Coxeter group.

Part I of this paper concerns the combinatorial theory of buildings. In §1,
§2, 83 and §6 we recall some relevant definitions and results from Ronan’s
book [R]. In §4 we state a theorem of Tits [T] and use it in §5 to prove that
the chamber system associated to a graph product of groups is a building
(Theorem 5.1).

Part IT concerns the geometric and topological properties of buildings. In §7,
we recall some basic definitions concerning CAT(0) spaces from [G], [Bri],
[Bro] and [CD1]. The definitions of [W| and |C| are given in §9 and §10, re-
spectively. In §11 we prove the main theorem and deduce some consequences.
In particular, in Corollary 11.7, we apply the theorem in the case of a graph
product of groups.

I. The combinatorial theory of buildings

1. Chamber systems

A chamber system over a set I is a set C together with a family of partitions
of C indexed by I. The elements of C are chambers. Two chambers are
i-adjacent if they belong to the same subset in the partition corresponding to
i.

Example 1.1. Let G be a group, B a subgroup and (P,);c; a family of
subgroups containing B. Define a chamber system C = C(G, B, (P)ier) as
follows: C = G/B and the chambers ¢B and ¢'B are i-adjacent if they have
the same image in G/P;.

Let C be a chamber system over I. Let I* denote the free monoid on I.
(An element of I* is a word i = %, ---1i,, where each i; € I.) A gallery in
C is a finite sequence of chambers (¢, ¢y, --,¢) such that ¢;_, is adjacent
but not equal to ¢;,1 € j < k. The gallery has type i = 4, -4 if ¢;_; is
i;-adjacent to c¢;. If each i; belongs to a given subset J of I, then it is a J-
gallery. A chamber system is connected (or J-connected) if any two chambers
can be joined by a gallery (or a J-gallery). The J-connected components of
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a chamber system C are called its J-residues. The rank of a chamber system
over I is the cardinality of I. A morphism ¢ : C — C' of chamber systems
over the same set [ is a map which preserves i-adjacency.

Suppose that G is a group of automorphisms of C' which acts transitively on
C. Fix a chamber ¢ € C and for each i € I choose an {}-residue containing c.
Let B denote the stabilizer of ¢ and P; the stabilizer of the {i}-residue. Then,
clearly, C is isomorphic to the chamber system C(G, B, (F;)ic1) of Example
1.1.

Suppose C,, - - -, C, are chamber systems over Iy, - - -, I;.. Their direct product,
Cy x -+ x Cy, is a chamber system over the disjoint union I, []-- -] I;. Its
elements are k-tuples (c;,---,c;) where ¢, € Cy. For i € L, (e1,---,¢) is
i-adjacent to (cy,---,c;) if ¢; = ¢ for j # t and ¢, and c, are i-adjacent.

2. Coxeter groups

A Cozeter matriz M over a set I is a symmetric matrix (my), (4,7) € I x I,
with entries in N U {oo} such that for all ¢,j € I, my; = 1 and m;; > 2 for
i # j. If J is a subset of I, then M; denotes the restriction of M to J, i.e.,
it is the matrix formed by the entries of M which are indexed by J x J.

For each ¢ € I introduce a symbol s; and let S = {s;|s € I}. The Cozeter
group determined by M is the group W (or W(M)) given by the presentation,
W = (S|(si8;)™3 =1, for all (4, ) € I x I with m;; # 0o). The natural map
S — W is an injection ([B, p. 92]) and henceforth, we identify S with
its image in W. For any subset J of I, denote by W; the subgroup of W
generated by {s;|j € J}. The case J = 0 corresponds to the trivial subgroup
of W.

The Coxeter matrix M (and the group W) are right-angled if each off-diagonal
entry of M is 2 or cc.

The matrix M is spherical if W is finite. A subset J of I is spherical if
W, (=2 W(M,)) is finite. Associated to M we have the poset S7 (or S (M))
of all spherical subsets of I.

Suppose the i = 7, - - -4} is an element in the free monoid I*. Its value s(i)
is the element of W defined by s(i) = s;,---s;,. Two words i and i’ are
equivalent (with respect of M) if s(i) = s(i'). The word i is reduced (with
respect to M) if the word length of s(i) is k. (Alternative definitions of these
concepts in terms of “homotopies of words” can be found in [R, p. 17].)

3. Buildings

Let I,I*, M and W be as in §2.
A building of type M is a chamber system C over I such that

(1) for each ¢ € I, each subset of the partition corresponding to ¢ contains at
least two chambers, and
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(2) there exists a “W-valued distance function” § : C x C — W such that if
i is a reduced word in I* (with respect to M), then chambers ¢ and ¢’ can be
joined by a gallery of type i if and only if (¢, ¢') = s(i)

Example 3.1. Let W be the chamber system C(W, {1}, (W(;;)ier) where
the notation is as in Example 1.1. In other words, the set of chambers is
W and two chambers w and w' are i-adjacent if and only if w' = w or
w' = ws,;. There is a W-valued distance function 6 : W x W — W defined by
6(w,w'") = w™lw'. Thus, W is a building, called the abstract Cozeter complex
of W.

Example 3.2. Suppose that C is a building of rank 1. Then W is the cyclic
group of order 2. There is only one possibility for § : C x C — W, it must
map the diagonal of C' x C to the identity element and the complement of
the diagonal to the nontrivial element. Thus, any two chambers are adjacent.

Example 3.3. Suppose that M,, - - -, M, are Coxeter matrices over I, - - -, I,
respectively. Let I denote the disjoint union I, I]- - - I] I, and define a Coxeter
matrix M over I by setting m;; equal to the corresponding entry of M, when-
ever i, j belong to the same component I, of I and m;; = 2 when they belong
to different components. Then W = W, x --- x W, where W = W (M) and
W, = W(M,). Suppose that C,,---,C), are buildings over I,,---,I;. Asin
§1, their direct product C = C) x - - - x C}, is a chamber system over I. More-
over, the direct product of the W;-valued distance functions gives a W-valued
distance function on C. Hence, C' is a building of type M.

4. A theorem of Tits

I,M,W and S8' are as in §2. Suppose that G is a chamber-transitive group
of automorphisms on a building C of type M. Choose a chamber ¢ € C
and for each J €.87 a J-residue containing c. Let P; denote the stabilizer
of this J-residue and B (= P,) the stabilizer of c. Set P; = Py, so that
C & C(G, B, (P,)ic1). We note that P, is just the subgroup generated by
(Pi)jes-

Thus, the chamber-transitive automorphism group G gives the following data:
for each J € &7, there is a group P;, and whenever J,J' € & with J < J',
there is an injective homomorphism ;; : P; — Py such that ¢;; = id and
@y = @y 0 @y when J < J' < J". (This is the data for a “complex of
groups” in the sense of [ H] or more precisely a “simple complex of groups ”
in the sense of [CD2].)

For a natural number m, let S/ denote the subposet of S/ consisting of all J
with Card (J) < m.



112 M. W. Davis

Proposition 4.1. (Tits [T, Proposition 2]). Suppose that C(G, B, (P):cr)
is a building of type M. Then G is the direct limit of the system of groups
{P,|J € 8}

The “direct limit” of a system of groups is defined in [S, p. 1]; the term
“amalgamated sum” is used in [T)] for this concept.

There is a converse result to Proposition 4.1. Suppose we are given a simple
complex of groups (P;) over S{. (In other words, a system of groups as in
the paragraph preceding Proposition 4.1, where the data is only specified for
those J with Card (J) < 3.) For any subset K of I, let Gk denote the direct
limit of the system of groups {P,;|J € 8§ N K}. Set B = Py, P; = Py and
G =G,.

Theorem 4.2. (Tits [T, Theorem 1]). With notation as above, suppose
that for all J € 8 — {0},C(P), B, (P,);cs) is a building of type M;. Then
C(G, B, (P)ier1) is a building of type M.

5. Graph products

Let I be a simplicial graph with vertex set I. Define a Coxeter matrix M (=
M(I")) by setting

my =1¢2; if {i,j} spansanedgeof T
00; otherwise.

Let W be the associated right-angled Coxeter group. Note that a subset J of
I is spherical if and only if any two elements of J span and edge; furthermore,
if this is the case, then W, is the direct product of |J| copies of the cyclic
group of order two.
Suppose we are given a family of groups (P;)ic;. For each J € &/, let P,
denote the direct product

P,=]I5H

jed

(Pp={1}). If J < J' € 8/, then ¢, : P; = Py is the natural inclusion.
The direct limit G of {P,|J € SJ} is called the graph product of the (P:);c;
(with respect to I').
Alternatively, G could have been defined as the quotient of the free product
of the (P,);; by the normal subgroup generated by all commutators of the
form [g;, g;], where g; € P, g; € P; and m;; = 2.
Notice that for all J € 8, J # 0, C(Py, {1}, (P;)jes) is a building of type M,
(it is a direct product of the rank one buildings C(P;, {1}, P;) as in Example
3.3). Hence, Tits’ Theorem 4.2 implies the following.
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Theorem 5. 1 Let G be a graph product of groups (P;)ics, as above. Then
C(G, {1}, (P.)icr) s a building of type M.

Actually, it is not difficult to give a direct proof of this, without invoking Tits’
Theorem, by producing the W-valued distance function § : G x G = W. It
is clear that any g in G can be written in the form g = g, ---g;, where
gi, € P, — {1} and where i = ¢, - - - 4; is a reduced word in I* (with respect to
M). Moreover, if ¢’ = gi, - G, is another such representation, then g = ¢’
if and only if we can get from one representation to the other by a sequence
of replacements of the form, g;9; — ¢;9; where m;; = 2. In particular, the
words i = 4;---4; and i’ = ;- -7} must have the same image in W. If
g = g, - gi,, then define 6(1,g) = s(i) and then extend this to G x G by
8(9,9") = 8(1,97'¢"). This é has the desired properties.

6. Apartments and retractions

Suppose that C is a building of type M. Let W be the abstract Coxeter
complex of W (defined in Example 3.1). A W-isometry of W into C is a map
a: W — C which preserves W-distances, i.e.,
Sc(a(w), a(w') = dw(w,w')

for all w,w' € W. (Here dc is the W-valued distance function on C and
dwl(w,w') = w'lw'.)
An gpartment in C is an isometric image a(W) of W in C.
The set of W-isometries of W with itself is bijective with . Indeed, given
w € W, there is a unique isometry a, : W — W sending 1 to w. It is
defined by a,(w') = ww'. It follows that an isometry a : W — C is uniquely
determined by its image A = (W) together with a chamber ¢ = a(1).
Fix an apartment 4 in C' and a chamber ¢ in A. Define a map

Pen: C 2 A
called the retraction of C onto A with center c, as follows. Let A = a(W)
with a(1) = ¢. Set p. 4(c") = a(é(c, ).
The following lemma is an easy exercise which we leave for the reader.

Lemma 6.1. The map p. 4 : C — A is a morphism of chamber systems.
In other words, if §(c', ¢") = s;, then either p(c¢') = p(c") or 8(p(c), p(c")) = s,
where p = p, 4.

Corollary 6.2. Let p=p. 4. If 8(c',c") € Wy, then §(p(c'), p(c")) € W;.

Lemma 6.3. Let p=p.a:C — A. If A is another apartment containing
¢, then plar : A — A is a W-isometry (i.e., pla is an isomorphism).

Proof Let a: W — Aand 3: W — A’ be W-isometries such that a(1) =
c= f(1). If ¢ € A’ then p(c') = a(d(c,c')) and B(5(c,c')) = ¢'. Therefore,
p(c) = aof7i(c), ie, plas =0 g
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II. Geometric properties of buildings

7. CAT(0) spaces

A metric space (X,d) is a geodesic space if any two points x and y can be
joined by a path of length d(z, y); such a path, parametrized by arc length,
is a geodesic. A triangle in a geodesic space X is a configuration of three
points and three geodesic segments connecting them. For each real number
€, let M? denote the plane of curvature e. (If € > 0, M? = S?, the sphere
of radius 1/1/; if e = 0, M = E?, the Euclidean plane; if ¢ < 0, M? = H?,
the hyperbolic plane of curvature e.) Let T be a triangle in X and T* a
“comparison triangle” in M?. This means that the edge lengths of T* are the
same as those of T. (If € > 0, assume that the perimeter of T is < 27 /+/e.)
Denote the canonical isometry T' — T* by p — p*. Suppose z,y, z are the
vertices of T and that, for ¢ € [0,1], p; is the point on the edge from z to y of
distance td(z,y) from z. The C AT (e)-inequality is the inequality,

d(za pt) S d‘(z',p:),

where d* denotes distance in M?. The space X is CAT (e) if this inequality
holds for all triangles T (of perimeter < 27/+/e when ¢ > 0) and for all
t€[0,1).

If z,y, z are points in E?, then a simple argument ([Bro, p. 153]) shows

d*(z,p) = (1 = )d*(2, 7) + td*(z,y) — t(1 — t)d*(=, )

Here d denotes Euclidean distance and d*(z, y) = d(z, y)*.

We return to the situation where T is a triangle in X with vertices z,y, 2.
Since the edge lengths of T are the same as those in the Euclidean compar-
ison triangle, the equation in the previous paragraph immediately yields the
following well-known lemma.

Lemma 7.1. With notation as above, the C AT(0)-inequality for the triangle
T in X is equivalent to

d*(z,p) < (1 = t)d*(2, ) + td*(2,y) — t(1 — t)d*(z, y)

A piecewise Euclidean polyhedron X is a space formed by gluing together
convex cells in Euclidean space via isometries of their faces. Each cell in
X can then be identified with a Euclidean cell, well-defined up to isometry.
It follows that arc-length makes sense in X. Thus, X has a natural “path
metric”: d(z,y) is the infimum of the lengths of all piecewise linear paths
joining x to y. One says that X has finitely many shapes of cells if there
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are only a finite number of isometry types of cells in the given cell structure
on X. If X has finitely many shapes of cells, then the path metric gives it
the structure of a complete geodesic space ([Bri]). We are interested in the
question of when such piecewise Euclidean polyhedra are C AT'(0).

It also makes sense to speak of geodesically convex cells in S™. This leads to
the analogous notion of a piecewise spherical polyhedron. Piecewise spherical
polyhedra play a distinguished role in this theory since they arise naturally
as “links” of cells in piecewise constant curvature polyhedra. A basic result is
that if X is a piecewise constant curvature polyhedron (of curvature €), then
X satisfies CAT (€) locally if and only if the link of each cell is CAT(1). (See
(Bri] or Ballman’s article in [GH, Ch. 10].)

8. The geometric realization of a poset

Let P be a poset. Its derived complez, denoted by P’, is the poset of finite
chains in P (partially ordered by inclusion). It is an abstract simplicial com-
plex: the vertex set is P, the simplices are the elements of P’. The geometric
realization of this simplicial complex is denoted by geom(P) and called the
geometric realization of P.

There are two different decompositions of geom(P) into closed subspaces.
Both decompositions are indexed by P. Given p € P, let geom(P)<, (respec-
tively, geom(P)>,) denote the union of all simplices with maximal vertex p
(respectively, minimal vertex p). The subcomplex geom(P)¢, is a face, while
geom(P), is a coface. Thus, the poset of faces of geom(P) (partially or-
dered by inclusion) is naturally identified with P, while the poset of cofaces
is identified with P°? (where P°? denotes the same set as P but with the order
relations reversed).

9. The geometric realization of the Coxeter complex

Let I, M,W and &7 be as in §2 and W be the abstract Coxeter complex of
Example 3.1. Consider the poset

ws! = [ w/w,,

Jesf

where the partial ordering is inclusion of cosets. We remark that WS/ can
be identified with the poset of all residues in W of spherical type (where a
residue of type @ is interpreted to be a chamber).

The geometric realization of W, denoted |W|, is defined to be the geometric
realization of the poset W&/, i.e.,

|[W/| = geom(W S7).
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Also, we will use the notation,
[1] = geom(S7).

Subscripts will be used to denote the cofaces of |W| and |1|. Thus, if J € Sf
and wW; € W&/, then

[1ls = geom(S7)5.,
(Wlew, = geom(WSf)zwa.

The maximal cofaces (when J = @) correspond to chambers in W. If w € W
is such a chamber, then the corresponding maximal coface is also called a
chamber and will be denoted simply by |w| (instead of [W/,w,). Similarly,
we will write |w|, instead of [W|,w,.

Our next goal is to show that the faces of |W| are cells.

First suppose that W is finite. Then it has a representation as an orthogonal
reflection group on R*,n = Card (/). The reflection hyperplanes divide R®
into simplicial cones each of which is a fundamental domain for the W-action.
Two of these simplicial cones (which are images of each other under the
antipodal map) are bounded by the hyperplanes corresponding to the s;,i € I.
Choose one and call it the fundamental simplicial cone. (See [B, Ch. V
§4].) For each A € (0,00)' there is a unique point p, in the interior of the
fundamental simplicial cone so that the distance from p, to the hyperplane
fixed by s; is A;. The convex hull of the W-orbit of p, is a convex cell in R"
called a Cozeter cell of type W and denoted by Py ()). The intersection of
Py () with a fundamental simplicial cone is also a convex cell in R” called a
Cozeter block and denoted by Bw ().

For example, if W is a direct product of cyclic groups of order two, then
Py ()) is the Cartesian product of intervals ([~ Ai])icr, while By ()) is the
Cartesian product of ([0, A;])icr-

The next lemma is an easy exercise. A proof is found in [CD3, Lemma 2.1.3].

Lemma 9.1. Suppose W is finite. The verter set of Py()) is Wp,, (the
W -orbit of p,). Let 8 : W — Wp, denote the bijection w — wpy. Given
a subset V of W, (V) is the vertex set of a face of Pw()) if and only if
V = wW; for some wW; € WS’. Thus, 0 induces an isomorphism from
W&’ to the poset of faces of Py()).

The map 6 of Lemma 9.1 induces a simplicial isomorphism from |W]| to
the barycentric subdivision of Py ()) taking faces to faces. Moreover, the
restriction of this identification to |1| yields an identification of |1| with Bw ().
Thus, when W is finite each chamber of [W| is identified with a Coxeter block.
We also note that the face of Py ()\) corresponding to wW; is isometric to
Pw,(A\s) where X; denotes the image of A under the projection (0,00)" —
(0,00)".
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We return to the general situation where W may be infinite. As before, choose
A € (0,00)!. By Lemma 9.1 we can identify the face of |W| corresponding
to wW; with the Coxeter cell Py, (A;). Moreover, this identification is well-
defined up to an element of W, (which acts by isometries on Py, (A;)). Hence,
we have given |W| the structure of a piecewise Euclidean cell complex in which
each cell is isometric to a Coxeter cell.

We make a few observations.

(1) The natural W-action on |[W| is by isometries.

(2) Any chamber |w| is a fundamental domain for the W-action.

(3) The projection WS/ — &' induces a projection |W| — |1| which is
constant on W-orbits. The induced map |W|/W — |1| is a homeomorphism
(4) If I is finite (a mild assumption), then |1| is a finite complex and |W/| has
only finitely many shapes of cells.

We henceforth assume that I is finite.

Theorem 9.2. (Moussong [M]). For any finitely generated Coxzeter group
W, the space |W|, with the piecewise Euclidean structure defined above, is a
complete CAT(0) geodesic space.

Remark 9.3. The choice of A € (0, 00)” plays no role in Moussong’s Theorem
(or anywhere else). Henceforth, we normalize the situation by setting \; = 1,
forall i € I.

Remark 9.4. Suppose W is right-angled. Then (with the above normaliza-
tion) each Coxeter cell is a regular Euclidean cube of edge length 2. In this
situation |W| is a cubical complex and Theorem 9.2 was proved by Gromov,
[G, p. 122], by a relatively easy argument.

10. The geometric realization of a building

Let C be a building of type M. The quickest way to define the geometric
realization of C is as follows. Let C denote the poset of all J-residues in
C with J € 8. Then |C| is defined to be the geometric realization of C.
For each ¢ € C let |c| denote the maximal coface geom(C),.. The map
Type: C — Sf which associates to each residue its type induces a map of
geometric realizations |C| — |1). Moreover, the restriction of this map to
each chamber |c| is a homeomorphism. Since we showed in §9 how to put a
piecewise Euclidean structure on |1| (a union of Coxeter blocks), this defines
a piecewise Euclidean structure on |C|.

We shall now describe an alternate approach to this definition which is prob-
ably more illuminating. Let X be a space and (X;);c; a family of closed
subspaces. For each z € X, set J(z) = {j € I|z € X;}. Define an equiv-
alence relation ~ on C x X by (c,z) ~ (c¢',z') if and only if z = z' and
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d(c,¢') € Wy The X-realization of C, denoted by X (C), is defined to be
the quotient space (C' x X)/ ~. (Here C has the discrete topology.)

If ¢ is a chamber in C, then X(c) denotes the image of ¢ X X in X(C). If A
is an apartment, then

XA =Ux(

cEA

= (A X X)/ ~

Let p = p. 4 : C — A be the retraction onto A with center ¢. By Corollary
6.2, the map p x id : C x X =5 A x X is compatible with the equivalence
relation ~. Hence, there is an induced map p: X(C) — X(A). The map p
is a retraction in the usual topological sense.

We shall apply this construction in the following two special cases.

Case 1. X = |1, the geometric realization of S/, and for each i € I,|1]; =
|1]¢;y, the coface corresponding to {z}.

Case 2. W is finite (so that it acts as an orthogonal reflection group on
R*,n = Card(I)) and X = A, the spherical (n — 1)-simplex which is the
intersection the fundamental simplicial cone with S®~!. The subspace A, is
the codimension-one face of A which is the intersection of the hyperplane
corresponding to s; and A.

In Case 1, we will use the notation |C| for |1|(C) and call it the geometric
realization of C. It is a simple matter to check that this agrees with the
definition in the initial paragraph of this section. Similarly, |c| = |1](c) and
|A] = [1](A).

In Case 2 (where C is a building of spherical type), A(C) will be called the
spherical realization of C.

As explained in §9, |1| has a natural piecewise Euclidean cell structure: the
cells are Coxeter blocks. Thus,

I1|= |J Bw,.

Jest

Here the Coxeter block By, is identified with the face of |1| corresponding to
J, i.e., with geom(S/)<;. This induces a piecewise Euclidean cell structure
(and a resulting path metric) on |C|. Thus, if A is an apartment of C, then
|A| is isometric to [W|.

Similarly, if C is of spherical type, then A(C) inherits a piecewise spherical
simplicial structure from the spherical simplex A. If A is an apartment, then
A(A) is isometric to the round sphere $"~'. These spherical realizations of
buildings of spherical type arise naturally as links of certain cells in |C| for a
general building C.
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Example 10.1. (A continuation of Example 3.2). Suppose that C is a
building of rank one. Then [1| = [0,1]. Hence, |C| = (C % [0,1])/ ~ where
(c,0) ~ (¢,0) foralle,c’ € C, i.e., |C|is the cone on C. Similarly , A(C)=C
(with the discrete topology).

Example 10.2. (A continuation of Example 3.3). Suppose that C = C; x
-+- x C,, is a direct product of buildings. We use the notation of Example
3.3 Let |1,| denote the geometric realization of $f(M,),1 < t < k, and let
|1| denote the geometric realization of S/(M). Then |1| = |1;] X --- X |14],
where the Cartesian product has the product piecewise Euclidean structure
and the product metric. It follows that |C| = |Cy| x - -+ X |Cy|. Similarly, if
C is of spherical type, then A(C) is the “orthogonal join” (defined in [CD1,
p. 1001]) of the A(C)).

In particular suppose that each C; is a rank one building. Then W is the
direct product of k copies of the cyclic group of order two; |C| is a Cartesian
product of & cones; each chamber in |C| is isometric to the k-cube [0, 1]* and
each apartment is isometric to [—1,1]*. Similarly, A(C) is the orthogonal
join of the C;; each chamber is an “all right” spherical (k — 1)-simplex and
each apartment is isometric to S*~!, triangulated as the boundary of a k-
dimensional octahedron.

Remark 10.3. The usual definition of the geometric realization of a building
C, say in [Bro] or [R], is as X (C) where X is a simplex of dimension Card (I)—
1 and (X,)is is the set of codimension-one faces. If C' is spherical, then
X(C) = A(C), and if C is irreducible and of affine type, then X (C) = |C].
But, if, for example, C is the direct product of two buildings of affine type,
then X (C) is not a Cartesian product (it is a join). In [R, p. 184], Ronan
comments to the effect that in the general case, the geometric realization of
a building should be defined as above.

Remark 10.4. Another possibility is to take X and (X;);c; to be a “Bestvina
complex” as in [Bes] or [HM]. This means that X is a CW-complex, each X;
is a subcomplex and that if, for J a subset of I, we set
X, =N X,
ieJ

(and Xy = X), then X, is nonempty and acyclic if and only if J € S7.
Furthermore, X is required to have the smallest possible dimension among
all such complexes with this property. The argument in [D] then shows that
X(C) is acyclic (and contractible if X is contractible). In the case where
C admits a chamber-transitive automorphism group G, X(C) can be used to
determine information about the cohomological dimension (or virtual coho-
mological dimension) of G.
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11. The main theorem and some of its consequences

Theorem 11.1. The geometric realization of any building is a complete,
CAT(0) geodesic space.

In the case where the building C is irreducible and of affine type, this result
is well-known. A proof can be found in [Bro, Ch. VI §3]. Our proof follows
the argument given there.

Suppose p = p,a : C — A is the retraction onto A with center ¢. Its
geometric realization p : |C| — |A| (defined in §10) takes each chamber of
|C| isometrically onto a chamber of |A|. Hence, p maps a geodesic segment
in |C| to a piecewise geodesic segment in |A| of the same length. From this
observation we conclude the following.

Lemma 11.2. The retraction 7 : |C| — |A| is distance decreasing, i.e., for
allz,y € |C|,
dlAl(ﬁ(x)iﬁ(y)) S d|0|(.'t, y))

where d|4 and dic| denote distance in |A| and |C|, respectively. In particular,
if 2,y € |A|, then dj4(z,y) = dig(2, ).

Lemma 11.3. There is a unique geodesic between any two points in |C|.

Proof One of the basic facts about buildings is any two chambers are con-
tained in a common apartment ([R, Theorem 3.11, p. 34]). This implies
that, given z,y € |C|, there is an apartment A such that z,y € |A|. (Choose
chambers ¢,¢’ € C so that = € |c|,y € |¢| and an apartment A containing
c and ¢'; then z,y € |A|.) A basic fact about CAT(0) spaces is that any
two points are connected by a unique geodesic segment. Since |A| is CAT(0)
(Moussong’s Theorem), there is a unique geodesic segment in |A| from z to
y. Let v : [0,d] — |A| be a parametrization of this segment by arc length,
where d = d(z,y). By the last sentence of the previous lemma, v is also a
geodesic in |C|. Let 7' : [0,d] — |C| be another geodesic from z to y. If
P:|C| = |A| is the geometric realization of any retraction onto A4, then po~y’
is a geodesic in |A| from z to y (since it is a piecewise geodesic of length d).
Hence, poy' = 7. Let to = sup{t|vljo,y = ¥'|0.g}- Suppose that ¢, < d. Then,
for small positive values of €, y(t, + €) lies in the relative interior of some co-
face |c|;, with ¢ € A, while v'(t, + ¢€) lies in the relative interior of a different
coface |c'|; , where |c'|; & |A|. Set p = p. 4. Since |c|s # |c|s,8(c,¢) & W.
Hence, p(v'(to+¢€)) # v(to+¢€), a contradiction. Therefore, ¢y = d and v = v".

Lemma 11.4. Suppose p = p, 4. If z € |c|, then d(z,5(y)) = d(z,y) for all
yelC|

Proof Choose an apartment A’ so that |A'| contains both z and y. By
the previous lemma, the image of the geodesic ¥ from z to y is contained
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in |A'|. By Lemma 6.3, p|a : A’ = A is a W-isometry. It follows that
Pliay : |A'| = |A| is an isometry. Hence, f o« is actually a geodesic (of the
same length as 7).

Proof of Theorem 11.1 Suppose z,y,z € |C|. Fort € [0,1], let p, be the
point on the geodesic segment from z to y such that d(z,p,) = td(z,y). By
Lemma 7.1, to prove that |C| is CAT(0) we must show that

d*(z,p) < (1 = t)d*(2,2) + td(2,y) — t(1 - t)d*(z, y)-

Choose an apartment A so that z,y € |A|. Since the geodesic segment from
z to y lies in |A|,p, € |A|. Hence, we can choose a chamber ¢ in A so that
p; € |c|. Let p= p. . By Lemma 11.4, d(z,p;) = d(p(z),p;). Hence,

d*(z,p.) = &*(p(2), pr)
< (1= t)d*(p(2), z) + td*(p(2), y) — t(1 — t)d*(z,y)
< (1= t)d(z,z) + td*(z,y) — t(1 — t)d*(z, y).

The first inequality holds since p(z), z, y all lie in | A| and since |A| is CAT(0).
The second inequality follows from Lemma 11.2. Therefore, |C| is CAT(0).

Since C AT(0) spaces are contractible (via geodesic contraction), we have the
following corollary.

Corollary 11.5. |C| is contractible.

As mentioned previously (in Remark 10.4) this can also be proved as in [D].
Suppose, for the moment, that C is spherical. Then [C| has a distinguished
vertex v, namely the coface |C|w, (= |c|; for any ¢ € C). The link ofvinCis
A(C). Since the link of a vertex in a CAT(0) space is CAT(1) ([G, p. 120]),
this gives the following corollary.

Corollary 11.6. Suppose C is spherical, then A(C) is CAT(1).

Of course, one could also give a direct argument for this by proving the
analogs of Lemmas 11.2 and 11.3 for A(C) (in the case of 11.3 one shows the
uniqueness of geodesics only in the case where the endpoints are of distance
less than ).

Corollary 11.7. (Meier [Mei]) With notation as in §5, let G be a graph prod-
uct of groups (P;)ic; and let C be the building C(G, {1}, (P))ier) (cf. Theorem
5.1). Then |C| 1s CAT(0).

Remark 11.8. Since the Coxeter block associated to a direct product of
cyclic groups of order two is a Euclidean cube, |C| is a cubical complex. In the
proof of Theorem B in [Mei], in the case of graph products, the complex |C|
is defined (without mentioning buildings) and proved to be CAT(0). There
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is a simple proof of this by induction on Card (I). One first notes that
for any subset J of I, |C;| is a totally geodesic subcomplex of |C|, where
C; = C(G;,{I},(P))jes). If I is spherical, then |C| is a direct product of
cones on the P; and hence, is CAT(0). If I is not spherical, then there exist
i, € I with m;; = co. Then G is the amalgamated product of G;_¢; and
G-y along Gy_(;;; and |C| is a union of components each of which is a
translate of |C;_;| or |Ci_(;3|. Furthermore, the intersection of two such
components is a translate of the totally geodesic subcomplex |C;_(; ;3| The
result follows from a gluing lemma of Gromov ([G, p. 124] and [GH, p. 192])
and induction.

The Bruhat-Tits Fixed Point Theorem (see [Bro, p. 157]) states that if a
group of isometries of a complete, C AT (0) space has a bounded orbit, then
it has a fixed point. Applying this result to the case of a building with a
chamber-transitive automorphism group, we get the following.

Corollary 11.9. With notation as in §4, suppose that C = C(G, B, (P:)icr)
is a building and that H is a subgroup of G which has a bounded orbit in |C|.
Then H is conjugate to a subgroup of P;, for some J € §7.

Remark 11.10. First suppose W is finite. Then it can be represented as
a reflection group on hyperbolic n-space. Given A € (0,00)’, one defines a
“hyperbolic Coxeter cell” P ()) and a “hyperbolic Coxeter block” B% (1),
exactly as in §9. Returning to the situation where W and C are arbitrary,
given A € (0,00)’, we get a piecewise hyperbolic structure on |C|. Let us
denote it |C|*()). If, for the link of each cell in the CAT(0) structure on
|W/|, the length of the shortest closed geodesic is strictly greater than 2,
then for sufficiently small values of A, |[W|*()) will be CAT(—1) (and hence,
W will be word hyperbolic). If this is the case, then the proof of Theorem 11.1
shows that |C|*(A) is also CAT(—1). In [M] Moussong determined exactly
when this holds. His condition is that for each subset J of I neither of the
following occur:

a) W; is of affine type, with Card (J) > 3,

b) W, is a direct product W;, x W;, where both J; and J; are infinite.
Thus, if neither condition holds, then |C} can be given a CAT(—1) structure.
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1. Outline

For a finitely generated Coxeter group I, its virtual cohomological dimension
over a (non-zero, associative) ring R, denoted vcdgI, is finite and has been
described [8,1,11,13]. In [8], M. Davis introduced a contractible I'-simplicial
complex with finite stabilisers. The dimension of such a complex gives an
upper bound for vedgI'. In [1], M. Bestvina gave an algorithm for constructing
an R-acyclic I'-simplicial complex with finite stabilisers of dimension exactly
vedgl, for R the integers or a prime field; he used this to exhibit a group
whose cohomological dimension over the integers is finite but strictly greater
than its cohomological dimension over the rationals. For the same rings, and
for right-angled Coxeter groups, J. Harlander and H. Meinert [13] have shown
that vedzI' is determined by the local structure of Davis’ complex and that
Davis’ construction can be generalised to graph products of finite groups.

Our contribution splits into three parts. Firstly, Davis’ complex may be de-
fined for infinitely generated Coxeter groups (and infinite graph products of
finite groups). We determine which such groups I' have finite virtual cohomo-
logical dimension over the integers, and give partial information concerning
vedz'. We discuss a form of Poincaré duality for simplicial complexes that
are like manifolds from the point of view of R-homology, and give conditions
for a (finite-index subgroup of a) Coxeter group to be a Poincaré duality
group over R. We give three classes of examples: we recover Bestvina’s ex-
amples (and give more information about their cohomology); we exhibit a
group whose virtual cohomological dimension over the integers is finite but
strictly greater than its virtual cohomological dimension over any field; we
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exhibit a torsion-free rational Poincaré duality group which is not an integral
Poincaré duality group.

Secondly, we discuss presentations for torsion-free subgroups of low index in
right-angled Coxeter groups. In some cases (depending on the local structure
of Davis’ complex) we determine the minimum number of generators for any
torsion-free normal subgroup of minimal index. Using the computer package
GAP [17] we find good presentations for one of Bestvina’s examples, where
‘good’ means having as few generators and relations as possible.

Finally, we give an 8-generator 12-relator presentation of a group A and a
construction of A as a tower of amalgamated free products, which allows us to
describe a good CW-structure for an Eilenberg-Mac Lane space K(A, 1) and
explicitly show that A has cohomological dimension three over the integers
and cohomological dimension two over the rationals. (In fact A is isomorphic
to a finite-index subgroup of a Coxeter group, but our proofs do not rely on
this.) The starting point of the work contained in this paper was the desire
to see an explicit Eilenberg-Mac Lane space for an example like A.

2. Introduction

A Cozeter system (I',V) is a group I and a set of generators V for I such
that ' has a presentation of the form

I=(V| (vw)m(v’m =1 (v,weV)),

where m(v,v) = 1, and if v # w then m(v, w) = m(w, v) is either an integer
greater than or equal to 2, or is infinity (in which case this relation has no
significance and may be omitted). Note that we do not require that V should
be finite. The group I is called a Cozeter group, and in the special case when
each m{v,w) is either 1, 2 or oo, I is called a right-angled Cozeter group.

Remark. Let (I, V) be a Coxeter system, and let m: V x V — NU{oo} be
the function occurring in the Coxeter presentation for I'. If W is any subset
of V and A the subgroup of I' generated by W, then it may be shown that
(A, W) is a Coxeter system, with my being the restriction of my to W x W
[5]. The function m is determined by (T', V) because m(v,w) is the order of
vw (which is half the order of the subgroup of I' generated by v and w).

Definition. A graph is a 1-dimensional simplicial complex (i.e., our graphs
contain no loops or multiple edges). A labelled graph is a graph with a function
from its edge set to a set of ‘labels’. A morphism of graphs is a simplicial map
which does not collapse any edges. A morphism of labelled graphs is a graph
morphism such that the image of each edge is an edge having the same label.
A colouring of a graph X is a function from its vertex set to a set of ‘colours’
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such that the two ends of any edge have different images. Colourings of a
graph X with colour set C are in 1-1-correspondence with graph morphisms
from X to the complete graph with vertex set C.

Definition. For a Coxeter system (I, V), the simplicial complex K (I, V) is
defined to have as n-simplices the (n + 1)-element subsets of V' that generate
finite subgroups of I'. Note that our K (T, V) is Davis’ Ky(T,V) in [8]. The
graph K*(I', V) is by definition the 1-skeleton of this complex. The graph
K(T', V) has a labelling with labels the integers greater than or equal to 2,
which takes the edge {v, w} to m(v,w). This labelled graph is different from,
but carries the same information as, the Coxeter diagram. The labelled graph
K'(T, V) determines the Coxeter system (I, V') up to isomorphism, and any
graph labelled by the integers greater than or equal to 2 may arise in this
way. A morphism of labelled graphs from K'(T,V) to K'(A, W) gives rise
to a group homomorphism from I' to A.

Call a subgroup of T special if it is generated by a (possibly empty) subset
of V. Thus the simplices of K(I',V) are in bijective correspondence with
the non-trivial finite special subgroups of . Let D(T,V) be the simplicial
complex associated to the poset of (left) cosets of finite special subgroups
of I'. By construction ' acts on D, and the stabiliser of each simplex is
conjugate to a finite special subgroup of . In [8], Davis showed that D(T', V)
is contractible if V' is finite, and the general case follows easily (for example
because any cycle (resp. based loop) in D(T, V) is contained in a subcomplex
isomorphic to D((V"), V') for some finite subset V"’ of V, so a fortiori bounds
(resp. bounds a disc) in D(T, V')). Note that K (I, V) is finite-dimensional if
and only if D(T, V) is, and in this case the dimension of D(T', V) is one more
than the dimension of K (I, V).

A graph product T of finite groups in the sense of E. R. Green [12] is the
quotient of the free product of a family {G, | v € V'} of finite groups by the
normal subgroup generated by the sets {[g,h] | ¢ € G,, h € G,} for some
pairs v # w of elements of V. A graph product of groups of order two is a
right-angled Coxeter group. If a special subgroup of a graph product is defined
to be a subgroup generated by some subset of the given family of finite groups,
then the above definitions of K(T',V) and D(T,V) go through unchanged.
In [13] it is proved that for a graph product of finite groups, D(I,V) is
contractible. (As in [8] only the case when V is finite is considered, but the
general case follows easily.) The group algebra for a graph product ZTI is
isomorphic to the quotient of the ring coproduct of the ZG, by relations that
ensure that the pairs ZG, and ZG,, generate their tensor product whenever
G, and G, commute. Theorem 4.1 of [11] is a result for algebras formed
in this way which in the case of the group algebra of a graph product is
equivalent to the acyclicity of D(T, V).



On subgroups of Coxeter groups 127

3. Virtual cohomology of Coxeter groups

Henceforth we shall make use of the abbreviations ved and cd to denote
the phrases ‘virtual cohomological dimension’and ‘cohomological dimension’,
respectively, and when no ring is specified, these dimensions are understood
to be over the ring of integers.

Theorem 1. The Cozeter group T has finite ved if and only if there is a
labelled graph morphism from K'(T',V) to some finite labelled graph.

Proof The complex K = K(I',V) has simplices of arbitrarily large dimen-
sion if and only if V contains arbitrarily large finite subsets generating finite
subgroups of I'. In this case I cannot have a torsion-free subgroup of finite
index, and there can be no graph morphism from K® to any finite graph.
Thus we may assume that K and hence also D are finite-dimensional. Any
torsion-free subgroup of I acts freely on D, and so it remains to show that if
D is finite-dimensional then there is a labelled graph morphism from K* to
a finite graph if and only if I" has a finite-index torsion-free subgroup.

As remarked above, a morphism from K'(T', V) to K'(A, W) gives rise to a
group homomorphism from I" to A in an obvious way. Moreover, if v, v’ have
product of order m(v,v'), then so do their images in W, because the edge
{v,v'} and its image in K*(A, W) are both labelled by m(v,v'). Now if V' is
a finite subset of V generating a finite subgroup of I', and W' is its image in
W, then it follows that (V') and (W') have identical Coxeter presentations, so
are isomorphic. Thus a morphism from K*(T', V) to K*'(A, W) gives rise to a
homomorphism from I" to A which is injective on every finite special subgroup
of I'. Now suppose that there is a morphism from K' (T, V) to K'(A, W) for
some finite W. The finitely generated Coxeter group A has a finite-index
torsion-free subgroup A,, so let I'; be the inverse image of this subgroup in
I'. Since I'; intersects any conjugate of any finite special subgroup trivially,
it follows that T, acts freely on D(T', V) and is torsion-free.

Conversely, if I has a finite-index torsion-free subgroup I';, which we may
assume to be normal, let @ be the quotient I'/T';, and build a labelled graph
X with vertices the elements of ¢ of order two and all possible edges between
them. Label the edge {q, ¢'} by the order of q¢'. Now the homomorphism from
I" onto @ induces a simplicial map from K*'(T', V) to X which is a labelled
graph morphism because if vv' has finite order then its image in @ has the
same order.

Remarks. 1) If we are interested only in right-angled Coxeter groups then
all the edges of K' have the same label, 2, and we may replace the condition
that there is a morphism from K* to a finite labelled graph by the equivalent
condition that K! admits a finite colouring. The above proof can be simplified
slightly in this case, because the right-angled Coxeter group corresponding
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to a finite complete graph is a finite direct product of cyclic groups of order
two.

2) An easy modification of the proof of Theorem 1 shows that a graph product
' of finite groups has finite ved if and only if there are only finitely many
isomorphism types among the vertex groups G,, and the graph K'(T,V)
admits a finite colouring.

3) Let (I', V) be the Coxeter system corresponding to the complete graph
on an infinite set, where each edge is labelled n for some fixed n > 3. Then
K (T, V) is one-dimensional (since the Coxeter group on three generators such
that the product of any two has order n is infinite), I' has an action on a
2-dimensional contractible complex with stabilisers of orders 1, 2, and 2n,
but by the above theorem I does not have finite ved. Similarly, if we take a
triangle-free graph which cannot be finitely coloured, then the corresponding
right-angled Coxeter group acts on a contractible 2-dimensional complex with
stabilisers of orders 1, 2, and 4, but does not have finite ved. In contrast, any
group acting on a tree with finite stabilisers of bounded order has finite ved;
see for example [10], Theorem 1.7.4.

If a Coxeter group I has finite ved then D(T', V) is finite-dimensional and the
dimension of D gives an upper bound for vedI'. Parts a) and c) of the follow-
ing theorem determine when this upper bound is attained. The information
concerning the right I'-module structure on various cohomology groups will
be used only during the construction (in example 3 of the next section) of
a torsion-free rational Poincaré duality group that is not a Poincaré duality
group over the integers. To avoid cluttering the statement unnecessarily we
first give some definitions that are used in it.

Definition. For a Coxeter system (I, V) and an abelian group A, let A° de-
note the I’-bimodule with underlying additive group A and I'-actions given by
va = av = —a for all v € V. This does define compatible actions of I" because
each of the relators in the Coxeter presentation for I' has even length as a
word in V. For a I'-module M, let M, denote the underlying abelian group.
For a simplicial complex D, let C,(D) denote the simplicial chain complex
of D, let C}(D) denote the augmented simplicial chain complex (having a
—1-simplex equal to the boundary of every 0-simplex) and let H*(D; A) de-
note the reduced cohomology of D with coefficients in A, i.e., the homology
of the cochain complex Hom(C} (D), A). All our I'-modules (in particular, all
our chain complexes of I-modules) are left modules unless otherwise stated.

Theorem 2. Let (I, V) be a Cozeter system such that T has finite ved,
let K = K(T,V) have dimension n (which implies that vedT' < n+ 1), let
D = D(T,V), let T, be a finite-indez torsion-free subgroup of I', and let A be
an abelian group containing no elements of order two. Then

a) For any T, -module M, H*'(T'y; M) is a quotient of a finite direct sum of
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copies of H™(K; M,).
b) For each j, there is an isomorphism of right T -modules as follows.

H¥**'Homr(C, (D), A°) = HY(K; A)°

¢) The right T'-module H**(T'; AT) (which is isomorphic to H**'(Ty; AT,) as
a right T,-module) admits a surjective homomorphism onto H"(K; A)°.

d) If multiplication by the order of each finite special subgroup of T induces
an isomorphism of A, then for each j the right T'-modules H**'(T'; A°) and
HI(K; A)° are isomorphic.

Proof Let K’ be the simplicial complex associated to the poset of non-trivial
finite special subgroups of I', so that K’ is the barycentric subdivision of K.
Let D' be the complex associated to the poset of cosets of non-trivial finite
special subgroups of I'. Then D' is a subcomplex of D, and consists of all
the simplices of D whose stabiliser is non-trivial. We obtain a short exact
sequence of chain complexes of ZI'-modules

0— C,(D") = C,(D) — C.(D,D") -0, (%)

such that for each n the corresponding short exact sequence of ZI'-modules
is split.
There is a chain complex isomorphism as shown below.

C.(D,D") 2 ZT ®, CF_ (K"

Topologically this is because the quotient semi-simplicial complex D/D' is
isomorphic to a wedge of copies of the suspension of K’, with I' acting by
permuting the copies freely and transitively. More explicitly, one may identify
m-simplices of D with equivalence classes of (m + 2)-tuples (v, Vj,...,Va),
where V; C -+ C V,,, are subsets of V' generating finite subgroups of I, v is
an element of I', and two such expressions (v, V;,...,V,.) and (v, V{,...,V})
are equivalent if V; = V/ for all ¢ and the cosets v(V;) and ¥'(V;) are equal.
A map from C,(D) to ZI' ®; C}_,(K') may be defined by

0 if Vo #0,

N N .
Vo ) {7®(%,...,Vm) if Vo = 0,

and it may be checked that this is a surjective chain map with kernel C,(D’).
The claim of part a) now follows easily. Applying Homr, (-, M) to the se-
quence (x) and taking the cohomology long exact sequence for this short exact
sequence of cochain complexes, one obtains the following sequence.

H"*'Homy, (C.(D, D'), M) — H**'Homr, (C.(D),M) = 0
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Now H™*'Homy, (C.(D), M) = H**'(I';; M), and there is a chain of isomor-
phisms as below.

H™'Homy, (C,(D, D'), M) & H"Homr, (Z[' ® C}(K'), M)
= P H*Hom(C/(K"), M,)
r/Ty
=~ P HMK; M,)

/Ty

To prove b), note that since A has no elements of order two, there are no
non-trivial '-module homomorphisms from the permutation module ZI'/{V")
to A° for any non-empty subset V' of V. Hence applying Homr( -, A°) to
the sequence (*) one obtains an isomorphism of cochain complexes of right
[-modules

Hom (C,(D), A°) & Homy(C, (D, D), A°).

Taking homology gives the following chain of isomorphisms.

H**'"Homgr(C.(D), A°) 2 H*'Homgr(C.(D, D'), A°)
& HiHomgr(ZT ® CH(K'), A°)
= H'Homg(C(K'), A°)
= HI(K; Ay

Now d) follows easily. Let R be the subring of Q@ generated by the inverses of
the orders of the finite special subgroups of I'. Now Hompzr (R ® C.(D), A°)
is isomorphic to Homz(C, (D), A°), and R® C,(D) is a projective resolution
for R over RT, so d) follows from b).

For ¢), note that there is an equivalence of functors (defined on I'-modules)
between Homp( -, AT') and Homy, (-, AT',). In particular, H*(I';; A';) and
H*(T; AT') are both isomorphic to the homology of the cochain complex
Homr(C.(D), AL).

There is a [-bimodule map ¢ from AT to A° sending a.w to (—1)'a, where
w is any element of I" representable by a word of length { in the elements of
V. Consider the following commutative diagram of cochain complexes, where
the vertical maps are induced by ¢:

Homr(C*(D), AF) — Homr(C*(D, D'), AF)

4 4
Hom(C.(D), A°) — Homc(C.(D, D'), A°).

The horizontal maps are surjective because C;(D, D') is a direct summand of
C;(D) for each i, and the lower horizontal map is an isomorphism as in the
proof of b). The right-hand vertical map is surjective because C.(D, D) is
ZI-free, and hence the left-hand vertical map is surjective.



On subgroups of Cozeter groups 131

Since each of the cochain complexes is trivial in degrees greater than n + 1,
one obtains a surjection

H""'Hom(C,(D), AT') — H**'Hom(C, (D), A°),
and hence by b) a surjection of right I'-modules
H™'(T; AT,) — H™(K; A)°.

Remark. Parts b) and d) of Theorem 2 do not generalise easily to graph
products of finite groups having finite virtual cohomological dimension, and
we have no application for these statements except in the Coxeter group case.
We outline the generalisation of a) and a weaker version of c¢) below.

The statement and proof of part a) carry over verbatim, and there is a gen-
eralisation of part c). If T is a graph product of finite groups with ! distinct
isomorphism types of vertex group such that the graph K'(I',V) can be
m-coloured, then the graph product version of Theorem 1 implies that I" ad-
mits a finite quotient G = G, x --- X G, for some k < Im, where each G,
is isomorphic to a vertex group of I' and each finite special subgroup of ' is
mapped injectively to G with image of the form G;,) x - -+ x Gy, for some
subset {i(1),...,i(5)} of {1,...,k}. Now for 1 < <k, let z; € ZG be the
sum of all the elements of G;, and let Z be the ZI'-module defined as the
quotient of ZG by the ideal generated by the z;. This Z is the appropriate
generalisation of Z° to the case of a graph product, because it is a quotient
of ZT of finite Z-rank and contains no non-zero element fixed by any vertex
group. To see this, note that

Z272G /(1) ® @ LG/ (z4),

where T" acts on the ith factor via its quotient G;. Each factor is Z-free,
and the action of G; on ZG,/(z;) has no fixed points, because for example
C® (ZG;/(z;)) does not contain the trivial CG;-module.

The arguments used in the proof of Theorem 2 may be adapted to prove a
statement like that of part b) for the module Z, namely that for any j,

H#*'Hom(C,(D), Z) = H(K; Z,).

From this it may be deduced that if I, is a torsion-free finite-index subgroup
of T, then H™'([';ZT,) admits A™(K; Z,) as a quotient. A similar result
could then be deduced for any torsion-free abelian group A. A similar result
could also be proved for A an F,-vector space, for p a prime not dividing the
order of any of the vertex groups, by using the fact that F,G is semisimple
to deduce that F, ® Z has no fixed points for the action of any G,.
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Corollary 3. If (I,V) is a finite Cozeter system such that the topologi-
cal realisation |K| of K = K(I',V) is the closure of a subspace which is a
connected n-manifold, then for any finite-index torsion-free subgroup 'y of T,

H™Y(T,;2T,) = A™(K;Z).

Proof We shall apply the condition on |K]| in the following equivalent form:
Every simplex of the barycentric subdivision K’ of K is contained in an
n-simplex, and any two n-simplices of K’ may be joined by a path consisting
of alternate n-simplices and (n — 1)-simplices, each (n — 1)-simplex being a
face of its two neighbours in the path and of no other n-simplex. It suffices
to show that under this hypothesis, H"*'(T'}; ZT,) is a cyclic group, because
by Theorem 2 it admits H"(K;Z) as a quotient and has the same exponent
as H™(K; 7).

Recall the description of the m-simplices of D = D(I', V) as (m+2)-tuples as
in the proof of Theorem 2. The boundary of the simplex o = (v, Vg, ..., Vy)
is given by

m

d(a) = Z(—l)‘(’)l’ ‘/01 DR} ‘/i—ly ‘/i+11 ey Vm)1

=0
and the action of I" by
Yo=0"vVe. .., V)

The stabiliser of o is ¥{V;)y~!. In the case when m = n + 1, V; must be a
subset of V of cardinality ¢, and o is therefore in a free I'-orbit. For ¢ an
(n + 1)-simplex, define f, € Homp(Cpry1(D), ZT') by the equations

fo(o) = {7

0 otherwise.

'

if 0’ = v'o for some v € ZT,

The f, form a Z-basis for Homp(C,, (D), ZT'), so it suffices to show that for
each o and o', f, + f, is a coboundary.
From now on we shall fix ¢ = (v,V,..., Vp41), and show that f, + f,/ is a
coboundary for various choices of o’. If

G" = (71 ‘/01 AR ‘/i—lv i,’ ‘/i+11 crt Vn+1)

for some 7 > 0, let T be the n-simplex (v, Vg, ..., Vie1, Vieay - -+, Vaya ). There
are exactly two i-element subsets of V,;, containing V;_,, so ¢ and ¢’ are the
only (n + 1)-simplices of D having 7 as a face. Defining f. in the same way
as f, and f,» (which we can do because 7 is in a free I'-orbit), we see that
the coboundary of f, is (=1)(f, + f,).

If o' = (v, W,,...,W,p), take a path in K’, of the form guaranteed by the
hypothesis, joining the simplices (V;,...,V,1) and (W,,...,W,,,), and use
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this to make a similar path of (n + 1)- and n-simplices between ¢ and o',
and use induction on the length of this path to reduce to the case considered
above.

It will suffice now to consider the case when ¢ = (vy,Vs,...,Vuy1). By
induction on the length of 7' as a word in V, it suffices to consider the case
when 7' = v. Using the cases done above and the fact that {v} is a vertex
of some n-simplex of K', we may assume that V; = {v}. Now the n-simplex
7 = (7, Vi,-..,Vop) of D is a face of only o and o’. The simplex 7 has
stabiliser in T' the subgroup vy(v)77!, so we may define

, Yyl + o)yt if =7,
g9-(7') = ,
0 otherwise.
It is easy to check that d(g,) = f,+ f,, using the fact that f,.(y'c) = y'yvy~ .

In the same vein we have the following.

Proposition 4. If (T', V) is a finite Cozeter system such that the topological
realisation |K| of K = K(I', V) is the closure of a subspace which is a con-
nected n-manifold, and T, s a finite-index torsion-free subgroup of T', then
the topological space |D(T',V)|/Ty (which is an Eilenberg-Mac Lane space for
'y ) is homeomorphic to a CW-complez with exactly one (n + 1)-cell.

Proof We shall give only a sketch. The complex D(T", V') /T, consists of copies
of the cone on K (I', V)’ indexed by the cosets of T, in I', where each n-simplex
not containing a cone point is a face of exactly two (n + 1)-simplices. (The
simplex (T',7, V4, ..., Va11), where V; = {v}, is a face of (I'17,0, V4, ..., Vap1)
and (T;7v,0,V,,...,Vas).) By hypothesis and this observation there exists
a tree whose vertices consist of all the (n + 1)-simplices of D(I',V)/T', and
whose edges are n-simplices of D(I',V')/T', which are faces of exactly two
(n + 1)-simplices. The ends of an edge of the tree are of course the two
(n + 1)-simplices containing it. The union of the (topological realisations of
the) open simplices of such a tree is homeomorphic to an open (n + 1)-cell.
The required CW-complex has n-skeleton the simplices of D(I', V)/T'; not in
the tree, with a single (n + 1)-cell whose interior consists of the union of the
open simplices of the tree.

Remark. The condition on K(I',V) occurring in the statements of Corol-
lary 3 and Proposition 4 is equivalent to ‘K(I',V) is a pseudo-manifold’ in
the sense of [15]. Neither Corollary 3 nor Proposition 4 has a good analogue
for graph products, because both rely on the fact that the n-simplices of
D(T', V) in non-free T-orbits are faces of exactly two (n + 1)-simplices.

In Theorem 5 we summarize a version of Poincaré duality for simplicial com-
plexes that look like manifolds from the point of view of E-homology for a
commutative ring R. Our treatment is an extension of that of J. R. Munkres
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book [15], which covers the case when R = Z. We also generalise the account
in [15] by allowing a group to act on our ‘manifolds’. The proofs are very
similar to those in [15] however, so we shall only sketch them here.

Definition. Let R be a commutative ring. An R-homology n-manifold is
a locally finite simplicial complex L such that the link of every i-simplex
of L has the same R-homology as an (n — ¢ — 1)-sphere, where a sphere
of negative dimension is empty. From this definition it follows that L is
an n-dimensional complex, and that every (n — 1)-simplex of L is a face
of exactly two n-simplices. Thus (the topological realisation of) every open
(n — 1)-simplex of L has an open neighbourhood in |L| homeomorphic to a
ball in R*. Say that L is orientable if the n-simplices of L may be oriented
consistently across every (n — 1)-simplex. Call such a choice of orientations
for the n-simplices an orientation for L. If L is connected and orientable
then a choice of orientation for one of the n-simplices of L, together with the
consistency condition, determines a unique orientation for L. In particular,
a connected L has either two or zero orientations, and a simply connected L
has two.

For any locally finite simplicial complex L, the cohomology with compact
supports of L with coefficients in R, written H!(L; R), is the cohomology of
the subcomplex of the R-valued simplicial cochains on L consisting of the
functions which vanish on all but finitely many simplices of L. (This graded
R-submodule may be defined for any L, but is a subcomplex only when L is
locally finite.)

Theorem 5. Fiz a commutative ring R, and let L be a connected R-homology
n-manifold. Let T be a group acting freely and simplicially on L. If L is
orientable, let R° stand for the right RI'-module upon which an element v of
I acts as multiplication by —1 if it exchanges the two orientations of L and as
the identity if it preserves the orientations of L. If R has characteristic two,
let R° be R with the trivial right I'-action. Then if either L is orientable or R
has characteristic two, there is for each i an isomorphism of right RI"-modules

HY{(L;R) ® R° = H,_i(L; R).

Proof The statements and proofs contained in sections 63-65 of [15] hold
for R-homology manifolds provided that all of the (co)chain complexes and
(co)homology are taken with coefficients in R. For each simplex o of L, one
defines the dual block D(o) and its boundary exactly as in section 64 of [15].
From the point of view of R-homology, the dual block to an i-simplex of L
looks like an (n — )-cell, and its boundary looks like the boundary of an
(n — i)-cell. Thus as in Theorem 64.1 of [15], the homology of the dual block
complex D,(L; R) is isomorphic to the R-homology of L. There is a natural
bijection between the dual blocks of L and the simplices of L. This is clearly
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preserved by the action of I'. Each choice of orientation on L gives rise to
homomorphisms

¥:D, i(L;R)®rCi(L;R) = R

which behave well with respect to the boundary maps, and have the property
that for any simplex o with dual block D(c), and simplex ¢/, ¥(D(0)® ') =
+1 if 0 = o', and 0 otherwise. This allows one to identify D,_.(L; R) with
C*(L; R). With the diagonal action of I" on D,_;(L; R) ® Ci(L; R), ¥ is not
I'-equivariant, but gives rise to a I'-equivariant map

¥ : D, i(L; R) ®, Ci(L; R) — R°,
and hence an RI'-isomorphism between D,_.(L; R) and C*(L; R) ® R°.

Remark. The referee pointed out that the sheaf-theoretic proof of Poincaré
duality in G. E. Bredon’s book ([3], 207-211) also affords a proof of Theo-
rem 9.

Corollary 6. Let R be a commutative ring and let L be a contractible
R-homology n-manifold. Let T be a group and assume that I' admits a free
simplicial action on L with finitely many orbits of simplices. Then T’ is a
Poincaré duality group of dimension n over R, with orientation module the
module R° defined in the statement of Theorem 5. The same resull holds if
L is assumed only to be orientable and R-acyclic rather than coniractible.

Proof The simplicial R-chain complex for L is a finite free RT-resolution for
R, and hence T" is FP over R. Since L has only finitely many I'-orbits of
simplices, the cochain complexes (of right RT'-modules)

Hompgr(C.(L), RT) and C:(L;R)

are isomorphic. Hence by Theorem 5, the graded right RT-module H*(T; RT")
is isomorphic to R° concentrated in degree n. Thus I" satisfies condition d)
of Definition V.3.3 of [10] and is a Poincaré duality group over R as claimed.

Corollary 7. Let (I,V) be a Cozeter system, and let R be a commu-
tative ring. If K(I',V) is an R-homology n-sphere (i.e., K(T,V) is an
R-homology n-manifold and H,(K (T, V); R) is isomorphic to the R-homology
of an n-sphere), then any finite-indez torsion-free subgroup of I' is a Poincaré
duality group over R, of dimension n + 1.

Proof Tt suffices to show that whenever K = K(T',V) is an R-homology
n-sphere, D = D(I',V) is an R-homology (n + 1)-manifold, because then
Corollary 6 may be applied to the free action of the finite-index torsion-free
subgroup of T on D. We shall show that the link of any simplex in D is
isomorphic to either K’ or a suspension (of the correct dimension) of the link



136 W. Dicks, 1.J. Leary

of some simplex in K’. This implies that under the hypothesis on K, the link
of every simplex of D is an R-homology n-sphere.

Let 0 = (v, Vo, .. ., Vin) be an m-simplex of D, and without loss of generality
we assume that v = 1. Then the link of ¢ is the collection of simplices ¢’ of
D having no vertex in common with ¢ but such that the union of the vertex
sets of ¢ and ¢’ is the vertex set of some simplex of D. Thus the link of the
simplex ¢ as above consists of those simplices (v, Uy, ...,U,) of D such that
the finite subsets Us,...,U;, Vo,...,V,, of V are all distinct, generate finite
subgroups of I, and are linearly ordered by inclusion, where ' is an element
of the subgroup I'y of " generated by V,. The link of ¢ decomposes as a join
of pieces corresponding to posets of the three types listed below, where we
adopt the convention that the join of a complex X with an empty complex is
isomorphic to X, and spheres of dimension —1 are empty.

1) The poset of all subsets U of V such that (U) is finite and U properly
contains V,,. This is isomorphic to the poset of faces of the link in K’ of any
simplex of K’ of dimension |V,,| — 1 of the form (V/,...,V},...,V.,), where
m' = |V,| and V!, = V,,. By the hypothesis on K, this is an R-homology
sphere of dimension n — |V,,].

2) For each i such that 0 < i < m, the poset of all subsets of V' properly
containing V; and properly contained in V;,,. This is isomorphic to the poset
of faces of the boundary of a simplex with vertex set V,,; — V;, so is a trian-
gulation of a sphere of dimension |V,,| — |V;| — 2.

3) The poset of all cosets in I'y of proper special subgroups of (T'y, V5). (Recall
that we defined T, = (V;).) This is a triangulation of a sphere of dimension
|Vo| — 1 on which the group T’y acts with each v € V; acting as a reflection in
a hyperplane (see [5], 1.5, especially I.5H).

The link of the m-simplex o consists of a join of one piece of type 1), m pieces
of type 2), and one piece of type 3). All of these are spheres except that the
piece of type 1) is only an R-homology sphere. It follows that the link of ¢ is
an R-homology sphere, whose dimension is equal to the sum

(=|Val) + 1+ (Vi = Vit = 2) + 1+ ---
H1+H(Va| = [Vi] = 2) + 1+ (Vi = [Vo = 2) + 1+ (Vo - 1) =n —m.

This sum is obtained from the fact that the dimension of the join of two
simplicial complexes is equal to the sum of their dimensions plus one, which
is correct in all cases, provided that the empty complex is deemed to have
dimension equal to —1.

Remarks. 1) Theorem 10 may also be used to prove Corollary 7.

2) A Z-homology sphere is a generalised homology sphere in the sense of [8].
Davis shows that if (T', V) is a Coxeter group such that K (I, V) is a manifold
and a Z-homology sphere, then I' acts on an acyclic manifold with finite
stabilisers (see Sections 12 and 17 of [8]).
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4. Unusual cohomological behaviour

Not every simplicial complex may be K (T, V) for some Coxeter system (T, V);
for example the 2-skeleton of a 6-simplex cannot occur. To see this, note that
any labelling of the edges of a 6-simplex by the labelling set {red, blue} that
contains no red triangle must contain a vertex incident with at least three
blue edges. Now recall that the Coxeter group corresponding to a labelled
triangle can be finite only if one of the edges has label two. Writing the
integer two in blue, and other integers in red, one sees that any 7-generator
Coxeter group with all 3-generator special subgroups finite has a 3-generator
special subgroup which commutes with a fourth member of the generating
set.

A condition equivalent to a complex K being equal to K(I',V) for some
right-angled Coxeter system (I',V) is that whenever K contains all possi-
ble edges between a finite set of vertices, this set should be the vertex set
of some simplex of K. Complexes satisfying this condition are called ‘full
simplicial complexes’ or ‘flag complexes’ [1], [5]. The barycentric subdivi-
sion of any complex satisfies this condition. The barycentric subdivision of
an n-dimensional complex admits a colouring with n + 1 colours, where the
barycentre & of an i-simplex o is given the colour i € {0,...,n}. This proves
the following (see 11.3 of [8]).

Proposition 8. The barycentric subdivision of any n-dimensional simplicial
complez is isomorphic to K (I', V') for some right-angled Cozeter system (I', V)
such that vedD is finite.

0
We refer the reader to [14] for a statement of the universal coefficient theorem
and a calculation of the Ext-groups arising in the following examples.

Example 1 (Bestvina). (A group of finite cohomological dimension over
the integers whose rational cohomological dimension is strictly less than its
integral cohomological dimension.) Let X be the space obtained by attaching
a disc to a circle by wrapping its edge around the circle n times, so that
H,(X)=Z/(n) and H,(X) = 0. Now let (I', V) be any Coxeter system such
that K(T', V) is a triangulation of X. The generating set V will be finite since
X is compact, so any such I' will have finite ved. Now if I'; is a finite-index
torsion-free subgroup of I', ¢dI'; is at most 3, and for any ZI';-module M,
H3(T';; M) is a quotient of a finite sum of copies of H?(X; M,), which is in
turn isomorphic to Ext(Z/(n), M,) by the universal coefficient theorem. In
particular, nH3(I';; M) = 0 for any M, and H3(T';; ZI',) = Ext(Z/(n),Z) =
Z/(n) by Corollary 3. Note that the methods used by Bestvina [1] and by
Harlander and Meinert [13] seem to show only that H3(I';;ZI';) contains
elements of order p for each prime p dividing n, whereas our argument gives
elements of order exactly n.
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Example 2. (A group whose cohomological dimension over the integers is
finite but strictly greater than its cohomological dimension over any field.)
Let X be a 2-dimensional CW-complex with H;(X) 2 Q and H,(X) = 0,
for example X could be an Eilenberg-Mac Lane space K(Q,1) built from a
sequence C;,Cs,... of cylinders, where the end of the ¢th cylinder is attached
to the start of the (¢ + 1)st cylinder by a map of degree i. Now let (I',V)
be a Coxeter system such that K(I', V) is a 2-dimensional simplicial complex
homotopy equivalent to X, and I has finite ved. We shall show that vedI” = 3,
and that for any field F, vedgl’ = 2. Let I'; be a finite-index torsion-free
subgroup of I'. Then cdl'; is at most 3, and for any M, H3(I';; M) is a
quotient of a finite sum of copies of H*(X; M,) = Ext(Q, M,). If M is an
FT;-module for F a field of non-zero characteristic p, then Ext(Q, M,) is an
abelian group which is both divisible and annihilated by p, so is trivial. If M
is an FT';-module for F a field of characteristic zero, then M, is a divisible
abelian group, so is Z-injective, and so once again Ext(Q,M,) = 0. On
the other hand, H?(T';; ZT";) is non-zero, because it admits Ext(Q,Z) as a
quotient, and Ext(Q, Z) is a Q-vector space of uncountable dimension.

The group I'; requires infinitely many generators, but a 2-generator exam-
ple may be constructed from I'; using an embedding theorem of Higman
Neumann and Neumann ([16], Theorem 6.4.7). They show that any count-
able group G may be embedded in a 2-generator group G constructed as an
HNN-extension with base group the free product of G and a free group of rank
two, and associated subgroups free of infinite rank. An easy Mayer-Vietoris
argument shows that for any ring R,

cdgG < cdgG < max{2, cdgG}.

Thus f‘l is a 2-generator group with cdf‘l = 3 but Cdpi:‘l = 2 for any field
F. We do not know whether there is a finitely presented group with this
property, but the referee showed us the following Proposition (see also [2],
9.12).

Proposition 9. Let G be a group of type FP. Then there is a prime field
F such that cdeG = cdG.

Proof Recall that if G is of type F P, then for any ring R, cdzG is equal to
the maximum n such that H"(G; RG) is non-zero, and that if cdG = n, then
for any R, H"(G; RG) is isomorphic to H*(G;ZG) ® R ([4], p199-203). Let
M stand for H*(G; ZG), where n = ¢dG. Since Homg(P, ZG) is a finitely
generated right ZG-module for any finitely generated projective P, it follows
that M is a finitely generated right ZG-module.

If M ®@F, is non-zero for some prime p we may take F = F,. If not, then M
is divisible and hence, as an abelian group, M is a direct sum of a number
of copies of Q and a divisible torsion group ([16], Theorem 4.1.5). If M ® Q
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is non-zero then we may take F = Q. It remains to show that M cannot
be a divisible torsion abelian group. Suppose that this is the case, and let
my,...,m, be a generating set for M as a right ZG-module. If N is the
least common multiple of the additive orders of the elements m,,...,m,,
multiplication by N annihilates M, contradicting the divisibility of M.

Example 3. (A torsion-free rational Poincaré duality group of dimension
four which is not an integral Poincaré duality group.) Fix an odd prime g,
and let X be a lens space with fundamental group of order ¢, i.e., X is a
quotient of the 3-sphere by a free linear action of the cyclic group of order q.
It is easy to see that X is triangulable. The homology groups of X are (in
ascending order) Z, Z/(g), {0} and Z. From the universal coefficient theorem
it is easy to see that X has the same R-homology as the 3-sphere for any
commutative ring R in which ¢ is a unit. Now let (I', V) be a right-angled
Coxeter system such that K(I',V) is a triangulation of X. By Corollary 7,
any finite-index torsion-free subgroup I'; of ' is a Poincaré duality group of
dimension four over any R in which ¢ is a unit.

We claim however, that T'; is not a Poincaré duality group (or PD-group for
short) over the field F,, which implies that it cannot be a PD-group over the
integers. Since all finite subgroups of I' have order a power of two and g is
an odd prime, it follows from Theorem V.5.5 of [10] that I'; is a PD-group
over I, if and only if I is. We shall assume that I" is a PD-group over I, and
obtain a contradiction.

Firstly, note that the F,-cohomology groups H®,... , H® of X are all isomor-
phic to F,. Now it follows from Theorem 2 part c) that the right I-module
HY(T; F,I") admits F; (as defined just above the statement of Theorem 2) as
a quotient. Thus I has cohomological dimension four over F,, and if I' is a
PD-group over F,, its orientation module must be F;. In particular, for any
F,[-module M, there should be an isomorphism for each ¢

H(T; M) = Ext} (F,, M) 2 Tor}(F:, M).

1

Now let M be the I-bimodule F;, viewed as a left F,['-module. There is an
F,-algebra automorphism ¢ of F,I" defined by ¢(v) = —wv for each v € V,
because the relators in I have even length as words in V. The I'-bimodule
obtained from F; by letting F,I" act via ¢ is the trivial bimodule F,. Thus
for each i, ¢ induces an isomorphism

Tor™*" (B, ;) = Tor™*" (F,, F,).

(Here we are viewing the bimodules as left modules when they appear as the
right-hand argument in Tor, and as right modules when they appear as the
left-hand argument.) Putting this together with the isomorphism obtained
earlier, it follows that if I" is a PD-group over F,, then for each ¢,

HY(T;F;) = Exty . (F,,F;) = Tor,}(F,, F,) = His([; F,). (%)
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The cohomology groups H°,..., H* of T with coefficients in I} are calculated
in Theorem 2 part d); as vector spaces over F, they have dimensions 0, 0, 1,
1, and 1 respectively. We claim now that any finitely generated right-angled
Coxeter group is F,-acyclic, i.e., its homology with coefficients in the trivial
module F, is 1-dimensional and concentrated in degree zero. This leads to
a contradiction because given the claim, the isomorphism (*) for i = 2 or 3
is between a 1-dimensional vector space and a 0-dimensional vector space.
The claim follows from Theorem 4.11 of [9], which is proved using an elegant
spectral sequence argument. It is also possible to provide a direct proof by
induction on the number of generators using the fact (see [6] or [12]) that a
finitely generated right-angled Coxeter group which is not a finite 2-group is
a free product with amalgamation of two of its proper special subgroups, and
applying the Mayer-Vietoris sequence.

Remarks. 1) Note that the only properties of the space X used in Example
3 are that X be a compact manifold which is triangulable (in the weak sense
that it is homeomorphic to the realisation of some simplicial complex), and
that for some rings R, X be an R-homology sphere, but that there be a
prime field F, for ¢ # 2 such that X is not an F,-homology sphere. These
examples show that being a GD-group over R (in the sense of [10], V.3.8) is
not equivalent to being a PD-group over R.

2) If T is a Coxeter group such that K(I', V) is a triangulation of 3-dimensional
real projective space, then Corollary 7 shows that any torsion-free finite-index
subgroup of I" is a PD-group over any R in which 2 is a unit. The methods
used above do not show that such a group is not a PD-group over R when
2R # R however. The results of the next section show that this is indeed the
case.

5. Cohomology of Coxeter groups with free coefficients

The results of this section were shown to us by the referee, although we are
responsible for the proofs given here. The main result is Theorem 10, which
computes H*(T, RT") for any Coxeter group I' such that K(I',V) is a (trian-
gulation of a) closed compact oriented manifold. This should be contrasted
with Theorem 2, which applies to any Coxeter group, but gives only partial
information concerning cohomology with free coefficients. Theorem 10 may
be used to prove Corollary 7 and to give an alternative proof of the existence
of Example 3 of the previous section.

Let K be a locally finite simplicial complex, so that the cohomology of K
with compact supports, H!(K) is defined, and suppose that we are given a
sequence

K, DK, DKy D---
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of subcomplexes such that each K is cofinite (i.e., each K; contains all but
finitely many simplices of K), and the intersection of the K;’s is trivial. For
J > 1, the inclusion of the pair (K, K;) in (K, K;) gives a map from H*(K, K;)
to H*(K, K;), and the direct limit is isomorphic to H}(K):

H:(K) = lim(H" (K, K,) - H*(K, K;) > ). ™)

(To see this, it suffices to check that a similar isomorphism holds at the
cochain level.)

Theorem 10. Let R be a ring, let (I',V) be a Cozeter system such that
K(I',V) is a triangulation of a closed compact connected n-manifold X, and
suppose that either X 1is orientable or 2R = 0. Then as right RI'-module, the
cohomology of T' with free coefficients is:

0 fori=0or1,
H!{T,RT)=«¢ H"Y(X;R)®r Rl for2<i<n,
R fori=n<+1.

(Here R° is the I'-module defined above Theorem 2.)

Proof By hypothesis the complex D = D(I', V) is locally finite, and so
H*(T', RT") is isomorphic to H:(D; R). Recall that the complex D may be
built up from a union of a collection of cones on the barycentric subdivision
K' of K(I',V) indexed by the elements of I'. For v € T, let C(v) be the
cone with apex the coset y{1}. In terms of the description of D in the proof
of Theorem 2, C(7) consists of all simplices of D which may be represented
in the form (v, V4, ..., V,,) for some m and subsets V;...,V,, of V. For any
enumeration 1 = ;,%;,7s,... of the elements of I', define subcomplexes E;
and D; of D by
E; = U C()s D; = U C(v)-
i<i i>i

Davis’ original proof that D is contractible [8] uses the following argument.
For W a subset of V, define K,(W) to be the subcomplex of K’ = K(I', V)’
consisting of the simplices having a face in common with K({(W),W)' C
K(T',V) and all of their faces. The simplicial interior, intK,(W), of K,(W)
(i.e., the union of the topological realisations of the open simplices of K,{W)
which are not faces of any simplex of K' — K,(W)) deformation retracts onto
K((W),W) by a linear homotopy. In particular, this interior is contractible
if (W) is finite, and it may also be shown that in this case K, (W) is itself
contractible. In [8] an enumeration of the elements of I is given such that for
each ¢ there exists W C V with (W) a finite subgroup of I', and E; N C(vi41)
is isomorphic to K,(W) C K' by the restriction of the natural isomorphism
C(vi41) & CK'. By induction it follows that each E; is contractible, and
hence that D is.
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Throughout the remainder of the proof fix an enumeration of ' as in the
previous paragraph. From () it follows that

H*(T; RT) 2 H;(D; R) 2 lim(H* (D, D;; R)).

Let F; = D; N E;, which could be thought of as the boundary of E;. By exci-
sion, H*(D, D;; R) is isomorphic to H*(E;, F;; R), and since E; is contractible,
this is in turn isomorphic to the reduced cohomology group H *~1(F; R). So
far we have used none of the conditions on K(I', V) except that V be finite.
The hypothesis that K(I',V) be a closed R-oriented n-manifold is used to
compute the limit of the groups fI*‘l(F,-; R). In effect, F; is a connected sum
of i copies of K'. More precisely, if W; C V is such that E;NC(v,,) & K,(W)),
then Fy,; is obtained from F; — intK,(W;) and K' —intK,(W,) by identifying
the two copies of K,(W;) — intK,(W;). (We defined the simplicial interior
intL of a subcomplex L of K' to be a topological space, but it is easy to see
how to define a subcomplex M — intL of M for any L C M C K'.) Given

our hypotheses on K (I, V), there are equalities
. Hi(K';R) fori#mn,

H/(K'— intK,(W;); R) = { ( ) 7
0 for i = n,

while K, (W;) —int K, (W,) is a homology (n—1)-sphere by Poincaré-Lefschetz
duality for K,(W,). From the usual argument used to compute the cohomol-

ogy of a connected sum and induction it follows that
R fOI‘j =n.

Moreover, the map from H(F;; R) to Hi(Fi,,; R) given by
ﬁj(ﬂ? R) = H*Y(D,D;; R) — H"*'(D, D;y,; R) & ﬁj(Fiﬂ; R)

is the inclusion of the first ¢ direct summands for 7 < n and the identity for
Jj=n.

As a right I'-module, H*'(D;Z) is isomorphic to Z° by Theorem 2c), and
the claim for general R follows by the universal coefficient theorem. To verify
the claimed right I-module structure for H(D; R) for j < n, note that for
each i, the images of D; under translation by each of y;* = 1,...,97! are
contained in D;, and check that the ¢ corresponding maps

H-Y(K';R) = HY(D,D;R)

l

H(D,D;R) = HY(K;R)&---& H~'(K";R)

are the inclusions of the ¢ distinct direct summands.
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Remark. A group G is a PD-group over R if and only if it is of type FP
over R and H*(G; RG) is isomorphic to R concentrated in a single degree. It
follows that if I' is such that K (I", V) satisfies the hypotheses of Theorem 10,
then a finite-index torsion-free subgroup of I is a PD-group over R if and only
if K(T',V) is an R-homology sphere. For example, if K(I',V) is a triangu-
lation of 3-dimensional real projective space, then a finite-index torsion-free
subgroup of I' is a PD-group of dimension four over R if and only if 2R = R.

6. Generating sets for torsion-free subgroups

In this section we shall consider only right-angled Coxeter groups, so (I, V)
shall be a right-angled Coxeter system, and K(T', V) a full simplicial complex.
The numerical information that we give will not be very useful if V is infinite.
Recall from Section 3 that a colouring ¢ : V' — W of the graph K*(I', V') with
colour set W gives rise to a homomorphism from I' to a product of copies of
the cyclic group C, indexed by the elements of W, such that the kernel I'; is
torsion-free.

Proposition 11. Let (T,V) be a right-angled Cozeter system, and let
c:V = W be a colouring of K*(T', V). Let ', be the kernel of the induced
map from T to CY. For w,w' € W, define K*(I',V)(w,w') to be the largest
subgraph of K'(I', V') all of whose vertices have colour w or w'. Let S be the
following set of elements of T';.

S={vv'|v,v" eV, cv)=c(v)}

i) If ¢ is such that any two colours w,w' are adjacent in K*(I',V), then S
generates 'y as a normal subgroup of T.

i1) If ¢ is such that for each w,w' € W the graph K*(T', V)(w, w') is connected,
then S generates I'; as a group.

Proof Let @ be the quotient of I' by the normal subgroup generated by S.
Then Q has C}¥ as a quotient, and the images of v and v’ in Q are equal
if c(v) = c(v'), so @ is generated by a set of elements of order two bijective
with W. If the colours w, w' are adjacent in K'(I',V), there exist v, v’
with ¢(v) = w, ¢(v') = w’ which commute in I". Thus under the hypothesis
in i), the relations of @ include relations saying that all pairs of generators
commute, and so @ is isomorphic to C}¥. The hypothesis in ii) implies that
in i), so it remains to prove that when each K'(T', V')(w, w’) is connected, the
subgroup generated by S is normal. For this it suffices to show that if u, v, v’
are elements of V with ¢(v) = ¢(v’), then wvv'u is in the subgroup generated
by S. Let
U =11y Uy, Vg, Ugy.--yUn_1y Up_1, Un = v’
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be the sequence of vertices on a path in the graph K'(T,V)(c(v), c(u)) be-
tween v and v'. Thus ¢(v;) = ¢(v), c(u;) = c(u), and forall 1 <i<n—1,y
commutes with v; and v;;,. These commutation relations imply that uvv'u
is expressible as the following word in elements of S.

(u) (V1 02) (U u2) (Va¥3) * -+ (Va—a¥n—1) (Un—2Un—1) (Vao1Vn ) (Un_1u) = wov'U

Remark. The hypothesis in i) is not very strong. Given a colouring of a
graph in which there exist colours w and w' which are not adjacent, it is
possible to identify the colours w and w' to produce a new colouring of the
same graph using fewer colours.

Corollary 12. Let L be an n-dimensional simplicial complex having N
simplices in total, such that every simplex of L is a face of an n-simplex and
|L| = |L™"?| is connected. If (T',V) is such that K(T',V) is the barycentric
subdivision of L, then T’ has a torsion-free normal subgroup T'y of index 2",
which may be generated by N—n—1 elements. T' has no torsion-free subgroups
of lower indez, and any normal subgroup of this index requires at least this
number of generators.

Proof Vertices of K(I',V) correspond bijectively with simplices of L, and
we may colour K*(T', V) with the set {0,...,n} by sending a vertex to the
dimension of the corresponding simplex of L. Let I'; be the kernel of the
induced homomorphism onto C3*'. Even without the extra conditions on
L, T, is a torsion-free subgroup of ' of index 2"*!. Since the vertices of
an n-simplex of K(T',V) generate a subgroup of I' isomorphic to C3*!, T
cannot have a torsion-free subgroup of lower index. The abelianisation of T is
isomorphic to CY, and so I cannot be generated by fewer than N elements. If
T, is any normal subgroup of T of index 2"*!, then I'/T; can be generated by
n+ 1 elements, so ['; cannot be generated by fewer than N —n — 1 elements.
Now we claim that the extra conditions on L are equivalent to the condition
that for any 4,5 € {0,...,n}, the graph K'([,V)(i,7) (as defined in the
statement of Proposition 11) is connected. Firstly, |L| —|L"~?| is connected if
and only if K*(T', V)(n, n—1) is connected. Now if K*(T', V')(n, 1) is connected,
every i-simplex of L is a face of some n-simplex. For the converse, note
first that in the special case when L is a single n-simplex, K*(T', V)(i, j) is
connected for each 1 < j < n. In the case when j = n this is trivial, and for
general n follows by an easy induction. For the case of arbitrary L, to find
a path between any two vertices v, v’ of K*(T', V))(3, 5), first pick n-simplices
u, %' of L such that v is a face of u and v’ is a face of u'. Then pick a path
in K*(I',V)(n,n — 1) between u and u'. For each (n — 1)-simplex occurring
on this path, pick one of its i-simplices. This gives a sequence wy,..., Wy,
of i-simplices such that w, and wy,, are faces of the same n-simplex for each
l, and similarly for the pairs v, w, and ', w,. By the special case already
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proved, there are paths in K'(T", V)(3, j) between each of these pairs, which
concatenate to give a path from v to '.

Hence by Proposition 11, I'; can be generated by the set of pairs vv', where v
and v' correspond to simplices of L of the same dimension. If we fix for each
dimension 7 one generator v;, then vv' = (v,v)~'(v;%'), so we really need only
the pairs v;v to generate I';, and there are exactly N — n — 1 of these.

Remarks. 1) The conditions imposed on the simplicial complex L are sat-
isfied if L is a triangulation of a connected n-manifold, or more generally if
|L| is the closure of a subset which is a connected n-manifold. These condi-
tions cannot be omitted. Let L be the simplicial bow tie, consisting of two
triangles joined at a point, and let I', I'; be the Coxeter group and subgroup
of index 8 constructed from L as in Corollary 12. Note that |L| — |L°] is not
connected. Using GAP [17] it may be shown that the abelianisation of I, is
free of rank 11, and so I'; requires at least 11 generators, rather than the 10
which would suffice if Corollary 12 applied.

2) When (as in Corollary 12) the Coxeter group I" has a torsion-free normal
subgroup I'; of index equal to the order of the largest finite subgroup of I',
this torsion-free subgroup will not usually be unique.

There are other ways to construct a torsion-free group having similar homo-
logical properties to a given right-angled Coxeter group. One generalisation of
the construction given above is as follows. Given a right-angled Coxeter group
I', and a homomorphism % from I onto a finite group @ with torsion-free ker-
nel I'y, let A be any torsion-free group and ¢ any homomorphism from A to Q.
The group P defined as the pullback of the following diagram is torsion-free
and has finite index in I" x A.

P — A
| s
r % @

The group I'; occurs as such a pullback in the case when A is the trivial group.
The point about taking different choices of A is that the resulting group may
have a simpler presentation than I';. One such result is the following.

Proposition 13. Let (I, V) be a right-angled Cozeter system, and fiz an
(n+ 1)-colouring ¢ of K'(T', V). Let K(I',V) have M edges, and N vertices.
Suppose that the colouring of K*(I', V) has the property that for everyv € V,
the star of v contains vertices of all colours. Then there is a torsion-free
group, P, of finite indez in T’ x Z™* having a presentation with N generators
and M + N — n — 1 relators, all of length four. Identifying the generators of
P with the set V, the relators are the following words.

i) For every edge with ends v, v' in K(I',V), the commutator [v,v'].
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i) For each colour w € W, for some fized v,, with c(v,,) = w, and for each
v # v, such that c(v) = w, the word v*v 2.

Proof Let P, be the group presented by the above generators and relations. It
suffices to show that P, is isomorphic to the pullback P in the diagram below,
where W is the (n + 1)-element set of colours, ¢ is the natural projection and
% is the homomorphism induced by the colouring c.

P — zZV

! L

r 4% cov

Identify the standard basis for Z" with the set W. The elements (v, c(v))
of I' x Z¥ are naturally bijective with V, and satisfy the relations given in
the statement. Thus there is a homomorphism from P, to P < T' x Z%
which sends v to (v,c(v)). It remains to show that this homomorphism is
injective and is onto P. The relations given between the elements of V' suffice
to show that each v? is central in P, because given v, v', there exists v” such
that c(v) = c(v") and there is an edge in K(I',V) between v' and v". By
applying the relations given, one obtains [v?,v'] = [(v")%,v'] = 1. Let P, be
the subgroup of P; generated by the elements v%. It is now easy to see that
P, is central in Py, and is free abelian of rank n + 1. Under the map from P,
to P, P, is mapped isomorphically to the kernel of the map from P to I'. The
quotient P, /P, has the same presentation as I'. It follows that P, is mapped
isomorphically to P.

Remark. The condition on the colouring in the statement of Proposition 13 is
weaker than the condition of part ii) of Proposition 11. It could be restated as
saying that ‘every component of each K(I', V))(w,w") contains vertices of both
colours w and w"”. In the case when K(T',V) is the barycentric subdivision of
an n-dimensional simplicial complex L and the colouring taken is the usual
‘colouring by dimension’, the condition is equivalent to the statement that
every simplex of L should be contained in an n-simplex.

7. Presentations of some of Bestvina’s examples

In this section and the next we shall give some explicit presentations of groups
whose cohomological dimensions differ over Z and Q. To simplify notation
slightly we shall adopt the convention that if z is a generator in a group
presentation, T denotes z7!. Much of the section will be based around the
eleven vertex full triangulation of the projective plane given in figure 1, where
of course vertices and edges around the boundary are to be identified in pairs.
Proposition 14 shows that this triangulation is minimal in some sense.



On subgroups of Cozeter groups 147

J
i S a k
h € v b 1p
k d C ]
J
Fig. 1

Proposition 14. There is no full triangulation of the projective plane having
fewer than 11 vertices.

Proof The following statements are either trivial or followed by their proof.
A triangulation of the projective plane with N vertices has 3(N—1) edges and
2(N —1) faces. A full triangulation of a closed 2-manifold can have no vertex
of valency 3 or less. The only 2-manifold having a full N-vertex triangulation
with a vertex of valency N —1 is the disc. The only closed 2-manifold having
a full triangulation with a vertex of valency N — 2 is the 2-sphere. There
is no triangulation of the projective plane having 7, 8, or 9 vertices, each of
which has valency 4 or 5. (Write an equation for the numbers of vertices of
each valency and obtain a negative number of vertices of valency 4.) There
are triangulations of the projective plane having 6 vertices, all of valency 5,
but they are not full.

There is no 9 vertex full triangulation of the projective plane: Assume that
there is such a triangulation. Then by the above we know that it has a vertex
of valency 6. This vertex and its neighbours form a hexagon containing twelve
edges. There are no further edges between the vertices of this hexagon, so all
the remaining twelve edges contain at least one of the remaining two vertices.
Hence at least one of these two vertices is joined to each of the boundary
vertices of the hexagon, giving an eight vertex triangulation of the 2-sphere
before adding the final vertex.

Any 10 vertex full triangulation of the projective plane has no vertex of
valency seven: Assume that there is such a vertex. Then it and its neighbours
form a heptagon containing 14 edges. There are 13 other edges, each of which
must contain at least one of the other two vertices. Thus either one of these
vertices is joined to all of the boundary vertices of the heptagon and this gives
a 9 vertex triangulation of the 2-sphere before adding the final vertex, or the
final two vertices are joined to each other and to six each of the boundary
vertices of the heptagon, in which case the complex contains a tetrahedron
(consisting of the two final vertices and any two of the boundary vertices of
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the heptagon adjacent to both of the final vertices).

Any 10-vertex full triangulation of the projective plane has at least four ver-
tices of valency six (there are no vertices of valency higher than 6 by the
above, and the sum of the 10 valencies is 54). If no two of these are adjacent,
then they all have the same set of neighbours, but now all the other vertices
have valency 4 and the total is wrong. Hence we may assume that a pattern
of edges as in figure 2a occurs in the triangulation.

Z
Vv

N
NVAVAVA ‘

w

Fig. 2a Fig. 2b

All of the vertices are already in the picture, and so the vertices marked V
and W can have no other neighbours. Hence the triangulation contains the
pattern of edges shown in figure 2b. With two vertices of valency 4, there
must be at least six vertices of valency 6. Hence by symmetry it may be
assumed that the vertex X is one such. The only possible new neighbours
for X are the vertices Y and Z. Adding edges XY and X Z, together with
the faces implied by fullness, a triangulated disc whose boundary consists of
four edges is obtained. There is only one way to close up this surface without
adding new vertices or violating fullness, and this gives a triangulation of
the 2-sphere (as may be seen either by calculating its Euler characteristic, or
simply from the fact that after removing one face it may be embedded in the
plane).

Remark. The smallest triangulation of the projective plane which is a bary-
centric subdivision has 31 vertices.

It is easy to see that the triangulation of figure 1 cannot be 3-coloured, and
also that it has no 4-colourings in which every vertex has a neighbour of each
of the three other colours (see Proposition 13). It does have a 4-colouring in
which all but one of the vertices has neighbours of three colours, and even in
which all but one of the colour-pair subgraphs (as defined in the statement
of Proposition 11) are connected. The colouring with vertex classes

{a’c7e}7 {b7d1f}’ {g7h1j}7 {1'7k}

is one such. Let (I',V) be the right-angled Coxeter system with K(I', V) as in
figure 1. The above 4-colouring gives rise to an index 16 torsion-free subgroup
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of I'. It is easy to see that as a normal subgroup this group is generated by
the eight elements

ac, ae, bd, bf, gh, g7, ik, gigi = [g,1].

Moreover, the techniques of the proof of Proposition 11 can be used to show
that the subgroup generated by these elements is already normal, and hence
that these eight elements generate an index 16 subgroup I'; of T
It is still possible to improve upon I';. Let elements [, m, and n generate a
product of three cyclic groups of order two, and define a homomorphism
from T to this group by the following equations.

P(a) = y(c) = ¢(e) =1 P(O) =y(d)=9%(f)=m

Y@ =vh)=y(G)=n  P@)=9Y(k)=Imn
The homomorphism 3 maps each of the maximal special subgroups of T’
isomorphically to the group generated by I, m and n, and hence its kernel
I'; is a torsion-free normal subgroup of I" of index eight, which contains the
index sixteen subgroup I'; of the previous paragraph. The element bcgt is in

I';, but is not in I';. However, since both b and ¢ commute with ¢g and ¢, its
square is {bcgi)? = gigi. It follows that the eight elements

ac, ae, bd, bf, gh, gj, ik, bcgi

generate the group I';. Any normal subgroup of I' of index eight requires at
least eight generators (see Proposition 11), so there is a sense in which I'; is
best possible.

The Euler characteristic x(I') may be calculated using I. M. Chiswell’s formula
(7], and then x(T';) is equal to |T" : T';|x(T). In fact, for a group having a
finite Eilenberg-Mac Lane space (such as I';), this Euler characteristic is just
the usual (topological) Euler characteristic of the Eilenberg-Mac Lane space.
Indeed, Chiswell’s formula can be obtained by using the Davis complex to
make a finite Eilenberg-Mac Lane space for a torsion-free subgroup of finite
index in a Coxeter group, and then dividing by the index. Since the complex
K(T',V) has 11 vertices, 30 edges, and 20 2-simplices, while I'; has index

eight, the formula gives
11 30 20
X)) =81-5+r-5)=4
Using the computer algebra package GAP [17], together with some adjust-
ments suggested by V. Felsch, we were able to find the presentation for I,
given below, which has 8 generators and 12 relations of total length 70 as
words in the generators. (Recall our convention that Z stands for z7*.)

Ty, = (s, t, u, v,w, 7, ¥, z | §sy§, vzvi, Zwrlw,
wuy, juzjzi, ubu’w, Zyztyt, uzsusz
tzwtwz, v2tZit, vwivyd, TwZsvzsw)
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As words in the eleven generators of the Coxeter group I' the above generators
are:

s=ca,t=db, u= fb, v=Fki, w=eigh, x = hbie, y = jg, z = cigb.

We know that I'; needs eight generators, and also that an Eilenberg-Mac Lane
space K (I';,1) must have at least one 3-cell (because H*(I';; ZI';) is non-zero
by Theorem 2 or Corollary 3). We also know that the Euler characteristic of
T, is 4, and it follows that the above presentation has the minimum possible
numbers of generators and relations. Proposition 4 implies that there is a
K(T';,1) of dimension three having exactly one 3-cell, but it does not follow
that one may make a K (I';,1) by attaching one 3-cell to the 2-complex for a
presentation with 8 generators and 12 relations.

In the next section we shall give another presentation for I'; (although we shall
not prove this), also having the minimum numbers of generators and relations,
but with the total length of the relations slightly longer than here. The
advantage of the other presentation is that it shows how the group presented
(which is in fact I';) can be built up using free products with amalgamation
from surface groups, and gives an independent proof that the cohomological
dimension of I'; over a ring R depends on whether 2 is a unit in B. We also
describe an attaching map for a 3-cell to make an Eilenberg-Mac Lane space
K(T';,1) from the 2-complex for the new presentation.

It is worth noting that the technique used in Proposition 13 may be applied
to the group I to give an 11 generator group of cohomological dimension five
over any ring R such that 2R = R, and six over other rings, with thirty-seven
relators of length four, and one relator of length eight. The relators are the
thirty commutators corresponding to the edges in figure 1, together with the
following words.

a2(—:2’ a2é2’ b2d2, b2f2, g27L2’ 9232, z’2]}2’ b2c2g2;2
As in Proposition 13, one verifies that the subgroup generated by the squares

of the eleven generators is central and free abelian of rank three, and that the
quotient group is isomorphic to I'.

8. A handmade Eilenberg-Mac Lane space

Theorem 15. The group A given by the presentation below has cohomo-
logical dimension three over rings R such that 2R # R, and cohomological
dimension two over rings R such that R = 2R.

A= (st u,v,w T,y 2| svstutut, w*v*, SVSVWSTSVD,
z*95v5, Twistwis, utwIiuiwy, wytvywit,
Jwuiytut, y*sist, zsubisudz,

ZUTIVTT 2T, SWYZSWYLW2ZTW)
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There is an Eilenberg-Mac Lane space K(A,1), having only one 3-cell and
whose 2-skeleton is given by the above presentation. The 2-sphere forming
the boundary of the 3-cell is formed from the hemispheres depicted in figures
3a and 3b.

Remark. In fact this group is isomorphic to the index eight subgroup I';
of the 11 generator Coxeter group T' of the previous section. The following
function ¢ from the generating set for A given above to ' extends to a ho-
momorphism from A to I', because the image of each relator is the identity
element. Moreover, it is easy to see that the image of ¢ is equal to I';. We
shall not prove that the kernel of ¢ is trivial.

#(s) = ca @(t) = hbia  ¢(u) = akia $(v) = bgia

$(w) =gifa ¢(z) = fija é(y) = fgie ¢(z) = dgke
Proof of Theorem 15 We shall build the group A in stages via a tower of
free products with amalgamation, obtained by applying an algorithm due to
Chiswell [6]. We shall use the same argument at each stage to justify this
process, but shall give less detail as the steps become more complicated. Let
Ay be the group given by the following presentation.

Ao = (s, t, u, v | Svitutud)

Ay is the fundamental group of a closed non-orientable surface of Euler
characteristic —2, and the 2-complex corresponding to the above presenta-
tion is a CW-complex homeomorphic to this surface. In particular A, is
torsion-free, and the 2-complex corresponding to the given presentation is an
Eilenberg-Mac Lane space K (A, 1).
Now let F, be the free group on generators w and w'. Define automorphisms
a and g of F; by the equations

w®=ww', w'=w, w=ww w°=wwD
It is easy to check that a and g have order two and commute with each
other, so that they generate a subgroup of Aut(F;) isomorphic to the direct
product of two cyclic groups of order two. Let G, be the subgroup of Aut(Fp)
generated by Fp, a and g, which is isomorphic to the split extension with
kernel Fy and quotient of order four generated by a and g. Now define a
homomorphism 1), from A, to G, by

Yo(s) =a, Yo(t) =gw, wo(u)=agw, Yo(v)=w.
This does define a homomorphism from A, to Gy, because the image of the
relator is the identity element, as shown below.
Yo(SvStutud) = awa(gw)(agw)(dg) (agw)w
= awagwg
=wo'w'w

=1
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Regions are to be read counter-clockwise.

Edge labels are on the left of the edge,
and on the right of the inverse edge.

Pins indicate base points for regions.

Fig. 3a
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Now the images of stsv, v* and 9s%s under ), are w', w® and Ww'w respec-
tively. These elements generate a normal subgroup of F; of index two, which
is therefore free of rank three. {Subgroups of index two are always normal,
but what one does is to check that the subgroup is normal, and then show
that it has index two by calculating the order of the quotient.) It follows
that the elements stsv, v® and Us¥Us freely generate a free subgroup of A,,
and that this subgroup is mapped isomorphically by 1), to the subgroup of F;
generated by w', w? and ww'w. Hence a free product with amalgamation may
be made from A, and F; by taking the free product and adding the relations
w' = stsv, w? = v?, and Ww'w = vsvs. This gives a group A,. Using the
first of the three new relations to eliminate the generator w', it follows that
A, has a presentation as below.

Ay = (s, t, u, v, w | Svstutud, W?V?, SVSVWSTSVD)

Moreover, the 2-complex corresponding to this presentation is a K(A,,1).
Now take a free group F; of rank three generated by elements z, z' and z".
Define an automorphism f of F; by

f

Ilf =

=z, 1 =23z, 1" =z13"1.

It may be seen that f has order two. Let (G, be the split extension with
kernel F; and quotient the group of order two generated by f, or equivalently
the subgroup of Aut(F}) generated by F} and f. Define a homomorphism ),
from A, to G, as below.

U(s) =2, h@)=zf, {u)=1", @) =zf, hw) =z

As before, to check that this does define a homomorphism it suffices to verify
that 1, sends each relator to the identity in GG;. The images of s, u, s@sv,
wWvdvw, and Wvivd under ¢, are =, =", %, Tz'Z, and Tz"T respectively.
These five elements generate a normal subgroup of F; of index two, which
is therefore a free group on five generators. It follows that the subgroup
of A, generated by s, u, stsv, wvSvw, and Wvivw is freely generated by
these elements and is mapped isomorphically to a free subgroup of F; by ;.
Hence we may form an amalgamated free product of A, and F), identifying
the two five generator free subgroups via 9,. Call the resulting group A,.
After eliminating the generators z' and z" and the relations ' = s, 7" =
u, the group A, has the presentation given below. Once again, because

the amalgamating subgroup is free, the 2-complex for this presentation is a
K(A,,1).

A, = (s, t, u, v,w, T | SuStutud, wWo’,
5VSVWSTSVW, T 0503,

FwISTWES, ubwIuIwv)
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Take a free group F, of rank three with generators y, y', ¥", and define
automorphisms f and ¢ of F, by the following equations.

=y y'=99 v =gy
=7 Y=y y'=7"

It may be checked that 7 and f have order two and commute, so they generate
a subgroup of Aut(F;) isomorphic to a direct product of two cyclic groups
of order two. Let G, be the subgroup of Aut(F,) generated by F,, f and
1. Define a homomorphism ¥, from A, to G, by checking that the function

defined as follows on the generators sends each relator to the identity in G,.

Pa(s) =1 Pa(t) = y'yf Va(u) = 9"
Ya(v) = yf ha(w) =y Ya(z) = fi

Now 1, sends the elements ¢9, tuf, v3v3, wtvw, and wud to ¥, ¥", v, yvv'y
and yy"y respectively, and these five elements generate a normal subgroup of
F, of index two, which they therefore freely generate. Hence we may make
an amalgamated free product A; from the free product of A, and F, by
adding the five relations to = ¥/,...,wu@w = yy"y. After eliminating the
generators ¢’ and y", we obtain the following presentation for Aj, such that
the corresponding 2-complex is a K (A3, 1).

As = (s, t, u, v,w, x, Y, 2z | SvStutud, w?s*, SuSVWSTSVW,
2?0503, Fwistwis, ubwIuTwv, Wytdywot,
Jwuwytut, y*svsv)
Now take a 1-relator group Fj3, with presentation
Fs={z2,2" | 227 2" z").

F; is the fundamental group of the closed nonorientable surface of Euler
characteristic —1. The 2-complex corresponding to this presentation is a
cellular decomposition of this surface, so in particular is a K (Fj3,1). Define
automorphisms ¢ and g of F; by the following equations.

1°c = ne

=727 2=z ="

Z‘q — ZIZZI zly — zl Z”g — 2”
To check that ¢ and g as defined above do extend to homomorphisms from
F; to itself, note that

sttt =t H=t =t N

(222" 22") = 22222 2" 222 2" = 22"7'27' 2

is equal (in the free group) to a conjugate of the relator, and similarly
(Z'22'2"22")? is equal to a conjugate of the inverse of the relator. It is easy to
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check that ¢ and g define commuting involutions in Aut(F3;) (and even on the
free group with the same generating set). Now let G be the split extension
with kernel F; and quotient the subgroup of Aut(F;) generated by ¢ and g.
(Since F; has trivial centre, G is isomorphic to a subgroup of Aut(F3).)
Define a homomorphism ; from A; to G5 by taking the following specifica-
tion on the generators, and checking that the image of each relator is equal
to the identity in Gjs.

Ps(s) =c P(t) =1 ¥s(u)
Ys(w) =g Ys(x) = 2"g ¥s(y)

Let H be the subgroup of A; generated by jws, 2%, vi5v45 and wZutud. The
images of these elements under 5 are 2', 2", 2% and zz"Z respectively. These
four elements of F; generate a normal subgroup ;(H) of index two, which
turns out to be an orientable surface group (necessarily of Euler characteristic
—2). If we write @ = 2 and § = z2"%, then 3(H) may be presented as
follows.

92 Ys(v) =g

c
gz'c

Us(H) = (2, 2", a, B | 3Baz"Z'B7"2)
We claim that 15 restricted to H is injective. For this it suffices to show that
the word in the four generators for H mapping to the relator in vs(H) is
equal to the identity in A;. Expressed in terms of the generators for A;, the
word is

SUVSUVwWIUDUDVUSVUSTW SWYv UV UTWWIYwS,

so after cyclically reducing this word it suffices to show that in A;,

UTSUTWIUVSVUSTWSWYvTviJw = 1.

A Lyndon (or van Kampen) diagram whose boundary is this word, made from
eighteen 2-cells each of which has boundary one of the nine relators in A;, is
shown in figure 3a. This diagram was found, with too much effort, using the
normal form for elements of free products with amalgamation. It follows that
we may form an amalgamated free product A of A; and F; amalgamating H
and 15 (H). The generators 2’ and 2” may be eliminated using the relations
2’ = Jw§ and 2" = zw, and the resulting presentation of A is the one given
in the statement.

To make an Eilenberg-Mac Lane space for A it suffices to attach a 3-cell to
the 2-complex for the above presentation corresponding to the relator in the
amalgamating subgroup. The boundary of this 3-cell is made from two discs
(Lyndon diagrams expressing the relator in H in terms of the relators in A;
and the relator in ¢ (H) in terms of the relator in F3) and a cylinder (whose
sides represent the identification of the generators of H with their images
under 15). One of the discs is figure 3a. After eliminating 2’ and 2" as above,
the rest of the sphere is as shown in figure 3b.
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To verify the claim concerning H3(A; M) we use the free resolution for Z
over ZA given by the cellular chain complex for the universal cover of the
Eilenberg-Mac Lane space K (A, 1) constructed above. In the 1-skeleton of
the sphere illustrated in figure 3, choose, for each of the twelve relators, an
oriented path between the base points of the two occurrences of the relator.
These paths determine elements w,, . .., w;; of A. Now for any A-module M,
H3(A; M) is isomorphic to M/IM, where I is the right ideal of ZA generated
by the twelve elements 1 + w,,...,1 4+ w;,, and the sign in 1 + w; is positive
if the ith relator appears in figure 3 with the same orientation each time, and
is negative otherwise. In figure 3a, the two copies of the third relator meet at
their base points and have the same orientation. It follows that 1 + w; = 2,
and hence that H?(A; M) is a quotient of M/2M. This completes the proof
of the statement. With a little more work it may be shown that I is equal
to the ideal of ZA generated by 2 and the augmentation ideal, which implies
that for any M,
H3(A; M) &2 My/2M,.

We leave this as an exercise.

9. Further questions

1) We also used GAP [17] to try to find good presentations of various other
finite-index torsion-free subgroups of Coxeter groups. The examples that we
tried include:

a) The index sixteen subgroup I'; of the right-angled Coxeter group I' de-
scribed in section 7. Comparison of the Euler characteristic (which is twice
that of 'y, or eight) with the known minimum number of generators, together
with the fact that any K(I';,1) must have at least one 3-cell indicate that
the minimum number of relators in a presentation of I'; must be at least six-
teen. Using GAP we were able to get down only to an 8-generator 17-relator
presentation, but by hand (and then checking the result using GAP) we were
able to eliminate one of the relators. The sum of the lengths of the relators
in our presentation is 152. We found a CW-complex K (I';,1) having eight
1-cells, sixteen 2-cells and one 3-cell.

b) Other index eight normal subgroups of the Coxeter group I of Section 7. If
1)’ is any homomorphism from I onto a product of three cyclic groups of order
two which restricts to an isomorphism on each maximal special subgroup of
[, then the kernel of ' is a torsion-free index eight normal subgroup of I'.
One way to create such a ¢ is to take 1’ (the homomorphism given earlier,
with kernel I';) and modify it slightly. We did not find a 9’ whose kernel had
a smaller presentation than the one given for I';.

c) Take figure 1, remove the vertex & and all edges leaving it, and add a new
edge between vertices 7 and k. Label the three boundary edges with the label
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three, and give all other edges the label two. This gives a presentation of a
ten-generator Coxeter system (A, V) such that K(A, V) is a triangulation of
the projective plane. A has torsion-free normal subgroups of index 24, and
clearly has no torsion-free subgroup of lower index, since it contains elements
of order three and subgroups isomorphic to C3. The subgroup we looked at
required nine generators.
d) In [1] Bestvina pointed out that a finite-index torsion-free subgroup I'; of a
Coxeter group I such that K(T', V) is an acyclic 2-complex would have coho-
mological dimension two over any ring, but might not have a 2-dimensional
Eilenberg-Mac Lane space. (A famous conjecture of Eilenberg and Ganea
asserts that any group of cohomological dimension two has a 2-dimensional
Eilenberg-Mac Lane space [4].) Let K be the barycentric subdivision of the
acyclic 2-complex having five vertices, ten edges corresponding to the ten
pairs of vertices, and six pentagonal faces corresponding to a conjugacy class
in As of elements of order five. The simplicial complex K is full. If (T, V)
is the corresponding right-angled Coxeter system, then the easy extension of
Corollary 12 to polyhedral complexes shows that colouring K(T', V) by dimen-
sion gives rise to a torsion-free index eight normal subgroup I'; of I, requiring
exactly eighteen generators. The complex K(T',V) has 21 vertices, 80 edges
and 60 2-simplices, so by Chiswell’s formula [7], the Euler characteristic of I’y
is

(T = 8(1 —22—1+%-989) =24,
Hence if a presentation for I'; could be found having twenty-three more rela-
tors than generators, the corresponding 2-complex would be a K(T';,1). An
argument similar to that sketched in the proof of Proposition 4 shows that
there is a 3-dimensional K(T';,1) having exactly six 3-cells. Presentations
of Iy arising from this complex will have 29 more relators than generators.
Using GAP we found an 18-generator 52-relator presentation for I';, but were
unable to reduce the number of relators any further. The problem of whether
there exists a K(I';,1) with less than six 3-cells remains open.
2) The groups exhibited in Section 4 Example 2 (whose cohomological dimen-
sion over the integers is three and whose cohomological dimension over any
field is two) are finitely generated, but cannot be FP by Proposition 9. The
question of whether there can be similar examples which are FP(2) or even
finitely presented remains open.
3) The result proved in Proposition 14 does not really prove that the exam-
ples of Sections 7 and 8 are minimal, even in the sense of being finite-index
subgroups of Coxeter groups with the least possible number of generators. It
may be true that there can be no full simplicial complex having ten vertices
or fewer whose highest non-zero homology group is non-free, which would
suggest that no right-angled Coxeter group on less than eleven generators
can have different virtual cohomological dimensions over Z and Q.
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4) Is there a simpler example of a group whose cohomological dimension
over Z is finite and strictly greater than its cohomological dimension over Q
than the group I'; & A given in Sections 7 and 8?7 Applying the embedding
theorem of Higman-Neumann-Neumann to A we were able to construct a
2-generator 12-relator presentation of a group whose cohomological dimension
over any ring is equal to that of A. An Euler characteristic argument shows
that this group requires at least 12 relators. The total length of the 12 relators
we found was 1,130, so this group can hardly be said to be simpler than A.
The two distinct 8-generator 12-relator presentations for A given in Sections
7 and 8 have short relators (i.e., simple attaching maps for the 2-cells) and
a simple attaching map for the 3-cell respectively. Is it possible to make a
presentation for A in which each 2-cell occurs only twice in the boundary
of the 3-cell and such that the sum of the lengths of the relators is smaller
than 96 (the sum of the lengths of the relators in the presentation given in
Theorem 15)7?

5) (P. H. Kropholler) Can there be a group I" with cdI" = 4 and cdoI” = 27 No-
tice that taking direct products of copies of Bestvina’s examples gives groups
with arbitrary finite differences between their cohomological dimensions over
Z and over Q.

6) What we call an R-homology manifold is really a simplicial R-homology
manifold. One could give a similar definition and an analogue of Theorem 5
and Corollary 6 for general (locally compact Hausdorff) topological spaces.
It may be the case that any torsion-free Poincaré duality group over R acts
freely cocompactly and properly discontinuously on an orientable R-acyclic
R-homology manifold.
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Abstract. We compute for an odd prime p the p-primary part of the Farrell
cohomology of Out(F,_,), the group of outer automorphisms of a free group
F,_, of rank p — 1. We also determine the p-period, Yagita invariant and
cohomological Krull dimension for automorphism groups of free groups.

0. Introduction

Let F, denote a free group of rank n, Aut(F,) its automorphism group and
Out(F,) the associated group of outer automorphisms. Recall that these
groups are of finite virtual cohomological dimension. The main purpose of
this note is to compute, for p a prime, the p-primary cohomology of Aut(F,_;)
and Out(F,_,) above the virtual cohomological dimension. It is convenient to
express our result in terms of Farrell cohomology. We shall write H*(T;Z),
for the p-primary part of the Farrell cohomology of a group I of finite ved.

Theorem. Let p be an odd prime. Then
H*(Aut(F,_,); Z), = H*(Out(F,_,); Z), = F,[w,w™],
with w of degree 2(p — 1).

Note that the mod p Farrell cohomology of these groups is periodic, implying
that the Krull dimension of the corresponding mod p cohomology rings equals
one. In Section 1 we will determine for general n the Krull dimension of the
mod p cohomology rings of Aut(F,) and Out(F,); the result can be read
off from the work of Smillie and Vogtmann [SV2]. Section 2 is devoted to
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computing the Yagita invariant of these groups; it is interesting to compare
the result with the corresponding one for the case of mapping class groups
(cf. [GMX]). In the third Section we present the proof of the theorem stated
above; the interested reader should compare this result with the analogous
computation for the mapping class group I'(,_1)/2 (cf. [X]) and for Gl,_,(Z)
(cf. [A], [BE]).

We thank the referee for many valuable suggestions.

1. The Krull dimension

Recall that for a group I' of finite ved the Krull dimension «,(I') of the
mod p cohomology of I' equals the maximal rank of an elementary Abelian
p-subgroup of I'. Thus, if A — T" is a map of groups of finite ved with
p-torsion-free kernel, one has x,(A) < «,(T).

The natural map Out(F,) — Gl,(Z) has torsion-free kernel and thus

kp(Out(F,)) < k,(GLL(2)).

It is well-known that the rank of a maximal elementary Abelian p-subgroup
of Gl,(Z) is [;2;], where [z] stands for the integral part of the real number z
(cf. Minkowski [M]).

The following theorem then follows from [SV2].

Theorem 1.1. For every prime p and n > 1 one has

(Aut(F,) = 0wl 7)) = |2

Proof Because the kernel of the natural map Aut(F,) — Out(F,,) is torsion-
free and in view of our discussion above, we have

Kp(Aut(F,)) < Kk (Out(F,)) < k,(Gl,(Z)) = L,f 1] :

It suffices therefore to show that (Z/p)™ C Aut(F,(p-1)). For this, we consider
the graph G(p) with 2 vertices, connected by p edges, so that mG(p) = F,_,.
Let Z/p act on G(p) by permuting the edges and fixing the vertices. This
action extends in an obvious way to an action of (Z/p)™ on V,,G(p), yielding
an injection

(Z/p)™ — Aut(m(VG(p))) = Aut(Frip-1),

and the result follows.
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Remark. The whole symmetric group %, acts by automorphisms on the
graph G(p), fixing the two vertices. Furthermore, the symmetric group %,,
acts on V,,G(p) by permuting the copies of G(p) and fixing the basepoint.
One concludes that the wreath product 3, [ £, := (£, x --- x ,) X I, acts
on V,,G(p) fixing the basepoint so that &, [ E,, C Aut(Fpn-1y). Of course,
m and p can here be arbitrary integers > 1.

2. The Yagita invariant

Recall (see [Y]) that for a group T of finite ved and prime p the Yagita
invariant p(T") is defined as the least common multiple of numbers 2m(w),
where m(7) is the largest number such that

H*(T;2) =25 im(res) ¢ Z/p[u™™] C H*(m; Z/p)

where m C T is a subgroup of order p and u € H?*(w;Z/p) is a generator. (If
no such 7 C I exists, one puts p(I') = 1). It is obvious from the definition
that for any map A — T of groups of finite ved with p-torsion-free kernel
one has p(A) | p(T"). We also recall the well-known and elementary fact that
in case k,(I') = 1, the Yagita invariant p(I') agrees with the p-period, that is,
it is equal to the smallest positive integer k£ such that

HY(T;Z), = H*MT;Z),,  Vi> ved(T).
We call such a group p-periodic; it has periodic Farrell cohomology of period
p(D).

Definition. For z € R>® and p a prime we shall write [z], for the largest
power of p less than or equal to z; thus z = [z], + y with [z], = p™ and
0<y<(p—-1p™

Theorem 2.1. Let p be a prime andn > 1. Then

plast()) = pOut(F) = 2p-1) 2]

Proof The natural maps Aut(F,,) — Out(F,)) — GI,(Z) with torsion-free
kernels show that

p(Aut(F,)) < p(Out(F,)) < p(Gla(Z)).

From [GMX, Lemma 1.2] we infer that p(Gl,(Z)) divides 2(p — 1) L%]p (see

1
also [GLT] for more information concerning the Yagita invariant of a general
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linear group). It suffices therefore to find a finite subgroup o C Aut(F;,) with
plo) > 2(p—1) [p%l]p. Let p™ = [‘ﬁ]p. Note that (p — 1)p™ < n and

Epfzpm C AUt(F‘(p_l)pm) C Aut(Fn)

according to our remark at the end of section 1. We claim that p(X, [ Xm)
is larger or equal to 2(p — 1)p™. Indeed, the normalizer of Z/p C I, con-
tains the holomorph Hol(Z/p) of Z/p (i.e., the split extension of Z/p by its
automorphism group Aut(Z/p) = Z/(p —1). Clearly,

H*(Hol(Z/p); Z) = Z|w]/pw with |w|=2(p—1).
Now consider Hol(Z/p) [ Zym C I, [ Z,m. The diagonal embedding
A:Z[p— Hol(Z/p) x --- x Hol(Z/p) C Hol(Z/p) [ Lym.
induces a restriction map
A*: H*(Hol(Z/p) | Z,m; Z) — H*(Hol(Z/p);Z) C H*(Z/p;Z)

mapping into Z [w”"'] /pwP™. This can be seen by looking at the diagonal
restriction map

p* : H*(Hol(Z[p) x --- x Hol(Z/p); Z) — H*(Hol(Z/p);Z).
Because elements of odd degree are mapped to zero, p* factors through
H*(Hol(Z/p);Z)® - -- ® H*(Hol(Z[p); Z) = Z[w,, - - - wym|/p(wy, -, Wym)

with each w; of degree 2(p—1) and (w,, - - -, w,m ) denoting the ideal generated
by these elements. But all elementary symmetric functions in the variables
Wy, -+, Wpm map via p* to 0 so that the image of A* is contained in the
subalgebra generated by the image of ITw;, which is w*™. It follows that
p(Z, [ Zpm) 2 2(p — 1)p™, completing the proof.

Remark. Note that our proof shows that p(Z, [ X,m) = 2(p — 1)p™ and

e @) =20-1) ;2]

As already mentioned, the Yagita invariant coincides with the p-period in
the p-periodic case, and a group of finite virtual cohomological dimension is
p-periodic if and only if its elementary Abelian p-subgroups are cyclic (cf.
Brown’s book [B]).
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Corollary 2.2. Let p be an arbitrary prime and n > 1. Then the following
holds:

(i) Aut is p-periodic if and only if Out(F,) is.

(11) Aut and Out(F,) are p-periodic if and only if p—1<n < 2(p-1).

(Fu)
(Fu)
(1ir) If Aut(F,) and Out(F,) are p-periodic, their p-period equals 2(p — 1).

3. The p-primary cohomology

The complexity of the p-primary part of the cohomology of Aut(F,) and
Out(F,) is simplest in the p-periodic case. We will completely determine the
Farrell cohomology in the first case, that is, in case n = p — 1. The next two
cases, n = p and n = p + 1 respectively, will be considered in a forthcoming
paper (cf. [GM]). Since the Krull dimension of Aut(F,_,), &p(Aut(F,_,)),
equals one, the p-part of the Farrell cohomology of Aut(F,_,) is given by (cf.
Brown’s book [B])

H*(Aut(F,-1); 2), = [] H(Na(C); Z),

CeK

where K denotes a set of representatives of conjugacy classes of subgroups
C of order p of Aut(F,_,), and N4(C) the normalizer of C C Aut(F,—,).
Elements of order p in the automorphism group of a free group have been
classified in [DS]. In particular, if &« € Aut(F,_,) has order p, then according

to [DS] there exists a basis (2, -, Z,-1) of F,_, such that
Tit1s 1<i<p-1
a(z;) = IR
(122 2,0)7Y, t=p-—1L

Theorem 3.1. Let p be an odd prime. Then all elements of order p
in Aut(F,_,) are conjugate. Moreover, if @ € Aut(F,.,) has order p then
Na({a)), the normalizer of the subgroup () generated by a in Aut(F,_,), in-
jects into No({@)), the normalizer of the subgroup (&) generated by the image
& of a in Out(F,_,).

Proof That the elements of order p in Aut(F,_,) are conjugate follows from
the classification theorem cited above. If ¢ lies in the kernel of Ny((a)) —
No({@)) then ¢ is an inner automorphism of F,_,, say ¢(z) = txt™',t € F,_,.
But, assuming that « has order p, ¢*~! will centralize  so that ¢! o a =
a o ¢*~! and therefore P~ 'a(z)t'? = a(t*)a(z)a(t'?) for all z € F,_,.
This shows that a(t?~!) = ¢t*~!, because the center of F},_, is trivial for p > 2.
Hence t7~1 € F,ffa, the group fixed by «, which is known to be a trivial group
([DS]). As a consequence, t = e € F,_,, since F,_, is torsion-free, and we
conclude that Ny((a)) — No({@)) is injective.
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To establish the finiteness of the normalizers N4({a}) for « as in Theorem
3.1, it suffices therefore to consider the normalizer No({(a)) C Out(F,_,).
For this we consider the spine K, of the space introduced by Culler and
Vogtmann ([CV]), which was also used in [SV1]. It is a contractible (2n — 3)-
dimensional simplicial complex with vertices certain equivalence classes of
marked admissible graphs, and Out(F,) acts on K, simplicially with finite
stabilizers, such that if v € Out(F,) fixes a point € K, then it fixes the
carrier of z pointwise. If C C Out(F,) is any subgroup, the normalizer Ny (C)
acts on the fixed-point space K¢ and thus K¢ = {pt} implies that No(C) is
a finite group.

Theorem 3.2. Let p be an odd prime and C C Out(F,-,) a subgroup of
order p. Then No(C), the normalizer of C in Out(F,_,), is a finite group.

Proof The fixed point space K¢ is known to be contractible for any finite
subgroup G of Out(F,), see Krsti¢ and Vogtmann [KV], or White [W]. In
particular, KO is non-empty and connected. We show that XS, = {pt}
by showing that XCC_; does not contain any 1-simplex of K,_;. A vertex of
K, is represented by a pair (g,G), G an admissible graph of rank p— 1 and
g : R — G a homotopy equivalence, where R is a rose (i.e., a graph with a
single vertex; see [SV1] for the notion and discussion of admissible graphs).
The admissible graph G associated with a vertex of K,_; is unique up to
homeomorphism and is called the graph type of the vertex; the stabilizer of
the vertex is isomorphic to the automorphism group of the graph G (which
is the same as the group of components of the group of homeomorphisms of
G, since G is admissible). According to [SV1], there is a unique graph of
rank p — 1 admitting an automorphism of order p (namely, the graph G(p)
considered in the previous section). On the other hand, the two vertices of a
1-simplex of K,_, have always distinct graph type (one is obtained from the

other by a forest collapse). Thus IC‘f_1 contains no 1-simplex, which proves
that No(C) is finite.

We can now prove the first half of the Theorem of the introduction.

Theorem 3.3. If p is an odd prime then H*(Aut(F,_,);Z), = F,[w, w™],
with w of degree 2(p — 1).

Proof We know from our earlier discussion that Aut(F,_,) contains elements
of order p. By Theorem 3.1 we conclude that there is a unique conjugacy class
of subgroups of order p in Aut(F,_,) and, if C is such a subgroup, the natural
map N,4(C) — Aut(C) = Z/p —1 is surjective. Since N4(C) is contained in
the finite group Ny (C), it injects via the natural map Aut(F,—,) — Gl,_,(Z)
into Gl,_,(Z), which by Minkowski’s Theorem [M] does not contain any p-
subgroups of order larger than p. It follows that the p-Sylow subgroup of the
(finite) group N4(C) is cyclic of order p. Hence, N4(C) is a split extension
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of C by a finite group of order prime to p and one has therefore a natural
surjection onto the holomorph of C, N4(C) — C x Aut(C) =: Hol(C) with
finite kernel @ of order prime to p. In particular, this projection will induce
an isomorphism on the p-primary part of cohomology. Thus

H*(N4(C); Z), = H* (Hol(C); Z), = Zlu]/pw
with w of degree 2(p — 1). Moreover, we infer that
H(Aut(Fy1); 2), & H'(No(C); 2), & Fy [w, w™]

with w of degree 2(p — 1).

To obtain the corresponding result for Out(F,_,), we first need to verify that
Out(F,_;) contains just one conjugacy class of subgroups of order p. This
follows from the following Lemma.

Lemma 3.4. Let p be an odd prime. Every subgroup C C Out(F,_,) of
order p lifts to a subgroup C C Aut(F,_,) of order p.

Proof We make use of Zimmermann’s Realization Theorem [Z], (see also
Culler [C]), which implies the following. Given C C Out(F,_,) of order p,
there exists a finite, connected graph H containing a subgroup D C Aut(H)
of order p such that D maps onto C via an isomorphism 7, (H) — F,_;. To
see that C lifts to a subgroup C C Aut(F,_,) of order p, it suffices therefore
to check that the D-action on H has a fixed-point. For this, let f € D denote
a generator and consider f, : Hy(H;Q) — H;(H;Q). Since f maps to an
element of order p in Gl,_,(Q) via the maps

Aut(H) — Out(Fy-r) — Glyy (Z) — Gl (Q),

we conclude that the trace Tr(f,) = —1. We use here the well-known fact
that every matrix in Gl,_,(Q) of order p has trace —1. It follows that the
Lefschetz number of f satisfies A(f) =1 — (—1) = 2, and we conclude that
f+ H — H has a fixed-point.

Remark. The result that Out(F,_,) contains only one conjugacy class of
subgroups of order p follows also immediately from the fact that there is only
one admissible graph of rank p — 1 on which the cyclic group of order p can
act ([SV2)), together with the Culler-Zimmermann realization theorem (loc.
cit.).

Theorem 3.5. Let p be an odd prime. Then H*(Out(F,_,);Z), = F,[w, w™}]
with w of degree 2(p — 1).

Indeed, Out(F,-,) contains a unique conjugacy class of subgroups of order p
and the normalizer Ny (C') of such a subgroup is a finite group, mapping onto
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Hol(C) with kernel of order prime to p. The rest of the argument is then
as in the proof for Theorem 3.3. Note, because ved(Out(F,)) = 2n — 3 (cf.
[CV]), Theorem 3.5 determines also the ordinary cohomology of Out(F,_,) in
degrees > 2p — 5.
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On Tychonoff Groups

R.I. Grigorchuk

1. Introduction

The class AG of amenable groups can be characterized by the property that
the group has a fixed point for any action by affine transformations on a
convex compact subset of a locally convex topological vector space.

Now let us suppose that instead of a compact set we have a nonzero cone.
What kind of fixed-point theorems may hold in this situation? There is
a number of conditions under which a selftransformation of a cone has a
nonzero fixed point. We will consider the situation when a group acts by
affine transformations on a convex cone with compact base. The groups for
which any such action has an invariant ray are called Tychonoff groups and
were defined by H. Furstenberg [5].

The Tychonoff property was also considered in [3,6] in the greater generality
of locally compact groups and used for the description of positive harmonic
functions on groups which contain closed nilpotent subgroups with compact
quotient.

In this paper we try to attract the attention of the reader to Tychonoff groups
again, and begin the systematic investigation of abstract Tychonoff groups
(with the discrete topology).

Among other observations we show that the class of Tychonoff groups is closed
under the operations of taking factor groups and direct limits, but it is not
closed under taking subgroups. It is also not closed with respect to extensions
but some sufficient conditions for a semidirect product of Tychonoff groups
to be Tychonoff are given.

Groups with the Margulis property (every positive p-harmonic function is
constant on the cosets of the commutator subgroup) are Tychonoff but not
every Tychonoff group has this property.

The results presented here were obtained under the financial support of the Russian Fund
for Fundamental Research Grants 93-01-00239, 94-01-00820.
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Using arguments of Margulis we extend the Margulis theorem about positive
harmonic functions from the class of nilpotent groups to the class of ZA-
groups and from finitary probability distributions to arbitrary such distribu-
tions. We show that for nilpotent groups the Tychonoff property is equivalent
to the Margulis property.

Infinite, finitely generated Tychonoff groups are indicable (i.e. they can be
mapped onto the infinite cyclic group) and have some other interesting prop-
erties.

At the end of the paper we consider bounded actions of groups of subexpo-
nential growth on convex cones with compact base and prove a fixed-point
theorem for such actions.

2. The definition and some properties of Tychonoff groups

Let us recall some notions. A selfmap A : E — E of a topological vector
space FE is called affine on a convex subset V C E if for any z,y € V and
p,q >0, withp+q=1, A(pz + qy) = pAz + qAy.

Aset K C E iscalled a cone if

1. K+KCK

2. MK C K for any number A > 0

3. Kn(-K) = {0}.

The ray in a cone K is any halfline L, = {Az: X > 0}, where z € K, z # 0.
A cone K has a compact base if there is a continuous linear functional @ on
E such that ®(z) > 0, if z € K, z # 0 and such that the set B= {z € K :
®(z) = 1} is compact. Any such set B is called the base of the cone K.

Definition 2.1. A group G is called Tychonoff if for any action of G by
continuous affine transformations on a convex cone K with compact base in
a locally convex topological vector space there is a G-invariant ray.

Let TG be the class of Tychonoff groups. We will see later that TG C AG.
Throughout this paper K denotes a cone with compact base B determined
by a functional ®.

Examples

2.2. Any finite group is Tychonoff.

If a finite group G acts on a cone K then for any x € K,  # 0 the nonzero

point
1
£=—Y gz
129

9€G

is G-invariant and so the ray L, is G-invariant as well.
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2.3. The infinite cyclic group Z is Tychonoff.

If A: K — K is the affine transformation determined by the generator
element of a cyclic group, then the transformation

A:B—s B
w \_ Alz)
4 = 3aw)

is continuous and by Tychonoff’s theorem it has a fixed point £ € B. The
ray L¢ is Z-invariant.

Later we will see that nilpotent and in particular commutative groups are
Tychonoff. The following example shows that a virtually commutative group
is not necessarily Tychonoff.

2.4. The infinite dihedral group is not Tychonoff.

This group is given by one of the following presentations (by means of gen-
erators and relations):

G=<abla*=0=1>
=< a,cla® = (ac)’ =1 > (1)

where b = ac. Hence G is isomorphic to the group generated by matrices

01 1o
=(o) =)
10 0 2

which acts by linear transformations on 2-dimensional vector space. The first
quarter
K ={(z,y) e R’ : 2,y > 0}

is G-invariant and has compact base. It is easy to see that there are no
invariant rays for this action.

Proposition 2.5. A factor group of a Tychonoff group is Tychonoff.

This is obvious.

Proposition 2.6. Let G be a directed (by inclusion) union of Tychonoff
groups H;, i € I (that is G = U;H; and for any H; end H; there is

Proof. Let G act by affine transformations on a cone K with compact base
B and let B; be the compact nonempty set of traces of G;-invariant rays
on the base B so that B; = {x € B: gz = Az, g € G;;, A, > 0}. The
system { B, };¢; satisfies the finite intersection property and so the intersection
B, = Ni¢;B; is nonempty. Any z € B,, determines a G-invariant ray L.
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The next statement was remarked in [5).

Proposition 2.7. The strict inclusion TG C AG holds.

Proof. Let us prove that TG is a subset of AG. Let [,(G) be the space of
bounded functions on G with uniform norm, {2 (G) be the space of continuous
functionals equipped by the weak-x topology and let B C I2,(G) be the set
of means on G that is the set of linear positive functionals m € % (G) such
that m(1g) = 1, where 1¢ is constant on G with value 1.

Now let K be the cone generated by B:

K={0}u{z el (G): Az € B forsome > 0}.

Then B is the base of cone K, determined by the functional & given by
®(m) = m(1g),m € I3, (G).

By the Alaoglu theorem this base is compact in the weak-x topology. The
group G acts on l,(G) by left shifts: (L,f)(z) = f(¢~'z) and this action
in a canonical way induces the action on the conjugated space: (gm)(f) =
m(L,f), m el (G).

The cone K is G-invariant, so there is a G-invariant ray L,, z € K, z # 0.
But the base B is G-invariant as well. Thus m = BN L, is an invariant point
for the action of G and m is a left invariant mean on G. So G € AG. The
inclusion TG C AG is strict, because the infinite dihedral group is amenable
but not Tychonoff.

An extension of one Tychonoff group by another need not be a Tychonoff
group, as the example of the infinite dihedral group shows.

A subgroup of a Tychonoff group also need not be Tychonoff. The corre-
sponding example will be constructed later.

However, a subgroup of finite index in a Tychonoff group is Tychonoff (3], [6].
Now we are going to consider some types of extensions preserving the Ty-
chonoff property.

Proposition 2.8. Let G= M X N, where M,N € TG. Then G € TG.

Proof. Let G act on K with base B and let By C B be the nonempty
subset determined by the traces of M-invariant rays on B. Let z, € By and
mzy = A(m)zy, m € M, where A : M — R, is some homomorphism. We
define K, as a (nonzero convex closed) subcone of K consisting of vectors
z with the property mz = A(m)z. The cone K, is N-invariant. Really, if
z € K, then mnz = nmz = A(m)nz. Because N € TG there is N-invariant
ray Le which is G-invariant as well.

Corollary 2.9. Every commutative group is Tychonoff.

Let us agree that in this paper by a character of a group G we mean any
homomorphism G — R, where R, is the multiplicative group of positive
real numbers.
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Proposition 2.10. Let G = Z x 4 Z* be a semidirect product of the infinite
cyclic group Z and a free abelian group of rank d > 2, where a generator of
Z qcts on Z° as the automorphism determined by a matriz A € GL,(Z) with
the following condition: A has no eigenvalues on the unit circle other than 1.
Then G € TG.

Proof. Let G act on K with compact base B determined by a functional
®. Because Z¢ € TG there is a vector £ € B such that for some character
¢ :Z* — R, and any g € Z¢ the equality g€ = ¢(g)€ holds.
Let K, ={z € K : gz = ¢(g)z, g € Z%}. Then K, is convex subcone of K
determined by some nonempty compact base B, C B.
If @ is a generator of the infinite cyclic group Z then aK, = K, where the
action of a on ¢ is determined by the relation  ¢*(g) = ¢(g™'ag).
For any b € Z¢ and z € K, we have bgz = gg~'bgz = ¢(g7'bg)gz and so we
have uniform on n € Z upper bound:

®(ba™z) O (by)

-np . ny . < .
AT = G <o) <

We see that for any b € Z¢ the sequence ¢ (b) when n ranges over Z is
bounded. Let us prove that ¢ is invariant under A.

Let a,, - - -, a4 be the basis of the group Z¢. Any character on Z¢ is determined
by the vector ¥ = (X1, -+, Xa) of positive numbers: if g = ai™,...,a7? then
x(g) =™, -+, xa-

Denote by u the additive character p = logx, n(g) = mylogx, +-+- +
mylog x4. The action of an automorphism a on Z¢ corresponds to the map-

ping M — MA of integer vectors M = (my, - - -,m,) which determines ele-
ments of the group Z% Thus u®"(g) = m{™ log x1 + - - - + m{” log x4, where
(mgn): Y mt(i")) = (ml’ Tty md)A" and

1" (g) = < Tog x, MA™ > = < log x(4')", 7 >
where <, > is scalar product and A’ is the matrix transpose to A.

Lemma 2.11. Let A be a linear transformation of R® which has no eigen-
values on the unit circle not equal to 1. If for some z the set of vectors
{Arz}}> _ is bounded then Az = z.

n=-—oo

The proof is identical to the proof of lemma 4.1 from [5] and is omitted.

If the sequence of vectors {logp(A")"};= . (p is the character defined
above) is bounded then due to Lemma 2.11 and the condition of Proposition
2.10 the vector log ¢ is invariant with respect to A’. Thus ¢ is a-invariant
and so the cone K|, is a-invariant. An arbitrary a-invariant ray in K, will be

G-invariant as well.
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The following three statements are similar to the one given above.

Proposition 2.12. Let G = N x H be a semidirect product, where N and
H are Tychonoff and let N act trivially on the set of characters of the group
H. Then G € TG.

Proof. The cone K, = {z € k : gz = o(g)z, g € H}, where p is a
character for which there is a vector £ € K, £ # 0, with g6 = ¢(g)¢ for
any g € H is N-invariant and therefore any N-invariant ray in K, will be
G-invariant.

There is a bijective correspondence (given by the function log) between mul-
tiplicative characters G — R, and additive characters G — R. We say
that the set of multiplicative characters G — R, is finite dimensional if the
space Char (G) of additive characters G — R is finite dimensional.

Proposition 2.13. Let G = Zx 4 H, where H € TG. Suppose that the space
Char (H) is finite dimensional and the matriz A determining the action of

generator of Z on the space Char (H) has no eigenvalues on the unit circle
other than 1. Then G € TG.

The arguments are similar to those given in the proof of Proposition 2.12.

Examples

2.14. The Metabelian group G = < a,blaba = b* > is Tychonoff.

Proof. The group G is isomorphic to a semi-direct product Z x H, where
Z is the infinite cyclic group generated by the element a and H is the group
of rational numbers of the form %, k,n € Z with the operation of addition.
The element a acts on H as multiplication by 2.

Any character ¢ on H is determined by the value ¢(1) so the space of char-
acters is 1-dimensional. We have ¢*"(g) = ¢(2"g) = [go(g)]zn and thus the
orbit {¢®" (9)}#= . is bounded if and only if ¢(g) = 1 and if this holds for

n=—oo

any ¢ then ¢ is trivial. Thus G € TG.

2.15. LetZ,=Z/kZ, G = Z%wrZ, (wr means the wreath product). The
group G can be defined as G = Z4 x (Zy)%’, where the group Z* acts on the
space (Z,)% of Z,-configurations on Z¢ by shifts.

The group Zfd has only the trivial character. Thus G € TG.

2.16. The group ZwrZ is not Tychonoff, because it can be mapped onto the
infinite dihedral group.
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2.17. The Tychonoff property may not be preserved when passing to a sub-
group.

Proof Let H =< a,bl[a,b] = ¢, [a,¢] = [b,c] = 1 > be the nilpotent
Heisenberg group and let the automorphism ¢ € AutH be defined by

{ a— ab
b— a.
Then ¢ induces an automorphism of the group Z* = H/[H, H] determined

by the matrix
(1 o)
A= ,
10

the eigenvalues of which ), » = (1 £ v/5)/2 do not belong to the unit circle.
The automorphism ¢ acts on the generator ¢ of the center Z(H), as ¢ =
[a,] =% [b,a] = ¢™*. Let

G=Zx,H
=< a,bcd|e,b=cla,c]=[bc] =1, dlad=ab, d'bd=a>

By Proposition 2.13 the group G is Tychonoff. At the same time G contains
the subgroup < ¢,d|d~*ed = ¢™* > which can be mapped onto the infinite
dihedral group < z,y|z? = > = 1 > by the map ¢ — zy, d = z, and so is
not Tychonoff.

3. Harmonic functions and the Tychonoff property

Let G be a countable group and p(g) be a probability distribution on
G:p(9) 20, T,epr(9)=1

A function f : G — R is called p-harmonic (p is a real number) if Pf = uf,
where P is the Markovian operator determined by the relation:

(Pf)(g) = g(:;p(h)f (gh).

The left shift of a y-harmonic function is again a g-harmonic function. If
4 =1 then we get the standard notion of a harmonic function.

A distribution p(g) is called generating if its support suppp(g) = {g € G :
p(g) # 0} generates G.

Proposition 3.1. If given G there is a generating probability distribution
with finite support such that for any p > 0 every positive p-harmonic function
is constant on cosets of the commutator subgroup then G is Tychonoff.

Proof. 1t follows from the assumption that every bounded harmonic function
on G is a constant and this implies the amenability of G by the theorem of
Azencoff and Guivarc’h [2].
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Let p(g) be a distribution on G for which every p-harmonic function is con-
stant on the cosets of the commutator subgroup when p > 0 and let G act
by affine transformations on a cone K with compact base B determined by
the functional ®.

We can define affine continuous mapping T': K — K,

Tz =73 p(9)9z

9€G

for which there is an invariant ray L, £ € B. Assume that T¢ = p€.
The function f(g) = ®(g¢) is positive and p-harmonic:

(Pf)g) =3 p(h)f(gh) =3 ®(ghé)p(h) =

hEG hEG

= (g Zap(h)hf) = ®(gT¢) = n®(g€) = pf(9).

he

By our assumption, this function is constant on cosets of the commutator
subgroup. In particular, f(g) =1 if ¢ € G' = [G,G]. Thus the G'-orbit of
the point ¢ belongs to the base B.
We can consider the action of G’ on the convex closure of the orbit {g€},ccr
and use the amenability of G’ to claim the existence of a G’-invariant point
n € B.
Now let K’ C K be the nonempty convex closed cone of G’'-fixed points. The
cone K’ is G-invariant. Thus the action of G'on K’ induces the action of
G. = G/G' on K' by affine transformations. This action has an invariant
ray which is G-invariant as well.

Definition 3.2. A group G is a ZA-group if G has an increasing transfinite
central chain of normal subgroups

1=G, < <G,<---<G, =G (2)

where Gy = U, <G, if A is alimit ordinal and for any @, G,., /G, < Z(G/G,)
(as usual Z(H) denotes the center of a group H).

The following statement is similar to the main result of [9] and our proof
follows the one given in [9]. We observe only that lemma 2 of [9] must be
slightly modified, either in part of the formulation or in part of the proof, and
that the condition on the probability distribution to have a finite support that
was included in the formulation of the theorem in [9] can be omitted.

Let us say that G has the Margulis property if for any generating probabil-
ity distribution p(g) and any g > 0, every positive py-harmonic function is
constant on cosets of the commutator subgroup.

Theorem 3.3. Any countable Z A-group has the Margulis property.
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Corollary 3.4. Any nilpotent group is Tychonoff and so any locally nilpotent
group is Tychonoff as well.

Remark 3.5. By a theorem of A. Malcev [5] any finitely generated ZA-
group is nilpotent. Thus ZA is a proper sub-class of the class of locally
nilpotent groups. It is not known if every locally nilpotent group has the
Margulis property.

There is a number of direct proofs that nilpotent groups are Tychonoff. The
first one was given in [3,6]. The arguments used in [6] can be applied for prov-
ing Theorem 3.3 but under the assumption that p(g) has finite support. using
the Tychonoff property of nilpotent groups. On the other hand the adapted
Margulis proof given below uses only the Tychonoff fixed-point theorem, and
works in the case of any distribution p(g).

Proof of Theorem 3.8 Let p(g) be the generating distribution on the ZA-
group G and for some p > 0 let the set of yu-harmonic functions be nonempty.
We fix this ¢ and denote by K the convex cone of positive y-subharmonic
functions that is functions with the property Pf < uf. The first step of
our considerations is to get the analogue of the Martin representation for
p-harmonic functions.

Let V(G) be the space of real valued functions on G endowed with the topol-
ogy of pointwise convergence. If f, € K, n € N is a net and f, — f
then

Pf<lmPf, < plimf, = pf.

Thus the cone K C V(G) is closed.

Let @ be the functional on V(G) determined by the relation ®(f) = f(1).
Then the base B = {f € K : ®(f) = 1} is a compact set because from
Pf < uf it is easy to deduce that

Nn

flo) < p(g1) -~ -plgn) ®
where the elements g;, ¢ = 1,---,n are selected in such a manner that
gzgl"'gnandp(gi)>0a i:l,---,n.
From (3) it follows that all functions from B are majorized by the function
from the right-hand side of (3), which gives the compactness of B.
We can introduce the partial ordering on the cone K 1 z <y, z,y € K
if y—x € K. Then the cone K is a lattice: for any z,y € K there is an
infimum z = inf(z, y) that is the element such that ¢ — z,y — z € K and if
x — 2,y — 7 € K for some other z' € K then z — 2' € K.
In our case z is determined by the relation z(g) = min{z(g),y(g)}. The
following statement follows from theorem of Choquet and Deny and is a part
of a more general statement from [5] (theorem 6.2).
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Proposition 3.6. The set E of extremal points of B is a Borel set and any
point b € B is a resultant of some unique probabilistic measure dv defined on
E; i.e. b can be presented in the form

b=/};:l)dl/(:lt).

If f is a p-harmonic function then the corresponding measure dv is concen-
trated on p-harmonic functions. Indeed, let f be p-harmonic and

f:/};xdvf(x).

Then
Pf< | Pxd

7 < [ Pady(z)

and
0=Pf —uf < [ (Pz - pa)dv,(z).
But Px — ux <0, so for any g € G the set
F,={z € E: (Pz - uz)(g) = 0}

has v;-measure 1 and thus

Vf(ﬂFy)zl

9€G
because G is countable.
Now we are going to characterize extremal p-harmonic functions as characters
of the group G. Any such function will be denoted by k(z).

Lemma 3.7. If z € Z(G) then
k(zz) = k(z)k(z). (4)

Proof. Since the left shift of y-harmonic function is again py-harmonic and z
is an element of the center we get the relation
k(zz)  c(z=2)
k =p—
where the function c is defined as c(zz) = k(z) — bk(zz), the number b is
selected to satisfy the inequality

k(z)
k(zz)

0<bk

and p =bk(z),g=1-1p.
Now we observe that the functions
k(zz) clzz)
Kz e(z)
belong to B and as k is an extremal point, k& coincides with each of these
functions and this leads to (4).
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Lemma 3.8. Let z,y € G and 2 = [z,y] € Z(G). Then k(z) = 1.

PT’OOf. If [Ilay]’ [I2ay] € Z(G) then [I1I2ay] = [fz,y][fz,y] € Z(G) This
shows that if [z,y] € Z(G) then [z",y] = [z, y]" € Z(G).

Let K be the closed cone generated by functions k(y"z), n € Z, let the base

B be defined as B = {f € K : f(1) = 1} and let T, be the continuous map
from K to K, which preserves B and is defined by

_ fy=)

Every function h € K satisfies the relation h(zz) = h(z)k(2), when z € Z(G).
By a theorem of Tychonoff there is h € K such that Th = h, that is
h(z)h(y) = h(yz) for any z € G.

Besides this there is a constant b > 0 such that for any n € Z, the inequality

h(z"y)
h(z")

holds. Since z"y = yz"[z",y], h(z"y) = h(yz")k([z,y|*) = h(yz™)k"([z,¥]),
and we get for any n € Z

0<b<

h(zhy) _ _h(zy) b
h(yz")  h(y)h(z") = h(y)

This leads to the inequality k([z,y]) > 1, which holds for any z,y € G.
Therefore k([z,y]) = 1.

k"([:l:,y]) =

Now let us finish the proof of the theorem. For this purpose we will prove
by transfinite induction on o that k(z) is constant on cosets of the subgroup
[G,G.] < G.

Let (2) be a central series of a group G. If z € G,y € G5 then [1,y] € G, <
Z(G) and by Lemma 3.8 k([z,y]) = 1. So k is equal to 1 on the subgroup
[G, Gs] and by Lemma 3.7 k is constant on cosets of [G, Gs].

Let us pass from (1) to the central series of “smaller” length:

1< Gy/[G,Ga] < -+ < Go/[G,G5) < -+ < G/[G, Gs]

After such factorization the distribution p(g) on G will be projected on some
distribution p¥(g) on the group G® = G/[G,G;| and the function k will
be projected on positive y-harmonic with respect to the distribution p®(g)
function £ on the group G®. Moreover, k® will be an extremal point in
the base of the corresponding cone of p-harmonic function on G®.

Let us suppose now, that for some ordinal A every positive y-harmonic func-
tion on G is constant on cosets of any subgroup [G,G,] a < A. In case A is a
limit ordinal this property can be extended on cosets of the subgroup [G, G,]
as well.
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If A is not a limit ordinal and A = p+1 then let us consider the central series
1<G,/[G,G)<G\/G,G)< - <G/|G,G,]. (5)

Let p*)(g) and k" be a distribution and p-harmonic function on G*) =
G/[G, G,] that are projections of i and k respectively.
IfzeGW, yeG\/[G,G,]then

[z,y] € G,./IG,G,] < Z(G/[G, G.))
and so the function & is constant on cosets of the subgroup
[G/[G) Gu]’ GA/[G) Gu]] < G/[G, G“].

Thus we can pass from (5) to the series 1 < G,/[G,G,\] < --- < G/[G, G,]
and define on the group G® = G/[G, G,] projections p™(g) and k™ of p(g),
k respectively.

This gives the possibility to apply the inductive assumption and to prove the
theorem.

Remark 3.9. The space of p-harmonic functions on a group G with the
Margulis property can be identified with the space of y-harmonic functions
on the abelianization G,; and extremal p-harmonic functions are characters
in this case. In particular, every bounded harmonic function is constant.

Remark 3.10 There are examples showing that a group containing a nilpo-
tent subgroup of finite index can have extremal p-harmonic functions that
are not characters. Here is the simplest one.

Let G be the infinite dihedral group, given by the presentation (1) and the
distribution p be uniform on the set {a, b} of generators: p(a) = p(b) = ;. The
elements of G can be identified with words over the alphabet {a, b} which do
not contain the subwords aa, bb.

The Cayley graph of G looks like the Cayley graph of the infinite cyclic group

Py Py Py Py Py PY a

bab ba b 1 a ab aba

and the Markovian operator T acts on functions on G analogously to the
operator T on the group Z, where (T'f)(n) = 1/2(f(n — 1) + f(n +1)).
Extremal rays of the cone of positive solutions of the equation Tf = puf,
u > 1, have the form f:(n) = £™ where £ is some positive number satisfying
the equation

n_l n—1 n+1
pE" =607 6,

ie.

§_;ti\/;t2—1
==
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Respectively the function f¢(g) = £°@), where o(g) is the length of an element
g taken with the sign + if irreducible form of ¢ starts on a and taken with
the sign — otherwise, is an extremal p-harmonic function on G but is not a
character.

Remark 3.11 There are groups with the Tychonoff property having noncon-
stant bounded harmonic functions. For instance, any group G = Z%wrZ, is
Tychonoff (see Example 2.15) and has nonconstant bounded harmonic func-
tions when d > 3 7). Thus the class TG does not coincide with the class of
groups for which every bounded harmonic function is constant.

4. The Tychonoff property and indicability

A group is called indicable if it can be mapped onto the infinite cyclic group.

Theorem 4.1. Any infinite, finitely generated Tychonoff group is indicable.

Proof. Let G be such a group. The theorem will be proven if we construct an
action of G without fixed points by affine transformations on convex cone K
with compact base B. Indeed, then the action of G on any fixed ray L, { € B
given by g¢ = (g)¢ determines the desired homomorphism ¢ : G — R,
with infinite cyclic image.

We need to show that the cone K of positive u-harmonic functions satisfies
the required property where p is any fixed number greater than 1 and the
distribution p(g) has a finite support which generates G. This follows, for
instance, from general results on Markov chains [10]. For the convenience of
the reader we include the proof of this fact in this special case.

The group G acts on K by left shifts. This action is affine and has no nonzero
fixed points. The same arguments which were given in the proof of Theorem
3.3 show that the base B = {f € K : f(1) = 1} is compact in the topology
of pointwise convergence. Thus the only point remaining is to prove that the
cone K is nonzero.

Let p(g) be a distribution on G with finite support A which generates G.
Let p(n,z,y) be the probability of transmission from z to y in n steps in a
right random walk on G, determined by distribution p(g): starting from = we
can reach za in one step with probability p(a). The Markovian operator P
corresponding to this random walk is determined by the relations:

(Pf)() =Y p(y)flzy) = > p(1,2,9)f(y).

yeG yeG

For any A, |A| <1 the series

gz, y) = i A"p(n, z,y)

n=0
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converges and we can define the generalized Martin’s kernels

and functions

k)z) =

Yy

gz, y)
9*(1,y)

= SN zy),

i=0
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where (i, z,y) is the probability of first getting from z into y on the ith step.

It is clear that p(n,z,y) =
I} (z)9* (v, y) because

o0 n

S Ap(n,z,y) = 30 A £ 2, w)p(n

- iayay)

Yo f(,z,y)p(n — i,y,y) and so g*x,y) =

n=0 n=0 =0
=3 Y N[ z,y)A"p(n - 4,y,y)
n=0 =0
=2 N0 2,y) YA p(n — 4, y,y) = I (2)g* (v, 9)-
i=0 =i
Thus -
B () = 2,
I15(1)
Lemma 4.2. The following equality
0 ifex#y
ky(z) — APk)(z) =4 .
9 (1,y) ifz=y
holds.
Proof. First of all observe that
Pk (z) Zp (1,z,h)g*(h, g)
( ) iee
Zp (1,z,h) Z)\" n,h,y)
hEG
Z)\"Zp 1,z, h)p(n, h,y)
n—O heg
1
=% Mpn+1l,z
9*(1,y) nz.% V)
L [1 Nz, y) — =p(0, )]
=1y 5 @ /\p z,y

We claim that when x and X are fixed the set of numbers {k}(z

is bounded.

), yé€G}
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Indeed let A = supp(g) be the set of generators of G, and C¢ be the Cayley
graph of the group G constructed with respect to the generating set A.

For every element z € G, fix a path [, in C¢ that joins 1 and z. Let p{l,)
be the probability of the path I, (the product of probabilities of transmission
along links of this path) and let £, be the length of [,.

If y ¢ l,, then f(z,1,y) > p(l,) - f(i — t., z,y). Therefore

/\i_tlf(i_ ta:axa y) 1
—— <
A f(i,1,y) Atep(l,)

and
=H;(x) _ T A f (i, y)

(1) X2 Nf(,1,y)

TR A fG 3, y) < 1

TEZ A f(i+ 1., Ly) T Mep(l,)
Thus the set of functions {k} (z)},ec is majorized by the function (A**p(l,))~*.
Now we take any sequence y, € G, y, — 00 and extract a subsequence
Yn, such that the sequence k;\"k converges to some positive function k*(z)
which is ;~harmonic. Since the distribution p(g) has finite support, Pk*(z) =
Plim,_,., k;ﬂk (z) = lim, o, Pk,, (), and passing to the limit in the relation

1 A 2 {0’ lf‘r#ynk
2k (z) — Pk} (z) =

Yny Yny —_—t i =
A )\9'\(1417%), if = ynk

ky(z)

we get the relation )
ka(l') = Pkk(l‘)

We have proven that on any infinite finitely generated group for any u > 1
there is a positive g-harmonic function. The cone of such functions is nonzero
and satisfies all necessary conditions. The theorem is proven.

5. A fixed-point theorem for actions on cones

Let a group G act by affine transformations on a cone K. We shall call such
an action bounded if the orbit of any point £ € K is bounded. Thus the
orbits can accumulate to zero, but not to infinity.

A finitely generated group G is called a group of subexponential growth if

7= lim ) =1,

where 7(n) is the growth function of the group G with respect to some finite
system of generators (y(n) is equal to the number of elements of G that can
be presented as a product of < n of generators and its inverses).



On Tychonoff groups 185

Theorem 5.1. Let G be a group of subezponential growth acting by affine
transformations on a nonzero convexr cone K with compact base in a locally

convez topological vector space, and suppose that this action is bounded. Then
there is a G-fixed point £ € K, £ # 0.

Proof. Let p(g) be a symmetric (that is p(g) = p(¢~!) for any g € G)
probability distribution the support of which is finite and generates G, and
let P be the corresponding Markovian operator

(P£)(9) = 3 p(h)f(gh).

heG
We can define a continuous map T': K — K by
Tz = p(h)hz.
heG

By the Tychonoff theorem there is a T-invariant ray L¢, £ € B, that is T¢ =
A€ for some A > 0.

We are going to prove that A = 1. Let & be a functional determining the
base B of the cone K and let f be a function on G determined by the relation
F{g) = ®(g&). Then f is A-harmonic as shown in the proof of Proposition 3.1.
From the relation (P"f)(1) = A*f(1) we get the inequality p(n,1,1) < A»
where p(n, 1, 1) is the probability of returning to the unit after n-steps in the
right random walk on a group G.

It is well-known that any group of subexponential growth is amenable and
by a theorem of H. Kesten the spectral radius

r= 7!1_{& sup 1/p(n,1,1)

is equal to 1 for a symmetric random walk on any amenable group. Thus
A > 1 in our case. But because the action of G on K is bounded, one can
find a number d > 0 such that ®(f) - \» = ®(P"f) < d when n > 1, which
leads to the equality A = 1. Thus the function f(g) is a bounded harmonic
function on the group G.

By the theorem of Avez [1] the function f is constant and so the orbit O, of
the point £ is a subset of the base B. The closed convex hull O of the orbit
O¢ will be a compact set on which G acts by affine transformations, and this
action has a fixed point because G is amenable. This finishes the proof of the
theorem.

Remark 5.2. The statement of Theorem 5.1 holds for any group for which
there is a symmetric probability distribution with finite support having the
property that every positive bounded harmonic function is constant. There
are some solvable groups of exponential growth having this property. The
simplest example would be the group of the form Z x, Z¢ where not all
eigenvalues of the matrix A lie on the unit circle.
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6. Final remarks and open questions

The notion of Tychonoff group can be naturally generalized as follows.

Definition 6.1. A group G is called k-Tychonoff if for any action of G by
continuous affine transformations on a convex cone with compact base in a
locally convex topological vector space there is a convex G-invariant cone with
< k extremal rays. Hence 1-Tychonoff is the same as Tychonoff. A group
has the generalized Tychonoff property if it has the k-Tychonoff property for
some k > 1.

A group containing a Tychonoff subgroup of finite index has the generalized
Tychonoff property.

Some of the statements given above for Tychonoff groups can be proven for
generalized Tychonoff groups as well.

There are many open questions about Tychonoff groups. Here are two of
them.

Problem 6.2. Is it true that every Tychonoff group belongs to the class
E G of elementary amenable groups (that is groups that can be obtained from
finite and commutative groups by operations of extension and direct limit)?

Remark 6.3. Problem 7 in the Problem Session of [4] is stated incorrectly.
The correct question is given in Problem 6.2.

Problem 6.4. To describe solvable Tychonoff groups.

Remark 6.5. The description of polycyclic Tychonoff groups was given by
A. Starkov [11].
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Word Growth of Coxeter Groups
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Let (W, S) be a Coxeter system, Wx(t) the growth series of the subgroup
Wx = (X) of W for X C S, and £(S) the length of the unique longest word
in W when the latter is finite. Then the famous formula of Bourbaki ([2],
Exercise 26, p.45; see also [4]) asserts that

(~1)X1 s

xcs Wx(?) 5(t)

when W = (S) is finite, and is zero otherwise. A proof of this formula is to
be found in [3].

Since the list of finite Coxeter groups is short and well known (see 1], which
also lists the corresponding values of £(S)), it would be advantageous to have
a formula for computing W(t) in terms of only the finite subgroups (X) of
W, X C S. Such a formula can be obtained by a simple purely combinatorial
device as follows.

We evaluate the double sum (over Y and X))

Tz EUHCY”

XCYcs Wx (t)

in two different ways.

. _ Yl (_1)IXI= _ lylﬂ
O 2= VN B T st ) @
~1)IXt

@ 20 = £ 5

since the inner sum (over Y, X C Y C S) is & the alternating sum of the
|IS — X|-row of Pascal’s triangle, which is 0 unless X = S, and (—1)!! in this
case.
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Proposition. Let (W, S) be a Cozeter system and let £(Y) denote the length
of the unique longest word in Wy for allY C S with |Wy| < co. Then

1 Z (_1)|Yltl(Y)
WS(t) B YCS,|Wy|<oo WY(t)
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Poly-surface Groups
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Abstract. Cocompact lattices in linear semisimple Lie groups have a number
of desirable properties; in particular, they are (I) residually finite; (II) satisfy
the Tits’ alternative; (III) are virtually Poincaré Duality groups of type FL;
(IV) admit, up to commensurability, a unique decomposition into irreducibles,
of which there are infinitely many; (V) act properly discontinuously with
compact quotient on a Euclidean space endowed with some non-euclidean
geometry; (VI) satisfy a finite rigidity property.

In this paper we compare this behaviour with that of a collection of Poincaré
Duality groups which are in general not cocompact lattices, namely the class
of poly-Surface groups. We show that properties (I)-(IV) are satisfied without
change, and that (V) is virtually satisfied. For poly-Surface groups, the finite
rigidity property seems rather difficult to analyse because of our ignorance
of the various geometries which arise; nevertheless, for each n > 2, there
are infinitely many distinct commensurability classes of poly-Surface groups
which act as discrete cocompact isometry groups on bounded domains in C™.

1. Preliminaries on Surface groups

By a Surface group (or S-group, for short) we shall mean the fundamental
group of a closed orientable surface of genus g > 2; that is, a group having a
presentation of the form

Ey = (le v ,ng : H:I:l[-X%—ly -X2i]>

Alternatively, the uniformisation theory of complex curves allows us to regard
S-groups as torsion free discrete cocompact subgroups in PSL,(R). A sub-
group of finite index in an S-group is also an S-group with genus determined
by the following:
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Theorem 1.1. (Riemann-Hurwitz) If G is an S-group of genus g, and H is
a subgroup of finite index d in G, then H is an S-group of genus 1+d(g —1).

We summarise the algebraic properties of S-groups thus:

(1.2) An S-group has no nontrivial finite normal subgroup.

(1.3)

(1.4) An abelian subgroup of an S-group is cyclic.

(1.5) A nontrivial normal subgroup of infinite index in an S-group is a free

group of infinite rank.

(1.6) Let H be a subgroup of an S-group G; then H is itself an S-group if and
only it has finite index in G.

Generalising (1.5), there is a sort of Noetherian property:

(1.7) Let H € S and let H, C H, C ... C H, = H be a sequence of finitely
generated subgroups such that H, <H,,, for each r; then there exists m ,
1 < m < n, such that H, has finite index in H for m < r, and H, = {1}
for r < m.

The above statements are all well known, and although it is difficult to give a

single reference, they can be easily obtained from a combination of references,

for example [5] and [17].

The centre of an S-group is trivial.

2. Poly-S-groups and their filtrations

Let C be a class of abstract groups; a group G is called a poly-C group when it
possesses a subnormal filtration G = (G, )o<,<n With G, = {1}, and G,, = G,
G,_1<G, and G, /G,_; € C for each r. Such a filtration is called strongly poly-
C when, in addition, G, <G for each r, and characteristically poly-C when G,._,
is a characteristic subgroup of G, for each r. The following are easy to verify:
(2.1) A characteristic poly-C filtration is strong.
(2.2) Let H be a subgroup of finite index in a strongly poly-S group G; then
H is also a strongly poly-S group.

If all C-groups have trivial centre, the same is true of poly-C groups. In
particular, the centre of any poly-S group is trivial, so enabling us to de-
scribe, in principle at least, the construction of all poly-S groups; if G =
(G,)o<r<n is a poly-S filtration of length n , the extension 1 — G,.;, —
G, = G,./G,_, — 1 is determined, up to congruence, by an operator ho-
momorphism h,_, : G,/G,.., = Out(G,_,); we can regard G, as a fibre
product G,, = Aut(G,_ 1) X G./Gn-1, where X : Aut(G,_,) = Out(Gn.-,)

is the canonical mapping. Inductlvely, the study of poly-S groups of length n
may be reduced to that of the outer automorphism groups of poly-S groups
of length (n-1). By a stable poly-S filtration G = (G,)o<r<n On a group
G = @, we shall mean one for which rank(G,/G,_,) < rank(G,,,/G,) for
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1 <r < n-—1;apoly-S group is called stable when it admits a stable poly-S
filtration. We shall prove:

Theorem 2.3. A stable poly-S filtration is characteristic.

Proof Using (1.7), the general case reduces to showing that if
12 K-2G35Q-1

is an exact sequence of groups in which @Q € § and K is finitely generated
with rank(K) < rank(Q), then K is characteristic in G. For this, if « is an
automorphism of G for which a(K) # K, then pa(K) is a nontrivial finitely
generated normal subgroup of @ in which rank(pa(K)) < rank(Q); however,
this violates the Riemann-Hurwitz Theorem. Hence a(K) = K, and K is
characteristic.

Proposition 2.4. A poly-S group contains a subgroup of finite index which
is stably (and hence characteristically) poly-S.

Proof By (2.3), it suffices to prove the stability statement. Let n denote
the length of a poly-S filtration. The case n = 1 is trivial, so suppose we
have proved the proposition for n-1 and let G = (G,)o<,<n be a poly-S fil-
tration of length n. Inductively, choose a subgroup H,_, of finite index in
G,-1 admitting a poly-S filtration (H,)o<r<n—1 such that rank(H,./H,_,) <
rank(H,,,/H,) for all r € {1,...,n — 2}. A finitely generated group has
only a finite number of subgroups of a given finite index; thus{a(H,_,) : @ €
Aut(G,-,)} is a finite set. Put S(H,.,) = {a € Aut(G,.)) : a(H,-,) =
H,_,}. Then S(H,.,) is a subgroup of finite index in Aut(G,_,). Let c :
G, — Aut(G,_,) denote the conjugation map, and put H,= c ' (S(H,_1)).
Observe that H,,_, is normal in ﬁ,: , and we have a surjective homomorphism
E/H = E/(Gn_l N H';) in which ﬁ;/(Gn_1 N ﬁ;), being a subgroup
of finite index in G,/G,.,, is itself in S. In particular, ﬁ;/(Gn_1 nH,)
contains subgroups of arbitrary finite index. It follows easily from the Rie-
mann Hurwitz Theorem that we may choose a subgroup @ of finite index
in H,/(G.-, N H,) such that rank(H,_,/H,_,) < rank(Q). Let ¢ : H, —
H,/H,_, denote the identification mapping; then H, = ¢~ *(Q) is a sub-
group of finite index in G, and the poly-S filtration (H,)o<,<n—1 satisfies the
condition rank(H,/H,_,) < rank(H,,,/H,) for all r € {1,...,n — 1}. This
completes the proof.
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3. Properties (I)—(III)

(I) Residual finiteness

A group G is residually finite when, for each nontrivial element g € G, there
exists a homomorphism to a finite group ¢ : G — ® such that ¢(g) # 1. It
is straightforward to see that if H is a subgroup of finite index in a finitely
generated group G then H is residually finite if and only if G is. Mal’cev
showed that any finitely generated linear group is residually finite([28]). Here
we establish this for poly-S groups.

Proposition 3.1. Let1 = & — G 5 Q — 1 be an extension with ® finite
and Q € S; then G contains an S-subgroup G' of finite indez.

Proof For each positive integer n, ) contains a subgroup @’ of index n; @'
is necessarily in S; in fact, @' can be taken to be the fundamental group of a
n-fold cyclic covering of the surface corresponding to Q.

First consider the case where & is finite and central in G; then the extension
E=(1—-®&— GB Q — 1) is completely determined by a cohomology
class ¢(£) € H*(Q;®) = ®. Let Q' be a subgroup of Q with index n =
exponent(®), and let £ be the extension £ = (1 - & > G 5 Q' — 1)
where G' = p~'(Q’). It is easy to see that ¢(€') = 0 so that G’ splits as a
direct product G' = ® x @)'. The result follows since G’ has finite index in
G.In the general case, let ¢ : G — Aut(®) be the homomorphism induced by
conjugation, and put G' = Ker(c),® = NG and Q' = p(G’). Then the
extension £’ is in the case considered above. The result follows since G’ has
finite index in G.

As an immediate consequence we obtain:

Corollary 3.2. Letl - & - G — @ — 1 be an ertension with © finite
and Q € S; then G contains an S-subgroup of finite indez.

Let 1 - K — G — @ — 1 be an exact sequence of groups in which K is a
finitely generated residually finite group, and @ € S. Let g be a nontrivial
element of G; there exists a subgroup K of finite index in K such that ¢ ¢ K.
Since K is also finitely generated, K, may be assumed to be characteristic
in K, so that G/K, occurs in an extension 1 - K/K, - G/K; - Q — 1.
Observe that m(g) # 1 where 7 : G — G/K, is the canonical epimorphism;
since @ € &, we may, by (3.1), choose an & subgroup H of finite index in
G/K,. H is residually finite, as it admits a faithful finite dimensional real
linear representation [28], so we can ensure that 7(g9) ¢ H; G' = n~'(H)
is a subgroup of finite index in G such that ¢ ¢ G’. Since G is finitely
generated, we may choose a normal subgroup G” of finite index in G such
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that G" C G' C G. Then ¥(g) # 1 where % is the canonical epimorphism of
G onto G/G". We have established:

Theorem 3.3. Letl - K — G — Q — 1 be an exzact sequence in which K
is a finitely generated residually finite group and Q € S; then G is residually
finite.

Following (3.3), an induction on the length of a filtration shows that:

Theorem 3.4. A poly-S group is residually finite.

(II) The Tits’ alternative

A class C of groups is said to satisfy the “Tits’ alternative” when, given
a group [ in C and a subgroup A of ', then either A is polycyclic or else
contains a non-abelian free group. In [26] Tits showed that the class of finitely
generated linear groups has this property. We will verify it for the class of
poly-S groups.

Proposition 3.5. Let1 - K — G 5 Q — 1 be an extension where Q
is a nonabelian subgroup of an S-group. Then G contains a nonabelian free
group.

Proof Let Q' C Q be a nonabelian free group and put G' = p~(Q"). Then
the extension 1 = K — G' & Q' — 1 splits, so that G', and hence also G,
contains a subgroup isomorphic to Q'.

Proposition 3.6. Let[" be a poly-S group and let A be a nontrivial subgroup
of T'. If A is soluble, then A is poly-{infinite cyclic}.

Proof If " € § and A is a nontrivial soluble subgroup of ', then A is infinite

cyclic. The result follows by induction on the length of a poly-S filtration on
T

It follows easily by induction that:

Corollary 3.7. The class of poly-S groups satisfies the Tits’ alternative.

(IITI) Poincaré Duality

S-groups are Poincaré Duality groups in the sense of [16]. Since the class
of Poincaré Duality groups is closed under extension, it follows that a poly-
S group is a Poincaré Duality group. Moreover, by a result of Serre [23],
finitely presented groups of type FL are also closed under extension, we see
that poly-S groups are of type FL.
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4. Decomposition into irreducibles

Two abstract groups G, G, are said to be commensurable, written G, ~ G,,
when there exists a group H, and injections ¢, : H — G.(r = 1,2), such
that ¢.(H) has finite index in G,. An infinite group G is reducible when it is
commensurable to a direct product G ~ H, x H, where H,, H, are infinite
groups; otherwise, GG is irreducible. It is straightforward to see that:

Proposition 4.1. A finitely generated infinite group G is irreducible if and
only if it contains no subgroup of finite index which is isomorphic to a direct
product of infinite groups.

As a consequence of the Borel Density Theorem, a lattice in a connected linear
semisimple Lie group admits, up to commensurability, an essentially unique
decomposition into a product of irreducible semisimple lattices ([22], p.86).
Here we establish an analogous decomposition for poly-S groups into products
of irreducible poly-S groups. If C is a class of groups, we say that a group G
admits a C-product structure when it is the internal direct product, written
G =G 0---0G,, of a finite sequence (Gy,...,G,,) of normal subgroups of G
such that each G; € C. Two product structures P = (Gi)aer, @ = (H, )uen
on a group G are said to be equivalent when there exists a bijection o : A — Q2
such that for all A € A, G, =2 H, (), and strongly equivalent when, in addition,
we have equality G, = H,(, for all A € A.

It is easier to work within a wider context. Let £ denote the class of finitely
generated infinite groups of finite cohomological dimension with the property
that every subgroup of finite index has trivial centre; £ contains all poly-§
groups. Let £, denote the subclass of £ consisting of irreducible groups; we
show that an Ly-product structure on a group is unique up to commensura-
bility.

Proposition 4.2. If H and K are commensurable groups having Ly-product
structures H = H,0---0H,, and K = K, 0---0 K,, respectively, then m = n,
and for some permutation T of the indices, H; N K; has finite index in both
H; and K, if j = 7(i), and is trivial if j # 7(3).

Proof Without loss we may suppose that m < n. Put G = H N K, which
has finite index in both H and K, and define L, = G N K;(= HN K;), and
L=L,o-.-0L,. Each L, has finite index in K, so that L has finite index
in K. Since L C G, L also has finite index in H. Fix p € {1,...,m} and let
n, : H — H, denote the projection map. Since H, is irreducible and m,(L;)

centralises m,(L;) for i # j , there exists a unique element 7(x) € {1,...,n}
such that 7,(L;) = {1} for ¢ # 7(u) and n,(L.(u)) has finite index in H,.
7 defines a function 7 : {1,...,m} — {1,...,n}; since each L, is nontrivial,

for each i € {1,...,n} there exists p € {1,...,m} such that m,(L;) # {1};
that is, 7 is surjective. Thus m = n and hence 7 is also bijective. It is
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easy to check that, for all p, L., is contained in H, with finite index. If
H;N K; # {1}, then, since K; is torsion free, H; N K; must be infinite; thus
j = 7(i), otherwise our previous claim that L., is contained in H; with finite
index is contradicted. Thus H; N K is trivial for j # 7(). This completes
the proof.

A straightforward argument now yields:

Corollary 4.3. Any two Ly-product structures on a group are strongly
equivalent.

An easy induction on cohomological dimension shows that any £-group G has
a finite index subgroup H of the form H = H, x --- x H,,, with each H; an
irreducible £-group. If @ is an automorphism of G, then H ~ a(H) = a(H,)o
---oa(H,), and by (4.2), there is a unique permutation a, : {1,...,m} —
{1,...,m} with the property that H; N a(H;) is trivial if j # «.(3), and
H;N a(H,.(%)) has finite index in both H; and a(H,.(i)).

Put G, = G, 0--- 0 Gy, where, for each i, G; = Nacaue) @(Hou(?)). It is
easy to see that G, is a characteristic subgroup of finite index in G. We have
established:

Theorem 4.4. An L group G contains a characteristic subgroup G, of finite
index such that Gy & H, x --- X H,,, where Hy, ..., H,, are Lo-groups.

When G is a poly-S group, (4.4) provides a characteristic subgroup G, of finite
index which is a direct product of irreducible £-groups. We strengthen this
to show that G, may be chosen to be a direct product of irreducible strongly
poly-S groups. Say that group G has property N/ when every nontrivial
normal subgroup of G is nonabelian. Clearly S-groups have property N;
moreover, in an extension 1 - H; -+ G — H, — 1, if both H, and H, have
property N then so also does G. We obtain:

Proposition 4.5. FEach poly-S group has property N.

We write G = G, o G, when the group G is the internal direct product
of its normal subgroups G,,G,. If G,,...,G, are groups then a (normal)
subgroup H of [[5_,G; is called a (normal) subdirect product when for each
i, m;(H) = G,; where =; is projection onto the i** factor. If H is a normal
subdirect product in G = G, X - -X G}, then (G, G1] X - - X[Gy, Gi] C H (see,
for example Proposition (1.2) of [9]). If, in addition, G,,...,G; are torsion
free nonabelian groups, it follows that H contains a free abelian group of rank
n. Suppose that G = G, o G, where G, G, both have property N, and let H
be a torsion free normal subgroup of G, with the property that every abelian
subgroup of H is cyclic. Then H is a normal subdirect product of H, o H, ,
where H; is the image of H under the projection of G,0 G5 onto G;. As noted
above, [H,, H,) o [Hy, H,) C H. Fori = 1, 2, H; is a normal subgroup of G;;
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if H; is nontrivial, then since G; has property N, [H;, H;] # {1}, and since H
is torsion free, [H;, H;] contains an infinite cyclic group. If both H,, H, are
nontrivial, then, H contains a free abelian subgroup of rank 2, contradicting
our assumption that every abelian subgroup of H is cyclic. Thus at least one
projection H; = m;(H) must be trivial, from which we see that:

Proposition 4.6. Let H be a torsion free normal subgroup of G, o Gj,
where G, Gy both have property N'. If H has the property that every abelian
subgroup s cyclic, then either H C G| or H C G,.

Proposition 4.7. Let G = K, o K, be the (internal) direct product of
nontrivial normal subgroups Ky, K,; if G is a strongly poly-S group, then
K, K, are also strongly poly-S groups.

Proof Let (G,)o<r<n be a strong poly-S filtration on a group G = G, =
K, o K,. By (4.5), G has property N, so that K;, K, also have property
N. From (4.6), it follows that either G, C K, or G, C K,. Without loss of
generality, we may suppose that G; C K;. Then G/G, & (K,/G,) x K, and
G/G, admits a strong poly-& filtration of length n-1. The result now follows
by an easy induction, beginning with the case n = 1, which is empty since &
are indecomposable as direct products.

Combined with (4.4) and (2.2), we have proved

Theorem 4.8. An S-group G contains a characteristic subgroup G, of finite
indexr such that G, & H, x---x H,,, where H,, ..., H,, are irreducible strongly
poly-S-groups.

5. The number of commensurability classes

The class S represents a single commensurability classes of abstract groups.
For poly-S groups, the situation is quite different. In this section, we shall
prove:

Theorem 5.1. For each n > 2, the irreducible poly-S groups of dimension 2n
represent infinitely many distinct commensurability classes of abstract groups.

This result is consistent with the situation for irreducible semisimple lattices;
for each n > 2, there are infinitely many commensurability classes of irre-
ducible lattices in the n-fold product PSL,(R)™.In fact, it can be shown
using results of [8],[13], [26] that if G is any connected linear semisimple Lie
group which is C-isotypic and non-simple, then G contains infinitely many
commensurability classes of irreducible lattices. Since & C Lo, it follows eas-
ily from (4.3) and (4.7) that any two S-product structures on a group G are
strongly equivalent. The following rigidity theorem for subgroups is a relative
version of this.
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Proposition 5.2. Let L = L, X---x L, and K = K, x --- x K,, be
groups admitting S-product structures, and suppose that L has a finite index
subgroup H which contains K as a normal subgroup. Then m < n, and there
is a (unique) injective mapping o : {1,...,m} = {1,...,n} with the property
that for all i, K; is a subgroup of finite indez in L,,.

Proof Dimension considerations show immediately that m < n. Let 7; : L —
L; denote the projection for j € {1,...,n}, and let J denote the set of indices
J for which 7;(K) # {1}. Obviously J # 0, since K is nontrivial. For j € J,
w;(H) is a S-group as it has finite index in L;, and so m;(K) is also a S-group,
since it is a finitely generated nontrivial normal subgroup of 7;(H). However,
m;(K1), ..., m;(K,) are mutually centralising normal subgroups of 7;(K), and
as m;(K) = m;(K,) ... m;(K,), then a straightforward argument using (1.4),
(1.5), (1.6) gives the existence of a mapping 7 : J — {1,...,n} with the
property that 7;(K;) = {1} if ¢ # 7(j), and 7;(K;) = m;(K) if ¢ = 7(j); 7 is
surjective since N}, K'er(m;) = {1}. There are only two possibilities.

(I) Card(J) =m and 7: J — {1,...,m} is bijective;

(In) Card(J) > m.
Suppose that (II) holds. After a permutation of the indices, we may suppose
that for some k > 2, 7(r) = 1 for all r such that r < k, and that 7(r)> 1 for all
r such that r > k. In particular, K; C Ly X -+ X L. Moreover, 7;(H) # {1}
for j = 1,...,k, and as 7;(K,) = m;(K) is a nontrivial finitely generated
normal subgroup of the S-group w;(H), it follows also that 7;(K;) is an S-
group. However, K is a normal subdirect product of m; (K;) X - - - X m,(K}),
so that K, contains a free abelian group of rank p > 2 by (4.6). This is
a contradiction as K, is a S-group. Thus (II) is false and (I) is true. Let
o:{1,...,m} = J C {1,...,n} be the inverse mapping of 7; then for all i,
K; C L,(; and the index [L,; : K] is finite by (1.6).

Proposition 5.3. Let X be a S-group, and let Ny, ..., N, be distinct mutu-
ally centralising subgroups such that N = N, ... N, is a nonabelian subgroup
of £. Then there ezists a unique indez j such that N; = N and N; = {1} for
i # .

Proof If A is a nonabelian subgroup of a S-group G, then the centraliser of A
in G is trivial. Thus if N;, N, are mutually centralising subgroups of G and
both N; and N, are nontrivial,then N;.N, is abelian. The rest now follows
by induction.

The following observation is needed at several points. For a proof see, for
example, [25].

Proposition 5.4. Let G be a group satisfying n-dimensional Poincaré Dual-
ity, and let H be a subgroup of G. If H also satisfies n-dimensional Poincaré
Duality then the indez [G : H] is finite.
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By a pre-M,, structure we mean a pair (G, K) where G is a group, and K is a
normal subgroup of G which admits a product structure K = K, x---x K, in
which K,..., K, and G/K are all S-groups; if (G, K) is a pre-M,, structure
then G has cohomological dimension equal to 2n + 2. Up to congruence, the
canonical extension (1 - K = G — G/K — 1) is classified by the operator
homomorphism ¢ : G/K — Out(K,x---xK,). Wesay that (G, K) isan M,,-
structure when, in addition, the operator homomorphism assumes the form
¢ =(¢1,...,0n) : G/K = Out(K,) x --- x Out(K,) C Out(K, X --- X K,),
in which for each i, Im(¢;) is an infinite subgroup of OQut(K;). As we shall
see, the notion of M, -structure is an intrinsic one; the defining extension is
uniquely determined by the isomorphism class of the group G. First observe
that:

Proposition 5.5. Let (G, K) be an M,, structure; then K, X --- X K,,, s
normal in G for any sequence 1 < oy < ... < ap,, < 1.

Theorem 5.6. Let (G,K) be a pre-M,, structure and (G,L) an M,-
structure on the same group G with n > 2. Then for some (unique) per-
mutation T of {1,...,n} , L; = K, for all i; in particular, K = L.

Proof Let p: G — G/K and 7 : G — G/L denote the canonical surjections,
and suppose that 7(K) # {1}; then n(K) is a nontrivial finitely generated
normal subgroup of the S-group G/L. In particular, 7(K) has finite index in
G/L. Since n(K) = n(K,)...n(K,), some 7(K;) must be nontrivial. After
permuting the indices we may suppose that 7(K,) # {1}. For j # n, K
centralises K, so that m(K;) centralises m(K,). Thus n(K;) = {1} for j # n,
and so also 7(K,) has finite index in G/L, so that, the restriction of ¢, to
7(K,) has infinite image. Hence K, X --- X K,.; C Ker(r) = L. Since
K, x---x K,_, isnormal in G it is also normal in L. By (5.2), we can find
indices r, s such that K, ¢ L,. Again after permuting indices, if necessary,
we may suppose that K, C L,. Since K,, L, are both S-groups, K, has
finite index in L,. Now K, centralises K,, so that as K, has finite index
in L,, the action of K, on L, by conjugation induces only a finite group of
automorphisms of L,. This contradicts our previous deduction that the image
of the restriction of ¢ to m(K,,) is infinite, and refutes our initial assumption
that m(K) # {1}. We have established that K C Ker(r) = L. The quotient
group L/K must now be finite, by (1.6) above, and as it is contained in the
torsion free group G/K, it follows that L = K as claimed. Finally, from (4.3)
we deduce the existence of the permutation 7 with the property that for all
i, Ly = K-

Theorem 5.7. Let (G,L) and (H, K) be M,-structures with n > 2, where
H is a subgroup of G. Then for some (unique) permutation o of {1,...,n},
K; C L,(i); in particular, K C L.



200 F.E.A. Johnson

Proof Let p: G — G/L and 7 : H = G/K denote the canonical surjections.
By (5.4), H necessarily has finite index in G. Thus p(H ) is a subgroup of
finite index in G/L, and hence is a S-group. Suppose p(K) {1} By (5.2),

and after a permutation of indices, we can suppose that p(K;) = { 1} fori <n
and that p(K,) is a subgroup of finite index in G/L. Hence K1 °- 1 C
L = Ker(p). Moreover, K, 0---0 K, is normal in HN L which has finite
index in L. Applying (5.2) again, we find a pair of indices (%, j) such that
K;CL; Let ¢ =(¢1,...,0,) : G/L = Out(L,) x --- x Out(L,) denote the
operator homomorphism for the extension 1 - L - G & G/L — 1. Since
p(K,,) has finite index in G/L, and Im(¢;) is infinite, K, acts by conjugation
on L; as an infinite group of automorphisms. However, K,, centralises K, and
K is a subgroup of finite index in L;, so that K, acts by conjugation on L;
as an infinite group of automorphisms. This is a contradiction, refuting our
initial assumption; thus p(K) = {1}, or equivalently, K C L. The conclusion
follows immediately from (4.3).

Theorem 5.8. If G admits an M, -structure then it is irreducible.

Proof Let (G, K) be an M,-structure and suppose that G is reducible; then
G contains a subgroup of finite index H = H; o H, where H;and H, are
infinite. Let p : G = G/K denote the canonical map; then p(H,).p(H,)
has finite index in @, so that p(H,).p(H,) is a S-group, and p(H,), p(H.)
are mutually centralising subgroups of p(H,).p(H,). It follows that either
p(H,) = {1} and p(H,) has finite index in @ or p(H,) has finite index in Q and
p(H,) = {1}. Without loss of generality, assume the former, so that H, C K
and (H,0 H,)NK = H 0 (H,NK). Moreover, (H, o H,)NK = H o (H,NK)
has finite index in K. Let 7, : K — K, denote the projection to the r** factor,
where K = K, x---Xx K, is the S-product structure on K. For each r, m,.(H,)
and 7,.(H; N K) are mutually centralising subgroups, and =,.(H,).7.(H, N K)
has finite index in K,. Now decompose {1,...,n} as a union I U J where
(i) m;(H,) has finite index in K; and m;(H, N K) = {1} fori € I;

(ii) m;(H,) = {1} and 7;(H, N K) has finite index in Kj for j € J.

Clearly INJ = 0. Define K' = Ja Ker(7r,) and K’ = ! Ker(m;). Then
K = K'oK’ and H; ¢ K' and H2 NK c K. Moreover H, has finite
index in K'. Now H, centralises H; and so the group of automorphisms of
K induced by conjugation of H, on K is finite. As p(H,) has finite index
in @, this contradicts our hypothesis that Im(¢;) is infinite for each ¢ € I.
Hence our initial assumption is false, and G is irreducible.

In [12] we pointed out that for the class of fundamental groups of smooth
closed aspherical 4n-manifolds, the invariant Sign/y, when defined, is an in-
variant of commensurability class. Of course, this fails in dimensions con-
gruent to 2 mod 4. Here we show how to modify this invariant to detect
commensurability classes amongst groups in M,,, which can be of any even
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dimension. Thus suppose that G admits an M,,-structure (G,K). In this case
the Euler characteristic x{G) # 0.

Define K;' = K,0---0K; ;0 K;,;,0---0K,. Then K;' is normal in G, so we
may define G; = G/K,'. Observe that G/K and K/K,' & K; are S-groups,
and there is an extension 1 = K/K;' = G; = G/K — 1. We have shown
elsewhere, (e.g. [11] ) that any such extension is smoothable; that is:

Proposition 5.9. For each i, G; is the fundamental group of a smooth
closed aspherical {-manifold.

In general, the Poincaré Duality group G; will not be orientable. For any
surface X of genus > 1, the group we denote by Out, (m, (X)) the subgroup of
index 2 in Out(m (X)) consisting of those elements which act trivially upon
Hy(Z;Z). If ¢ = (b1,-..,00) : G/K — Out(K,) X --- x Out(K,,) is the
operator homomorphism for the defining extension of G, then the extension
1 — K/K: —» G/K; = G/K — 1 is classified by ¢; : G/K — Out(K/K,) =
Out(K;). It is straightforward to check that:

Proposition 5.10. G; is an orientable Poincaré Duality group if and only
if Im(:) C Out,(K).

We shall say that (G, K) is an orientable M, -structure when each G; is
orientable. It is clear that:

Proposition 5.11. If~(G, K) is an Mj-structure then there exists an ori-
entable M, -structure (G, K) such that G has finite indez indez in G.

If (G, K) is an orientable M,,-structure, we define

oo Hn Sign(G,)
X(G/K) =t x(Ky)

The factor 2" is not strictly necessary, but prevents the unnecessary prolifer-

ation of powers of 2 arising in the denominator from the fact that the Euler

characteristic of G/K is even.The expression v(G) is obviously an invariant

of the equivalence class of the defining extension of G. By (5.6), a group G

admits at most one M, -structure, so that:

v(G)

Theorem 5.12. v(G) is an invariant of isomorphism class for groups which
admit an orientable M,, structure.

In view of the subgroup rigidity property (5.2) above, it is straightforward to
see that this can be strengthened as follows:

Theorem 5.13. v(G) is an invariant of commensurability class for groups
which admit an orientable M, -structure.

We can now extend the invariant v to all M,-groups. If (G, K) is an M,.-
structure, then by (4.4), there exists an orientable M,-structure (G, K) for
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which G is a subgroup of finite index in G. In view of (4.7), the value of v(G)
is independent of the particular orientable M, -structure chosen, so that we
may define v(G) = v(G).

It remains to show that, for each n > 2, the invariant v assumes infinitely
many values. To do this, we recall that Kodaira [19] constructs for each
h > 3, a fibration *® — Z(h) — £P® in which fibre and base are real
surfaces with genera a(h), §(h) respectively. The fibration is holomorphic and
locally trivial in the C* category, but is not holomorphically locally trivial.
Moreover, the signature of the complex algebraic surface Z(h) is nonzero. In
Atiyah’s formulation (1], the particular values of a(h), B(h), Sign(Z(h)) are
as follows;

a(h) = 2h; B(h) = 1 + 22" (h — 1); Sign(Z(h)) = —x(TA®™) = 2221 (h - 1).

Applying m, to the above fibration gives a group extension 1 = X4 —
G(h) — Zny — 1 where we write £, = m,(¥?) and G(h) = m,(Z(h)). Let
P : gy = Out(E,n)) denote the operator homomorphism of this extension.

—

If Im(p,) is finite, it is easy to see that Z (k) has a finite covering Z(h) which is
diffeomorphic to a direct product Ei(ix ¥ where ™ is a finite covering
of ¥#™® . This implies that Sign(Z(h)) = 0, and so also Sign(Z(h)) = 0,
which is a contradiction. We obtain:

Proposition 5.14. Im(p,) is infinite for all h > 3.

Now fix an integer n > 2, let

¢h : Eﬁ(h) — put(Ea(h)) X e X Out(Ea(h))J

(n cgpies)

be the homomorphism ¢, = p,, X -+ X py, and let G(h) be the group defined
by the extension

1— Ea(h) X -+ X Ea(h) - G(h) — Eﬁ(h) —1

with ¢, as operator homomorphism. In this case, each G(h); = m,(Z(h)) so
that the value of ¥(G(h)) is calculated as follows:

2"Sign(Z(h))"
X(Ea(h))nX(Ea(h))n‘
Since Sign(Z(h)) = —x(Zs)), we obtain

v(G(h) =

(G(h) = (-1)"2" _ 1
XEamw)®  (a(h) = 1)~
However, a(h) = 2h so that

v
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1 1
MO0 = e -1 " @ -
Evidently v(G(h)) assumes infinitely many values, and thus, for n > 2, the
class M,, represents infinitely many distinct commensurability classes of ab-
stract groups. In fact, the same computation works also for n = 1, giving the

same conclusion as [12]. We obtain:

Theorem 5.15. For each m > 2, the irreducible poly-S groups of dimension
2m represent infinitely many distinct commensurability classes of abstract
groups.

The construction of G(h) can be varied, for example, by choosing Ay, ..., h,
independently, and finding a real surface £° which covers each of the surfaces
LAtk TAtka)  Let p; be the restriction of ps, to £s , and put ¢}, =
py X -+ x p.. Finally, let G'(h) be the extension determined by the operator
homomorphism ¢;. It is straightforward to calculate that, in this case, the
invariant v assumes the value

1
Ch—1)...(2hn - 1)

V=

6. Automorphisms

Let G be a group given as a group extension £ = (1 - K - G 5 Q — 1).
In general, there is no easy relationship between the automorphism groups
of G, K and Q. However, in the case which interests us, when K and @
are poly-S groups, it is possible to say something. We start by considering
the group Aut(£) of automorphisms which preserve £; to be precise, Aut(£)
consists of those automorphisms @ : G — G such that a(K) = K; a then
induces an automorphism ag on the quotient ). We obtain a “restriction”
homomorphism p : Aut(€) = Aut(K) x Aut(Q) given by p(a) = (ak, ag),
where ax denotes the restriction of a to K. The kernel of p is the group C(€)
of self-congruences of £, so that we have an exact sequence

1 - C(E) = Aut(€) & Aut(K) x Aut(Q).

The homomorphism ¢ : G — Aut(K) obtained from conjugation, c(g)(k) =
gkg~!, induces the so-called “operator homomorphism” ¢ : @ — Out(K) =
Aut(K)/Inn(K); the centre Z(K) of K is naturally a module over Out(K),
and becomes a module over  via the operator homomorphism. It is easy
to check that for a € C(£), the assignment z — a(z)z~! is a function
on G taking values in Z(K). Moreover, the function z, : @ — Z(K)
defined by z,(p(y)) = z.(y) is an element of Z'(Q, Z(K)), the (abelian)
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group of 1-cocycles of @ with values in Z(K). Moreover, the mapping
C(€) = ZYQ, Z(K)),a — z,, is an isomorphism of groups. When K has
trivial centre, matters simplify to give:

(6.1) If K has trivial centre, the group of congruences C(€) is trivial, so that
the exact sequence 1 — C(€) — Aut(€) 5 Aut(K) x Aut(Q) reduces
to an injection Aut(€) 5 Aut(K) x Aut(Q).

If G = (G, )o<r<n is a poly-8 filtration of length n on G,, we define

Aut(G) = {a € Aut(G,) : a(G,) = G, for allr,1 < r < n}.
Since groups in & all have trivial centre, we see inductively that:

Theorem 6.2. Let G be a poly-S filtration on G = G,,; then Aut(G) imbeds
as a subgroup of Aut(Q,)x---x Aut(Q,.), where Q,, ..., Q.. are the successive
quotients, Q, = G, /G,_,.

Although S-groups themselves fail to be rigid in the sense of Mostow, poly-
S groups nevertheless exhibit a very strong form of rigidity; the author has
recently shown (February 1996) the following, which completely answers a
question raised in [14].

Theorem 6.3. Any group G admits at most a finite number of poly-S
filtrations.

The details will appear in [15]. As an immediate corollary, one obtains:

Theorem 6.4. If G is a poly-S filtration on G, then Aut(G) is a subgroup
of finite index in Aut(G).

Corollary 6.5. If Gis a group with poly-S filtration G = (G, )o<r<n, then
Aut(G) is commensurable with a subgroup of Aut(Q,) X - - x Aut(Q.,) where
Q. .., Qm are the successive quotients, Q, = G,/G,_,.

7. Smoothing

A discrete group T is said to be smoothable with model the smooth closed
manifold Xr when Xr is aspherical with m;(Xp) & I'. There is a relative
condition which is a priori stronger; we say that I" has the extension smoothing
property when, for any extension £ = (1 = ' » G — Q — 1) in which Q is
smoothable with model Xy, the canonical fibration

K1) = (K(,1) =» K(G,1) = K(Q,1))

is fibre homotopy equivalent to a smooth fibre bundle X - E — Xg in
which the fibre Xt is a smooth finite dimensional manifold of homotopy type
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KT,1).Ifé=(1—- K — G — Q—1)is a group extension in which I" has
the fibre smoothing property and ¢} is smoothable it is tautological that G is
also smoothable. More important for our purposes is the following devissage
result, whose proof is a straightforward exercise in exact sequences and fibre
bundles.

Proposition 7.1. Suppose that in the extension 1 - Ty, = T - Ty, —
1, both T, and Ty have the extension smoothing property and that T’y is a
characteristic subgroup of I'; then I has the extension smoothing property.

Next we show that S-groups possess the extension smoothing property. If £
is a closed surface of genus > 2, and Diff(X) is the group of diffeomorphisms
of ¥, topologised with the C-topology, then by a theorem of Baer (2] , the
natural homomorphism ¢ : Diff(¥) — Out(m,(Z)) is surjective and has as
its kernel the identity component Diffy(X). However, Diffy(Z) is contractible,
by a result of Earle and Eells [4]. The classifying space functor G +— BG
preserves homotopy equivalences [3] , so that BDiffy(Z) is also contractible,
and the induced map B¢ : BDiff(£) — BOut(m, (X)) is a homotopy equiv-
alence. If Bs(X) denotes the set of smooth equivalence classes of smooth
bundles with fibre ¥ over a smooth connected manifold X, then standard ap-
proximation arguments show that Bs(X) is naturally equivalent to the set of
based homotopy classes [X, BDiff(¥)] 2 [X, BOut(m(£))]. However, fibra-
tions with fibre £ over a CW complex X are classified by [X, BG(Z)] where
G(Z) is the monoid of homotopy equivalences of . Since I is aspherical and
71 (E) has trivial centre, the identity component G4(X) is contractible, and the
natural mapping G(X) — Out(m, (X)) also induces a homotopy equivalence
BG(Z) — BOut(m (X)), so that the classification of smooth fibre bundles
with fibre ¥ coincides with that of fibrations with fibre £. In particular, any
fibration K (m(X),1) = Xg — Xq over a smooth base Xj is fibre homotopy
equivalent to a smooth fibre bundle ¥ — E' — X,. That is, we have proved:

Theorem 7.2. S-groups possess the egtension smoothing property.

From (2.3), (7.1) and (7.2), it follows immediately that

Corollary 7.3. Any stably poly-S group has the extension smoothing prop-
erty.

Since, by (2.4), an arbitrary poly-S group contains a stably poly-S group
with finite index, we see that:

Corollary 7.4. Any poly-S group contains a smoothable subgroup of finite
indez.

Let " be a discrete group which is smoothable with model Xy. We say that
Xy is finitely rigid when each finite subgroup ¥ C Out(T’) can be realised as a
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group of diffeomorphisms on Xr. It is a consequence of the Mostow Rigidity
Theorem [20] and Kerckhoff’s solution to the Nielsen Conjecture [18] that any
torsion free discrete cocompact subgroup of a semisimple Lie group admits a
finitely rigid model [10]. This is not known for poly-S groups, and it is here
that the analogy between poly-S groups and discrete cocompact subgroups
is farthest from being complete; it is precisely this which stands in the way of
showing that all poly-S groups are smoothable. One difficulty is that it is by
no means clear how to endow even the smooth models that we can construct
with geometries tractable enough to approach this problem. For example,
a typical poly-S group need not be the fundamental group of any compact
Kéhler manifold [7]. Indeed, in real dimension four, there is a “rigidity the-
orem” due to A.N. Parshin which shows that, if the diffeomorphism types
of base and fibre are fixed, there are only finitely many operator homomor-
phisms 7, (Base) — Out(m,(Fibre)) for which the associated fibration admits
the structure of a Kodaira fibration. See [21], [14]. In some cases, however,
the manifold we construct does admit the structure of a complex projective
variety. In particular, this is true for the M, groups of §5. The approach
of Griffiths [6] and Shabat {24] using the Bers Simultaneous Uniformisation
Theorem can be generalised to show

Theorem 7.5. Each M, group acts as a discrete cocompact group of isome-
tries on a bounded domain in C™*,

The details will appear elsewhere.
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ANALYTIC VERSIONS OF THE ZERO DIVISOR
CONJECTURE

PETER A. LINNELL

Math, VPI, Blacksburg, VA 24061-0123, USA
email: linnell@math.vt.edu

1. INTRODUCTION

This is an expanded version of the three lectures I gave at the Durham confer-
ence. The material is mainly expository, though there are a few new results,
and for those I have given complete proofs. While the subject matter involves
analysis, it is written from an algebraic point of view. Thus hopefully alge-
braists will find the subject matter comprehensible, though analysts may find
the analytic part rather elementary.

The topic considered here can be considered as an analytic version of the zero
divisor conjecture over C: recall that this states that if G is a torsion free
group and 0 # a, € CG, then aff # 0. Here we will study the conjecture
that if 0 # o € CG and 0 # 3 € LP(G), then aff # 0 (precise definitions of
some of the terminology used in this paragraph can be found in later sections).
We shall also discuss applications to LP-cohomology.

Since these notes were written, the work of Rosenblatt and Edgar [19, 54] has
come to my attention. This is closely related to the work of Section 6.

2. NOTATION AND TERMINOLOGY

All rings will have a 1, and to say that R is a field will imply that R is
commutative (because we use the terminology division ring for not necessarily
commutative “fields”). A nonzero divisor in a ring R will be an ¢ € R such
that ab # 0 # ba for all b € R\0. To say that the ring R is a domain will
mean that if a,b € R\0, then ab # 0; equivalently R\0 is the set of nonzero
divisors of R. We shall use the notation C, R, Z, N and P for the complex
numbers, real numbers, integers, nonnegative integers and positive integers
respectively. Ring homomorphisms will preserve the 1, and unless otherwise
stated, mappings will be on the left and modules will be right modules. If
n € N, then M™ will indicate the direct sum of n copies of the R-module M.
As usual, ker # and im 6 will denote the kernel and image of the map 8. The
closure of a subset X in a Banach space will be denoted by X; in particular if
6 is a continuous map between Banach spaces, then im@ denotes the closure
of the image of 8. If H is a Hilbert space and K is a subspace of H, we shall
let £(H) denote the set of bounded linear operators on #, and KX+ denote
the orthogonal complement of K in H. We shall let M, (R) indicate the set of
n X n matrices over a ring R, GL, (R) the set of invertible elements of M,(R),
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1, the identity matrix of M,(R), and 0, the zero matrix of M,(R). Ift € P
and A4; € My, (R) (1 <4 < t), then diag(A,,..., A;) denotes the matrix in
Mn1+---+m(R)

A, 0 ... 0
0 Ay ... O
0 0 ... A

For any ring R, we let Ky(R) denote the Grothendieck group associated with
the category of all finitely generated projective R-modules: thus Ko(R) has
generators [P] where P runs through the class of finitely generated projective
R-modules, and relations [P] = [Q] @ [U] whenever P, Q@ and U are finitely
generated projective R-modules and P = Q@ U.

When R is a right Noetherian ring, the Grothendieck group associated with the
category of all finitely generated R-modules will be denoted by Go(R): thus
Go(R) has generators {M] where M runs through the class of finitely generated
R-modules, and relations [L] = [M] & [N] whenever L, M and N are finitely
generated R-modules and there is a short exact sequence 0 - M — L —
N — 0. There is then a natural map Ko(R) — Go(R) given by [P] — [P],
and in the case R is semisimple Artinian, this map is an isomorphism.

We shall use the notation G x4 H for the free product of the groups G and
H amalgamating the subgroup A, [G : A] for the index of A in G, G’ for the
commutator subgroup of G, and F(G) for the set of finite subgroups of G. If
the orders of the subgroups in F(G) are bounded, we shall let lem(G) stand
for the lcm (lowest common multiple) of the orders of the subgroups in F(G).
The characteristic subgroup of G generated by its finite normal subgroups will
be indicated by A*(G). If S is a subset or an element of G, then (S) will
denote the subgroup generated by S. For g € G, we shall let Cg(g) indicate
the centralizer of g € G. If X and Y are classes of groups, then G € XY will
mean that G has a normal subgroup X € X such that G/X € ).

3. DEFINITIONS AND L?(G)

Here we will define the Banach spaces LP(G) and discuss some elementary
results from functional analysis. Throughout this section G will be a group.
As usual, we define the complex group ring

CG ={D 0,9 o, € C and o = 0 for all but finitely many g}.
geG

Fora=3" 049, B=73,cc B9 € CG, the multiplication is defined by

aB= ) agbrgh =) (D 0g1b)g.

9,h€G g€G zEG
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Then for 1 < p € R, we define

LP(G) ={a= Zagg | oy € C and Z lag|? < oo},

9€G geG

K
el = (3 logl?) ™.

g9€G

Thus LP(G) is a Banach space under the norm [|.||, (of course L?(G) can also
be defined for p < 1, but then it would no longer satisfy the triangle inequality
llee + Bllp < |le|lp + 1| 8], and so would not be a Banach space). Also we define

L*(G)={a= Zagg | g € C and sup log| < o0},
9geG
C(G)={a= Zagg , ay € C and given € > 0,
geG
there exist only finitely many g such that || > €},

llalloo = sup |ayl-
g9€G

Then L*(G) and Cy(G) are Banach spaces under the norm ||| If & €

L*®(G), then a, € C is determined by the formula @ =} ; ayg. Forp <pg,

CG € I7(G) € L(G) € Co(G) € L™(G),

and there is equality everywhere if and only if |G| < oo and strict inequality
everywhere if and only if |G| = co. The multiplication in CG extends to a
multiplication

LG) x L®(G) = L®(G)

according to the formula

(3'1) Z O‘ggzlﬁgg = Z O‘g/@hgh = Z(Z O‘gz",@z)gv

9€G 9€G g,h€G geG z€G

and this also induces a multiplication L'(G) x LP(G) — L*(G) for all p > 1;
in the case p = 1, this makes L!(G) into a ring. Another multiplication is
L*(G) x CG — L*(G); this is useful because it means that L?(G) can be
viewed as a right CG-module, as we do in Section 11.

The central topic of these notes is the following:

Problem 3.1. Let G be a torsion free group and let 1 < p < oo. Does
0£a€CG and 0 # B € LP(G) imply af #0?

We shall also consider generalizations of this to groups with torsion and to
matrix rings. Since this can be considered as an extension of the classical zero
divisor conjecture, let us consider the current status of that problem.
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4. THE CLASSICAL ZERO DIVISOR CONJECTURE

We shall briefly review the status of the classical zero divisor conjecture. Recall
that the group G is right ordered means that there exists a total order < on
G such that z < y implies that zz < yz for all z,y,2 € G. The class of
right ordered groups includes all torsion free abelian groups, all free groups,
and is closed under taking subgroups, directed unions, free products, and
group extension (i.e. H and G/H are right ordered implies that G is right
ordered). It also includes the class of locally indicable groups, where G is
locally indicable means that if H # 1 is a finitely generated subgroup of G,
then there exists Hy <1 H such that H/Hy 2 Z. Furthermore if G has a family
of normal subgroups {H; | i € Z} for some indexing set Z such that G/H; is
right orderable for all ¢ € T and [),.; H; = 1, then G is right orderable. These
results can be found in [44, §7.3]. Then the usual argument which shows that
a polynomial ring is a domain can be extended to show

Theorem 4.1. Let k be o field and let G be a right ordered group. Then kG
s a domain.

Variants of this result have been around in the literature for a long time. For
instance back in 1940, Higman [29] proved the above result in the case G is
locally indicable.

Little further progress was made until the 1970’s, though in 1959 Cohn proved
that the free product of two domains amalgamating a common division ring
is also a domain [13, theorem 2.5]. The significance of this result was not
realized for group rings until Lewin applied it to show that under fairly mild
restrictions, the group ring of a free product with amalgamation is a domain.
To describe his results, we need to recall the definition of the Ore condition.
Let R be a ring, let S be the set of nonzero divisors in R, and let Sy be
a subset of R which is closed under multiplication and contains 1. Then R
satisfies the right Ore condition with respect to Sy means that for each r € R
and s € Sy, there exists r, € R and s; € Sy such that rs, = sry, and then
we can form the ring RSy which consists of elements {rs™! | r € R, s € S;}.
Normally Sy will be contained in S, but this is not essential. We say that
R satisfies the right Ore condition if it satisfies the right Ore condition with
respect S. Also a classical right quotient ring for R is a ring ¢ which contains
R such that every element of S is invertible in @, and every element of @} can
be written in the form rs~! with r € R and s € S. If such a ring Q exists,
then R satisfies the right Ore condition and RS™! 2 . In the case that R is
also domain, this is equivalent to saying that R can be embedded as a right
order in a division ring D; in other words, each element of D can be written
in the form rs~! where r,s € R and s # 0. It is well known that a semiprime
right Noetherian ring satisfies the right Ore condition.

A right Ore domain will mean a domain which satisfies the right Ore condition;
thus by the above, a right Noetherian domain is a right Ore domain. Of course
one can replace “right” with “left” in all of the above, and then an Ore domain
will mean a domain which satisfies the Ore condition; i.e. both the right and
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left Ore condition. If G is a solvable group and % is a field such that &G
is a domain, then the proposition of [36] shows that kG satisfies the Ore
condition. Then one of the consequences of Lewin’s results for example, is
(see [36, theorem 1))

Theorem 4.2. Let k be a field and let G = G, xg G be groups such that
H < G. Suppose kG, and kG, are domains, and kH satisfies the right Ore
condition. Then kG is a domain.

This result was applied by Formanek {25] to prove that if & is a field and G is
a torsion free supersolvable group, then kG is a domain.

The next step was made by Brown, Farkas and Snider [6, 24] who realized
that a combination of ring and K-theoretic techniques could be applied to the
problem, especially solvable groups. Their techniques established that if & is
a field of characteristic zero and G is a torsion free polycyclic-by-finite group,
then kG is a domain. Building on these ideas, Cliff [8] established the zero
divisor conjecture for group rings of polycyclic-by-finite groups over fields of
arbitrary characteristic.

At this time it was already folklore that a suitable generalization of some
well known K-theoretic theorems on polynomial rings, in particular on the
Grothendieck group Gy, would yield stronger results for the zero divisor con-
jecture, especially for solvable groups. Let G be a group, let R be a ring, and
let R * G be a crossed product (see [47]). Thus R * G is an associative ring
with a 1, and it may be viewed as a free R-module with basis {g | ¢ € G},
where each § is a unit in R * G. Another way of describing R * G is that it
is a G-graded ring with a unit in each degree (see [47, chapter 1, §2]). Of
course R* (G is not uniquely determined by R and G in general, but this never
seems to cause any confusion. Also it is clear that if H < G, then R x H (the
free R-submodule of R * G with R-basis the elements of H) is also a crossed
product and is a subring of R * G. Many theorems for group rings go over
immediately to the crossed product situation. Thus for example, Theorem 4.1
becomes

Theorem 4.3. Let k be a domain, let G be a right ordered group, and let
k * G be a crossed product. Then k x G is a domain.

To make induction arguments work, we would prefer to work with R*G rather
than the group ring RG. Indeed if H <1 G, then a crossed product R * G can
be expressed as the crossed product RH * [G/H|, whereas the corresponding
result for group rings, that if k is a field then kG can be expressed as the
group ring kH[G/H), is decidedly false.

The importance of Gy for the zero divisor conjecture is as follows. If G is a
torsion free group and k * G is a crossed product, then one can often prove
that k * G can be embedded in a matrix ring M,,(D) over a division ring D
for some n € P in a “nice way”. Clearly what we need is that n =1. If I is
a minimal right ideal of M, (D), then Go(M,(D)) = ([I]), so we would like to
prove that Go(M, (D)) = ([M,(D)]). With the right setup, the inclusion of
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k* G in M,(D) induces an epimorphism of Gy([k * G]) onto Go(M, (D)), so it
will be sufficient to prove that Go(k * G) = ([k * G]).

If G is a finitely generated free abelian group, k£ a right Noetherian ring, and
k * G a crossed product, then by exploiting the fact that G can be ordered it
has been known for a long time that the natural map Go(k) — Go(k *G) is an
epimorphism; in particular if & is a field, then Go(k * G) = ([k * G]). However
for a long time better K-theoretic results (at least for applications to the zero
divisor conjecture) seemed hard to come by. Then in 1986, John Moody came
up with the following remarkable theorem (proved in [43, theorem 1]).

Theorem 4.4. Let G be a finitely generated abelian-by-finite group, let R be
a right Noetherian ring, and let Rx G be a crossed product. Then the induced
map

P Go(RxH) = Go(R*G)
HEF(G)

is surjective.

For an exposition of this result, see [9, 23] and [47, chapter 8]. Thus in the
special case R is a division ring and G is torsion free finitely generated abelian-
by-finite, we have that Go(R * G) = ([R * G]), and using earlier remarks of
this section, it is not difficult to prove that R x G is a domain. Also an easy
induction argument shows that Theorem 4.4 remains valid if G is replaced
by an arbitrary polycyclic-by-finite group (this is in fact how Theorem 4.4
is stated in [43, theorem 1]). Another consequence of Theorem 4.4 is the
following result, well known from when Theorem 4.4 was established.

Corollary 4.5. Let G be an abelian-by-finite group, let k be a division ring,
and let kx G be a crossed product. If kx H is a domain whenever H is a finite
subgroup of G, then k x G is an Ore domain.

Proof (sketch). We may assume that G is finitely generated and A1 (G) = 1.
Let A 9 G with A free abelian and [G : A] < co. If § = k x A\0, then
we can form the ring k * GS™!, which will be an 7 X n matrix ring over a
division ring for some n € P. Note that k& * H is a division ring whenever
H is a finite subgroup of G. By Theorem 4.4 Go(k * G) = ([k * G]), and
by [34, lemma 2.2] the inclusion k * G — k x GS~! induces an epimorphism
Golk * G) — Go(k x GS™!). Therefore Go(k x GS™!) = ([k * GS™!]) and we
deduce that n =1, i.e. k* GS™! is a division ring. The result follows. a

Another induction argument now gives the zero divisor conjecture for crossed
products of torsion free solvable groups over right Noetherian domains; in fact
it shows that if G is a torsion free solvable group, R is a right Ore domain and
R+ G is a crossed product, then R * G is also a right Ore domain. Roughly
the argument goes as follows. To prove that R * G is a right Ore domain, we
may assume that G is finitely generated. Then there exists H <1 G such that
G/H is finitely generated abelian-by-finite and H is “smaller” than G, so by
induction we may assume that R x F is a right Ore domain whenever F/H is
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a finite subgroup of G/H; let us say that R* H is a right order in the division
ring D. We now form the crossed product D x [G/H], and since D * [F/H] is
a domain for all finite subgroups F/H of G/H, we deduce from Corollary 4.5
that D % [G/H] is an Ore domain. It now follows easily that R * G is a right
Ore domain.
These arguments also apply to the case when G is an elementary amenable
group. Recall that the class of elementary amenable groups, which we shall
denote by C, is the smallest class of groups which

(i) Contains all cyclic and all finite groups,

(ii) Is closed under taking group extension,
(iii) Is closed under directed unions.

Then C contains all solvable groups, and every elementary amenable group is
amenable (see [48, 49] for much information on amenable groups). Then the
arguments of above establish the following result.

Theorem 4.6. Let G € C and let R be a right Noetherian domain. If G is
torsion free, then R G is a domain. In fact, R x G is a right order in a
division ring. '

More results along these lines can be found in [34].

Theorem 4.4 is very useful for Problem 3.1 and related problems. Whenever
you can prove a conjecture related to zero divisors for a class of groups D,
then with the aid of Theorem 4.4, it is usually easy to prove it also for the
class of groups DC; an exception to this is Theorem 4.1.

Finally results of Lazard {35] imply that if p is an odd prime and G is the kernel
of the natural epimorphism GL,(Z) — GL,(Z/pZ) (i.e. G is a congruence
subgroup), then Z,G is a domain (where Z, denotes the p-adic integers; a
similar result holds for p = 2). This is described in [23]; see also [46].

When proving the zero divisor conjecture and related problems, it seems in
nearly all cases that one needs to not only show that the group ring is domain,
but that it embeds in a division ring in some nice way. This is the case, for
example, in Theorem 4.6.

We shall see that for the case p = 2, many of the above techniques are still
relevant for Problem 3.1, but in the case p > 2, at least at the moment, they
do not seem to be helpful and methods from Fourier analysis appear to be
more useful.

5. ELEMENTARY RESULTS AND LP-COHOMOLOGY

If G is a group with torsion, say g # 1 = ¢" for some g € G and n € P, then
(I+g+---+¢g"1)(1—g) =0, so there are zero divisors. Thus the simplest
nontrivial case to consider is when G is infinite cyclic, say G = (z) where z
has infinite order. If L = L?(G), Co(G) or CG, and a € CG, let us say that
o is a zero divisor in L if there exists 8 € L\0 such that a8 = 0, and that «
is a nonzero divisor in L if no such 3 exists.

Theorem 5.1. Let G = (z) where x has infinite order, and let £ € C where
|€] = 1. Then
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(i) = — € is a zero divisor in L*°(G).
(i) If 0 # a € CG, then a is a nonzero divisor in Co(G).

Proof. (i) (z =&)Y e oo &2 =0.

(i) Write & = cz™(z — a3) ... (z — a,) where ¢,a; € C, m € Z, and ¢ # 0.
Then by induction on n, we may assume that n = 1, m = 0 and ¢ = 1; in
other words we may assume that @ = x — a where a € C. Suppose a8 =0
where 8 € Cy(G). Write § = Zfz_oo bn,z™ where b, € C for all n. Equating
coefficients of z"*!, we obtain b, = ab,,, for all n € Z. Without loss of
generality, we may assume that |a| < 1 and b, # 0. But then our equation on
the coeflicients yields |b,| > || for all n € P, which contradicts the hypothesis
that 8 € Co(G). 0

Thus though we cannot expect Problem 3.1 to have an affirmative answer in
the case p = 0o, it seems plausible that it may have an affirmative answer in
all other cases (and also in the case when L?(G) is replaced by Co(G)).

Let us give some motivation for the problem from LP-cohomology. For more
detailed information we refer the reader to [7, 10, 11] and [26, §8]. Let X
be a simplicial complex on which G acts freely, let X, denote the set of r-
simplices of X, let C,(X) denote the free abelian group with basis X,, and
let 8,: Cr(X) — C,_1(X) denote the boundary map. For simplicity, we shall
assume that X, has only finitely many orbits for each r € N. Now define

LX) ={f: X, > C| Y _ |f(o)lP < oo}.

c€Xy

Then LP(X,) is a Banach space under the norm ||f|| = (e, /(o) |”)1/P;
in fact it is isomorphic to LP(G)% where d, is the number of orbits of X,.
The coboundary map 6,: LP(X,) — LP(X,,) which obeys the rule (4,f)o =
f(Orr0) for all 0 € X, 4, is clearly a well defined bounded linear operator
on LP(X,). Thus kerd, is a closed subspace of L?(X,), but imé, need not be
closed. We now define the LP-cohomology groups by

LA (X) = S

imé,_,

Since 0, commutes with the action of G, it follows that 8,4, is described by
a d, x dryy matrix all of whose entries are in ZG, and 9, is described by the
transpose of this matrix. Therefore &, is described by a matrix all of whose
entries are in ZG. To determine I, H' (X), we need to know about kerd, and
in particular when it is nonzero. The simplest case is when §, is 1 x 1 matrix.
Thus we have come up against the problem stated in Problem 3.1.

In the case of L2-cohomology, we can exploit the fact that L?(G) is a Hilbert
space (see Section 8). Let M, denote the orthogonal complement of im é,_, in
ker§,. Then M, is a closed subspace and also a CG-submodule of L2(X,). It
follows that M has a well defined von Neumann dimension dimg(M) (which
will be described precisely in Section 11). Then for r € N, the Lo-Betti
numbers are defined by b, (X : G) = dimg M,. In the case G is a group whose
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finite subgroups have bounded order, results from studying Problem 3.1 show
for example, that if G has a normal subgroup F such that F' is a direct product
of free groups and G/F is elementary amenable, then lem(G) b, (X : G) € N
for all r € N and for all X.

6. THE CASE p > 2 AND G ABELIAN

In view of Theorem 5.1, it seems surprising that the answer to Problem 3.1 is
negative if GG is a noncyclic abelian group and p > 2. The work of this section
describes work of my research student Mike Puls.

Throughout this section d € P, and G is a finitely generated free abelian group
of rank d. Let T denote the torus, which we will think of as [—, 7]/{—7 ~ 7},
and let T¢ = T x --- x T, the d-torus. We can view T as the abelian group
R/27Z, and then T¢ is also a group. This means that we can talk about
cosets in T%; a coset of T¢ will mean a coset of the form Ht where H < T¢
and ¢ € T¢, and the coset will be proper if H # T¢. Let {z),...,24} be a
Z-basis for G. If g = a'...2}* € G (where n; € Z), then we can define the
Fourier transform §: T¢ — C by

g(tl) ey td) - ei(n1t1 +m+ndtd)
(where t; € T). Ifa =3 s au9 € L}(G), then we set
a= Zayg: ™ — C,

geG

and this extends the Fourier transform to L'(G). Set Z(a) = {t € T¢ | 4(¢) =
0}. Then Puls [52] proved the following result.

Theorem 6.1. Suppose a € LY(G) and Z(a) is contained in a finite union
of proper closed cosets. Then o is a nonzero divisor in Co(G).

Let us indicate how this theorem is proved. If E is a closed subset of T¢, then
we define I(E) = {# € L'(G) | E C Z(#)}, j(E) to be the set of all 3 € L(G)
such that there exists an open subset O in T¢ such that E C O C Z(f), and
J(E) to be the closure of j(E) in L*(G). Then j(E) C J(E) C I(E), J(E)
and I(E) are closed ideals in L'(G), and o € I(Z(a)). We say that E is an
S-set (or set of spectral synthesis) if J(E) = I(E). We require the next result
on the existence of S-sets, which follows from [55, Theorem 7.5.2], the remark
just preceding that theorem, namely that C-sets are S-sets, and the remark
immediately following that theorem, namely that C-sets are invariant under
translation.

Proposition 6.2. A finite union of closed cosets is an S-set.
Define
®(E)={he€ L*(G)|Bh=0forall B € I(E)},
VU(E)={he L™(G)| Bh =0 for all B € J(E)}.
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Then ®(E) C ¥(FE) because J(E) C I(E), and if F is a closed subset of E,
then ¥(F) C \II(E) Now for @ € L}(G), it follows from [55, Corollary 7.2.5a]
that J(Z(a)) € aL!(G), where  denotes the closure in L'(G). Therefore if
heL>*(G),t

(6.1) ah =0 implies he ¥(Z(a)).

hen

We say that E is a set of uniqueness if ¥(E)NCy(G) = 0; clearly if E is a set
of uniqueness and F' is a closed subset of E, then F' is also a set of uniqueness.
It follows from (6.1) that if Z(a) is contained in a set of uniqueness, then o
is a nonzero divisor in Cy(G). Conversely if « is a nonzero divisor in Cy(G)
and Z(«a) is an S-set, then ®(Z(«)) = ¥(Z(c)) and we deduce that Z(a) is a
set of uniqueness. Thus we have

Lemma 6.3. Let a € L'(G).

(i) If Z() is contained in a set of uniqueness, then « is a nonzero divisor
(ii) If « is a nonzero divisor in Cy(G) and Z(a) is an S-set, then Z(c) is a
set of uniqueness.

Proof of Theorem 6.1. For this proof, let us say that a hypercoset in T¢ is
a set of the form Z(g —~ &) where ¢ € G\1, £ € C and |¢] = 1. From [55,
section 2.1], it is not difficult to see that every proper closed coset of T¢ is
contained in a hypercoset. Since Z(8y) = Z(8) U Z(«) for B,y € LY(G), we
see that any finite union of hypercosets in T¢ is of the form Z(];(g: — &))
where g; € G\1, & € C and |&| = 1.

If 1 # g € G and £ € C, then the same argument as in Theorem 5.1(ii) shows
that g— ¢ is a nonzero divisor in Co(G). It follows that [],(g: — &) is a nonzero
divisor in C4(G) whenever g; € G\1 and §; € C; the relevant case here is when
|&| = 1 for all i. Using Proposition 6.2 and Lemma 6.3(ii), we see that any
finite union of hypercosets is a set of uniqueness. Therefore o is a nonzero
divisor in Cy(G) by Lemma 6.3(i). O

Let us now describe Puls’s proof that if G 22 Z2, then there exists @ € CG\0
which is a zero divisor in LY(G) for some ¢ < 0o (we shall consider the case
G = Z% where d > 2 later, where it will be seen that better values of ¢ can be
obtained). Let {z,y} be a basis for G. For ¢,j € Z and f € L*(G), we shall
write B;; or §;; for B,:,;. Given a bounded measure p on T?, we can define
its Fourier transform i € L*(G) by

p= Z Pmnx™y"  where fim, =/ gimstnt) du(s, t).
mn€Z T?
Then we can state

Proposition 6.4. Let o € L'(G) and let pu be a bounded measure on T?. If
u is concentrated on Z(ca), then aji =0.
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Proof. We need to prove that (afp)i; = 0 for all 4,5 € Z. Replacing o with
az'y~J, we see that it is sufficient to prove that (ap); = 0. Now

(O‘N)l = Zamnﬁ—-m,—n = Z Qmn A2 ei(ms+nt)du(8, t)
m,n m,n

=/ Zamneimsei"tdu(s,t)=/ a(s,t)du(s,t) =0,
T2 mn Z(a)

as required. O

Thus it is easy to construct zero divisors a in LP(G) by choosing a nonzero
w; all that we need to verify is that i € LP(G). To make this verification, we
require theorems from Fourier analysis. Let a,b € R such that —7# <a < b <
7, and let o € L'(G). Suppose Z(a) contains {(t,0(t)) | a < ¢t < b} where
0: [a,b] = [—7, 7] is smooth (i.e. infinitely differentiable). Define a measure
pon T2 by [, fdu = f: f(t,0(t)) dt for all measurable f. Then

b
Jimn =/ e—i(mt+n9(t)) dt
a

and i # 0 because figo = b—a. What we need is that Y, ,ez |fimn|” < 0o for
p large enough. This certainly will not be true in general, for example take
0 = 0. In fact if %ig(t) =0 for all t € (a,b), then it is not difficult to see that
it ¢ Co(G). This is not surprising in view of Theorem 6.1, which in this case
says that if Z(a) is contained in a finite union of lines with rational slope,
then « is a nonzero divisor in Cy(G). Let us assume that there exists k € P
such that for each ¢ € [a,b], there exists | € P such that [ < k and g—;’}(t) #0
(where [ depends on t). We need the following result from Fourier analysis,
for which we refer to [57, §8.3].

Proposition 6.5. In the above situation, there exists A € R such that |ﬁmn| <
A(m® +n?)~YCR for allm,n € Z.

It now follows easily that if p > 2k, then Y, .z |fimn|” < oo and hence
fi € L*(G) for all p > 2k.

Example 6.6. Leta =2zy—xz+y—2 € CG. Then « is a zero divisor in
LP(G) for allp > 4.

Proof. For (s,t) € T? (where —7 < s,t < 7), we have &(s,t) = 2e™e’ ~

' + e' — 2, thus &(s,t) = 0 when €' = ;:,*fl. Therefore Z(a) = {(t,0(t)) |

-7 < t < 7} where e?¥®) = %&*—% and we may write (t) = —ilog (2%:-,%),
where we have taken the branch of log which satisfies logl = 0. It is easily
checked that 6 is smooth and %}?(t) # 0 for all t € (—m,7)\{0}, in particular

for all t € [r/4,37/4]. As above, define a measure p on T? by [, fdp =

f:;;/ ‘ f(t,0(t)) dt for all measurable f. We can now apply Proposition 6.5

with @ = 7/4 and b = 37/4 to deduce that & € LP(G) for all p > 4, and
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Proposition 6.4 to deduce that aji = 0. Also [ # 0, so we have shown that «
is a zero divisor in L?(QG) for all p > 4. a

It is interesting to actually compute fi explicitly, though in the above example
this seems somewhat messy. We could define a measure v on T? by f'n‘2 fdv =

- f )) dt for all measurable f, and then as above, 7 # 0 and av = 0.

Since ‘zf (t ) = 0 when ¢ = 0 or £m, we cannot assert from Proposition 6.5

that 7 € LP(G) for p > 4, but we do have Eg( ) # 0 for t =0 or £m, so we
can assert that 7 € L?(G) for all p > 6. We now determine #,,, which is

/7r e—i(mt+n0(t)) dt = /7r e—imt ( —16( t)) dt
7 -7

= /27r g~ imt (—2—&——1-)" dt.
0 et 4+ 2

For m < 0 and n > 0 contour integration shows that ¥, = 0, and then using
the substitution ¢ — —t, we see that 7y,, = 0 for m > 0 and n < 0. Also,
voo = 2. Now the equality ad = 0 yields 20,5 — Py 541 + Pr41,5 — 20p 41,641 = 0,
so we have a recurrence relation from which to calculate the other ;. This
determines 7 because 7 =) Ursz"Y".

Of course, this argument can be generalized to the case G = Z¢ where d > 2.
To state Puls’s results in this case, we need the concept of Gaussian curvature.
We shall describe this here: for more details, see [57, §8.3]. Let S be a smooth
(d — 1)-dimensional submanifold of R? and let ; € S. Then after a change
of coordinates (specifically a rotation), we may assume that in a sufficiently
small open neighborhood of zy, the surface is of the form {(z,8(z)) | z € U},
where U is a bounded open subset of R*! and 8: U — R is a smooth function.
Then we say that S has nonzero Gaussian curvature at zp if the (d—1) x (d—1)

matrix
0%0
( 3.'13,'3.'13]' (.'Bo))

is nonsingular. Then in [52], Puls proved the following.

Theorem 6.7. Let o € CZ® where 2 < d € P, and suppose there exists
o € Z(c) such that there is a neighborhood S of xzy tn Z{a) which is a
smooth (d —1)-dimensional manifold. If S has nonzero Gaussian curvature at
Ty, then a is a zero divisor in LP(G) for allp > ;}_d—l

He uses the above theorem to give the following set of examples of zero di-
visors in LP(G). Let G be the free abelian group of rank d and as before let
{z1,...,z4} be a Z-basis for G. Let

d
2d-1 1 -1
a=— _§,§=1($i+xi ).

Then @ € CG and é(ty,. .., ts) = 22 — S°¢  cost;. In a neighborhood of
(0,...,0,m/3), we have that Z(a) is of the form {(¢,0(t)) | t € U}, where
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U is a bounded open neighborhood of the origin in R*™, t = (¢,,...,t4_1),
and 6(t) = cos™!(2L — Z?;ll cost;). A computation shows that the matrix

a%9(8) \ - . .
(5“,3%;) is nonsingular at ¢ = 0, hence Z(«) has nonzero Gaussian curvature.

Therefore o is a zero divisor in L?(G) for all p > 2%

Puls has also covered many other cases in [52], in which he requires the concept
of the “type” of a manifold (see [57, §8.3.2]). Let us say that M is a hyperplane
in T¢ if there exists a hyperplane N in R? such that M = N N[, 7| (We
have been a little sloppy here: what we really mean is that we consider T¢
as [—m,m]* with opposite faces identified, and let M’ be the inverse image
of M in [~m,n]%. Then we say that M is a hyperplane to mean that M’ is
the intersection of a hyperplane in R? with [—m,w]%. Perhaps this is not a
very good definition because for example, it allows points to be hyperplanes.)
Then the results of [52] make it seem very likely that the following conjecture
is true.

Conjecture 6.8. Let G be a free abelian group of finite rank, and let a € CG.
Then « is a nonzero divisor in LP(G) for some p € P (where p > 2) if and
only if Z(a) is not contained in a finite union of hyperplanes. Furthermore
if @ is a zero divisor in Cy(G), then a is a zero divisor in LP(G) for some
p < 00.

7. THE CASE p > 2 AND G FREE

This section also describes work of Mike Puls. It will show that when p > 2
and G is a nonabelian free group, then the answer to Problem 3.1 is even more
in the negative than in the case of G a noncyclic free abelian group of the last
section.

Let G denote the free group of rank two on the generators {z, y}, let E, denote
the words of length n on {z,y} in G, and let e, = |E,|. Thus Ey = {1}, Ey =
{z,9,27hy7"}, B2 = {2} 4074y oy, yz, a7y y et oy y e,
z7ly,yz"'} etc. It is well known that e, = 4-3""! for all n € P. We
shall let x, denote the characteristic function of E,,, i.e.

Xn=zg€CG-
9EE,

These elements of CG are often called radial functions and were studied in
[12], which is where some of the ideas for what follows were obtained.
Let
O=1-ixat mxad-+ +
= 3X2 32 X4 (_3),,X2n .
Then for p > 2,
P14+ 2 &
lelp =1+ +g+ gt

4 4 4
=14=-.3@D4 2. g2-0) 4 .. .4 2.3 0004 ...
+3 +3 +ot s +
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This is a geometric series with ratio between successive terms 3?1, so it is
convergent when p — 1 > 1. It follows that © € L?(G) for all p > 2.

We now set § = ;0 and show that § =0. f m € P, g € E,;, and g = g19,
with g, € Ey, then g, € E,,_1UE,;. Furthermore there is exactly one choice
for (g1, go) if g2 € E,—1, and exactly three if g, € E, .. It follows forn € N

that §, = 0 for g € Es,, and 0, = (—3)" +3- (=3)n+1

Thus we have shown that x; is a zero divisor in LP{G) for all p > 2.
Of course there are similar results for radial functions of free groups on more
than two generators, and these are established in [53].

= 0 for g € Egpy1.

8. GROUP VON NEUMANN ALGEBRAS

We saw in Section 6 and Theorem 6.7 that for p > 2, one can construct many
elements in CG which are zero divisors in L?(G). The situation for L?(G) is
different, and there is evidence that the following conjecture is true.

Conjecture 8.1, Let G be a torsion free group. If0 £a € CG and 0 # B €
L*(G), then af # 0.

The reason for this is that L?(G) is a Hilbert space, whereas the spaces L?(G)
are not (unless G is finite). Indeed L?(G) becomes a Hilbert space with inner

product
<Z 0,9, Z /th> = Z ang,

9€G heG 9€G

where  denotes complex conjugation. This inner product satisfies (ug,v) =
(u,vg™!) for all g € G, so if U is a right CG-submodule of L?(G), then so is
U*. In the case of right ordered groups, the argument of Theorem 4.1 can be
extended to show (see [40, theorem IIJ)

Theorem 8.2. Let H<G be groups such that G /H is right orderable. Suppose
that nonzero elements of CH are nonzero divisors in L*(H). Then nonzero
elements of CG are nonzero divisors in L*(G).

Thus taking H = 1 in the above theorem, we immediately see that Problem 3.1
has an affirmative answer in the case G is right orderable.

As mentioned at the end of Section 4, a key ingredient in proving the classical
zero divisor conjecture is to embed the group ring in a division ring in some
nice way, and the same is true here. To accomplish this, we need the concept
of the group von Neumann algebra of G.

The formula of (3.1) also yields a multiplication L*(G) x L*(G) = L®(G)

defined by
S a9 =Y 3 ag-rfe)g.

9€G 9€qG 9€G z€EG

Now CG acts faithfully and continuously by left multiplication on L*(G), so we
may view CG C L(L?*(G)). Let W(G) denote the group von Neumann algebra
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of G: thus by definition, W(G) is the weak closure of CG in L(L*(G)). For
6 € L(L*(G)), the following are standard facts.

(i) 8 € W(G) if and only if there exist 8, € CG such that lim,_c{fpu, v) —
(Bu, v) for all u,v € L*(G).

(i) 8 € W(G) if and only if (fu)g = 8{ug) for all g € G.
Another way of expressing (ii) above is that § € W(G) if and only if § is a
right CG-map. Using (ii), we see that if § € W(G) and 61 = 0, then 8g = 0
for all g € G and hence fa = 0 for all o € CG. It follows that § = 0 and
so the map W(G) — L?(G) defined by 6 +— 01 is injective. Therefore the
map 6 — 01 allows us to identify W(G) with a subspace of L?(G). Thus
algebraically we have

CG C W(G) C L¥(G).

It is not difficult to show that if § € L%(G), then § € W(G) if and only if
fa € L*(G) for all @ € L*(G). Fora = 3 ;a9 € L*G), define o* =
> gec G99~ " € L*(G). Then for § € W(G), we have (fu, v) = (u,8*v) for all
u,v € L?(G); thus 6* is the adjoint of the operator 6.

If0=73c50,9 € W(G), then we define the trace map trg: W(G) — C by
trg 8 = 6,. Then for 8, ¢ € W(G), we have trg(0 + ¢) = trg 6 +trg ¢, trg6* =
trgf (where the bar denotes complex conjugation), trg(8¢) = trg(¢f), and
trg @ = (#1,1). For n € P, this trace map extends to M, (W (G)) by setting
trg@ =Y., 0;; when 8 € M, (W(G)) is a matrix with entries 6;; in W(G), and
then trg ¢ = trg ¢f for ¢ € M,,(W(G)). This will be more fully described in
Section 11. An important property of the trace map is given by Kaplansky’s
theorem (see [42] and [38, proposition 9]) which states that if e € M, (W (G))
is an idempotent and e # 0 or 1, then trge € R and 0 < trg e < n.

At first glance, it seems surprising that W(G) is useful for proving Conjec-
ture 8.1 because if G contains an element of infinite order, then W(G) contains
uncountably many idempotents, so it is very far from being a domain. How-
ever it has a classical right quotient ring U(G) which we shall now describe.
Let U denote the set of all closed densely defined linear operators {33, §2.7]
considered as acting on the left of L?(G). These are maps 8: L — L*(G)
where L is a dense linear subspace of L2(G) and the graph {(u,fu) | v € L}
is closed in L%(G)?. The adjoint map * extends to I and for § € U, it
satisfies (fu,v) = (u,#*v) whenever fu and §*v are defined. We now let U(G)
denote the operators in Y “affiliated” to W(G) [5, p. 150]; thus for § € U,
we have § € U(QG) if and only if 8(ug) = (fu)g for all g € G whenever fu is
defined. Then U(G) = U(G)*, U(G) is a *-regular ring [4, definition 1, p. 229)
containing W(G), and every element of U(G) can be written in the form
v6~! where v € W(G) and § is a nonzero divisor in W(G) (see [5], especially
theorem 1 and the proof of theorem 10). On the other hand, the trace map
trg does not extend to U(G). Now a x-regular ring R has the property that
if & € R, then there exists a unique projection ¢ € R (so e is an element
satisfying e = e = €*) such that R = eR, in particular every element of R is
either invertible or a zero divisor. Therefore we have embedded W(G) into a
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ring in which every element is either a zero divisor or is invertible (so U(G) is a
classical right quotient ring for W(G)), and if 0 # 8 € U(G), then (8*8)" # 0
for all n € N. Furthermore it is obvious that if 7y is an automorphism of G,
then 7 extends in a unique way to automorphisms of W(G) and U(G). Given
a € L*(G), we can define an element & € U(G) by setting Gu = au for all
u € CG. Then & is an unbounded operator on L%(G), densely defined because
CG is a dense subspace of L?(G) (of course & does not define an element of
L(L*(G)) in general, because the product of two elements of L?(G) does not
always lie in L2(G), only in L®(G)). It is not difficult to show that & extends
to a closed operator on L?(G) (see the proof of Lemma 11.3), which we shall
also call & Thus & is an element of U. Since &(ug) = (Gu)g for all u € CG
and g € G, and CG is dense in L?(G), it follows (cf. [33, remark 5.6.3]) that
& € U(G). Thus we have a map L?(G) — U(G) defined by a — & which is
obviously an injection. Algebraically, we now have

(8.1) CG CW(G) € L*(G) CU(G).

Similar properties to those of the above paragraph hold for matrix rings over
U(G). Let n € P. Then M,(CG) acts continuously by left multiplication on
L*(G)™, and M,(W(G)) is the weak closure of M,(CG) in L(L*(G)"). Also
M, (U(G)) is the set of closed densely defined linear operators acting on the left
of L?(G)™ which are affiliated to M,(W(G)). For 8 € M,(U(G)), the adjoint
6* of 8 satisfies (fu,v) = (u, 8*v) for u,v € L?(G)" whenever fu and 6*v are
defined. If @ is represented by the matrix (0;;) where 6;; € U(G), then 6* is
represented by the matrix (6};). Then M, (U(G)) is a *-regular ring containing
M, (W (G)), and every element of M,,(U(G)) can be written in the form a8™!
where a € M,(W(G)) and f is a nonzero divisor in M,,(W(G)). Furthermore
every projection of M,(U(G)) lies in Mn(W(G)) (use [5, theorem 1]). This
means that if a € M,(U(G)), then a M,(U(G)) = e M,(U(G)) for a unique
projection e € M,(W(G)). Thus we can define rankg a = trge; the following
lemma (see [41, Lemma 2.3]) gives some easily derived properties of rankg;
part (ii) requires Kaplansky’s theorem on the trace of idempotents mentioned
earlier in this section.

Lemma 8.3. Let G be a group and let @ € M,,(U(G)). Then
(i) rankg fa = rankg 6 = rankg af for all a € GL,(U(G)).
(ii) If 0 # 0 ¢ GL,(U(QG)), then 0 < rankg 6 < n.

Two other useful results are

Lemma 8.4. (See [39, lemma 13].) Let G be a group, let n € P, and let e, f
be projections in Mp(U(G)). If f = ueu™ for some unit u € Mp(U(G)), then
f =vev! for some unit v € Mp(W(G)).

Lemma 8.5. Let G be a group, let n € P, and let e, f be projections in
M, (U(G)). Suppose that e M,(U(G)) N f Mp(U(G)) = 0 and e M,(U(G)) +
FML(U(G)) = EM,(U(G)) where h is a projection in My(U(G)). Then
trg e+ trg f = trg h.
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Proof. This follows from the parallelogram law [4, §13]. Alternatively one
could note that e M, (W(G)) N f M,(W(G)) = 0 and then apply [39, lem-
mas 11(i) and 12]. O

Suppose d,n € P, H < G are groups such that [G : H] = n, and {z,,...,2,} is
a left transversal for H in G. Then as Hilbert spaces L*(G)* = @;_, z;L*(H)4,
hence we may view elements of £(L*(G)?) as acting on @}, z;L*(H)* and
we deduce that we have a monomorphism ": £(L*(G)%) — L(L*(H)™). 1t is
not difficult to see that ~ takes Mg(W(G)) into My, (W (H)), which yields the
following result (cf. [2, (16) on p. 23])

Lemma 8.6. Let H < G be groups such that [G : H| = n < oo, and let
deP. IfoeMi;(W(Q)), then trg 8 = ntrg6.

We can now explain the usefulness of U(G). Suppose we have proved Con-
jecture 8.1 for the torsion free group G. Then we have in particular that if
0# o€ CG and 0 # 8 € W(G), then af # 0. Since U(G) is a classical right
quotient ring for W(G), it follows that ¢ is invertible in U(G). Thus in the
special case that CG is a right order in a division ring (this will be the case
when G is elementary amenable: see Theorem 4.6), we can deduce that there
is a division ring D such that CG C D C U(G). This was exploited in {39] to
obtain the following result.

Theorem 8.7. Let G be a torsion free elementary amenable group. Then
there exists a division ring D such that CG C D C U(G).

Of course in the above theorem, D can be chosen so that CG is a right order
in D, see Theorem 4.6. In view of this theorem, it seems plausible that the
following conjecture is true.

Conjecture 8.8. If G is a torsion free group, then there exists a division ring
D such that CG C D C U(QG).

Note that the above conjecture implies Conjecture 8.1. Indeed if 0 # o € CG,
then the above conjecture shows that « is invertible in U(G), in particular
af # 0 for all 3 € U(G)\0. Then (8.1) shows that o8 # 0 for all 3 € L%(G)\0.
Thus combining Theorems 8.2 and 8.7, we obtain the following.

Theorem 8.9. Let H < G be groups where H is torsion free elementary
amenable and G/H is right ordered. If 0 # a € CG and 0 # B € L*G),
then af # 0.

We conclude this section with an amusing example. Recall that the group G
is of exponential growth (see eg. [48, p. 219]) if there is a finite subset C of G
such that lim,_,o, [C™|'/® > 1 (where C™ denotes the subset of G consisting of
all products of at most n elements of C'). We say G is exponentially bounded
if it does not have exponential growth.

Example 8.10. Let p be a prime, let d € P, and let H be an exponentially
bounded residually finite p-group which can be generated by d elements. Write



226 P. A. Linnell

H = F/K where F is the free group of rank d, and write G = F/K'. Then
there exists a division ring D such that CG C D C U(G) and CG is a right
order in D.

Of course, any finite p-group will satisfy the hypothesis for H in the above
example (provided that H can be generated by d-elements), but then G will be
torsion free elementary amenable and we are back in the case of Theorem 8.7.
However there exist infinite periodic groups satisfying the above hypothesis
for H 21, 27]; also Grigorchuk has constructed examples of such groups. Now
a finitely generated elementary amenable periodic group must be finite [48,
§3.11], hence H and also G cannot be elementary amenable when H is infinite.
On the other hand, if H is chosen to be a periodic group, then it is easy to see
that G does not contain a subgroup isomorphic to a nonabelian free group.

Proof of Example 8.10. First we show that G is right orderable. Let {F;/K |
i € I} be the family of normal subgroups in H of index a power of p, and
set L = (),.z F;. Then F/F] has a finite normal series whose factors are all
isomorphic to Z [22, §4, lemma 5], thus by the remarks just before Theorem 4.1
we see that F/F] is right ordered and hence so is /L. Now K' < L € K,
so L/K’ is right ordered and we deduce that G is right ordered (again, use
the remarks on right ordered groups just before Theorem 4.1). It follows from
Theorem 4.1 that CG is a domain.

Since G is exponentially bounded, G is amenable by [48, proposition 6.8].
Now [58] tells us that if k is a field and M is an amenable group such that
kM is a domain, then kM is an Ore domain. Thus CG is a right order in a
division ring D. Since nonzero elements in CG are nonzero divisors in L?(G)
by Theorem 8.2, it follows that the inclusion of CG in L?(G) extends to a ring
monomorphism of D into U(G), and the result follows. O

9. UNIVERSAL LOCALIZATION

The next step is to extend Theorem 8.7 to other groups. Since “most” (but
not all) nonelementary amenable groups contain a nonabelian free subgroup,
it is plausible to consider nonabelian free groups next. Here we come up
with the problem that although CG is a domain, it does not satisfy the Ore
condition. Indeed if G is the free group of rank two on {x, y}, then the fact that
(z—1)CGN(y—1)CG = 0 shows that CG does not satisfy the Ore condition. If
R is a subring of the ring S, the division closure [15, exercise 7.1.4, p. 387] of R
in S, which we shall denote by D(R, S), is the smallest subring of S containing
R which is closed under taking inverses (i.e. s € D(R, S) and s~! € S implies
s7! € D(R, S)); perhaps a better concept is the closely related one of “rational
closure” [15, p. 382}, but division closure will suffice for our purposes. The
division closure of CG in U(G) will be indicated by D(G). Obviously if R
is an Artinian ring, then D(R,S) = R. In the case S is a division ring, the
division closure of R is simply the smallest division subring of S containing
R; thus Conjecture 8.8 could be restated as D(G) is a division ring whenever
G is torsion free. The following four elementary lemmas are very useful.
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Lemma 9.1. Let R C S be rings, let D denote the division closure of R in
S, and let n € P. If D is an Artinian ring, then M, (D) is the division closure
of Mp(R) in M,(S).

Proof. Exercise, or see [41, lemma 4.1]. 0

Lemma 9.2. Let G be a group and let o be an automorphism of G. Then
aD(G) = D(G)* = D(G).

Proof. Of course, here we have regarded o as an automorphism of U(G), and
* as an antiautomorphism of U(G); see Section 8. The result follows because

aCG = CG* = CG.

Lemma 9.3. (¢f. [41, lemma 2.1].) Let H < G be groups, and let D(H)G
denote the subring of D(G) generated by D(H) and G. Then D(H)G =
D(H) * G/H for a suitable crossed product.

O

Proof. Let T be a transversal for H in G. Since b — tht™! is an automorphism
of H, we see that tD(H)t™' = D(H) for all t € T by Lemma 9.2, and so
D(H)G = ) _,. D(H)t. This sum is direct because the sum ), .. U(H)t is
direct, and the result is established. O

Lemma 9.4. Let H <G be groups such that G/ H is finite, and suppose D(H)
is Artinian. Then D(G) is semisimple Artinian and is a crossed product
D(H)*G/H.

Proof. Let D(H)G denote the subring generated by D(H) and G. Then
Lemma 9.3 shows that D(H)G = D(H) « G/H, hence D(H)G is Artinian
and we deduce that D(H)G = D(G). Now D(G) = D(G)* by Lemma 9.2
and if 0 # a € D(G), then (a*a)™ # 0 for all n € N. Therefore D(G) has no
nonzero nilpotent ideals, and the result follows. a

More generally for n € P, we denote the division closure of M,(CG) in
Mn(U(G)) by Dn(G), and let W,,(G) = D,(G) N My (W(G)). Then we have
(see [41, proposition 5.1])

Proposition 9.5. Let G be a group and let n € P. Then

(i) If e is an idempotent in D,(G), then there exists o € GL,\(D,(G))
such that eD,(G) = aeD,(G) and aea™" is a projection; in particular
eDy(G) = fDo(G) for some projection f € Dy,(G).

(ii) If @ € D,(G), then there exists a nonzero divisor B € W,(G) such that
Ba € W,(G).

The following result shows that if D(G) is Artinian, then there is a bound on
the length of a descending chain of right ideals in D(G) in terms of the real
numbers trg e for e a projection in D(G).

Lemma 9.6. Let G be a group and let | € P. Suppose that D(G) is Artinian
and that ltrge € Z for all projectionse € D(G). If Iy >, > ---> I, is a
strictly descending sequence of right ideals in D(G), then r < L.
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Proof. Since D(G) is semisimple Artinian by Lemma 9.4, the descending se-
quence of right ideals yields nonzero right ideals Ji, .. ., J; of D(G) such that
DG =L ---&J,. Writel=e;+---+e, where ¢; € J;. Then €? =¢;
and e;e; =0 for i # 5 (1 < 4,7 <), hence

U@G) =elUG) - ®eU(G).

In view of Proposition 9.5(i), there exist nonzero projections f; € D(G) such
that e;D(G) = f;D(G) (1 < ¢ < r). Then ;U(G) = f;U(G) and it now follows
from Lemma 8.5 that 1 = trg f; + - - - + trg f-, upon which an application of
Kaplansky’s theorem (see Section 8) completes the proof. O

When constructing the classical right quotient ring of a ring D which satisfies
the right Ore condition, one only inverts the nonzero divisors of D, but for
more general rings it is necessary to consider inverting matrices. For any ring
homomorphism f, we shall let f also denote the homomorphism induced by f
on all matrix rings. Let X be any set of square matrices over a ring R. Then in
(15, §7.2], Cohn constructs a ring Rx and a ring homomorphism A: R — Ry
such that the image of any matrix in ¥ under A is invertible. Furthermore Ry
and A have the following universal property: given any ring homomorphism
f: R — S such that the image of any matrix in ¥ under f is invertible, then
there exists a unique ring homomorphism f: Ry — S such that fA = f. The
ring Ry always exists and is unique up to isomorphism, though in general A is
neither injective nor surjective. It obviously has the following useful property:
if 8 is an automorphism of R such that #(X) = X, then # extends in a unique
way to an automorphism of Ry.

Note that if R is a subring of the ring S, D = D(R, S), and ¥ is the set of
matrices with entries in R which become invertible over D, then the inclusion
R — D extends to a ring homomorphism Ry — D. However even in the case
D is a division ring, this homomorphism need not be an isomorphism.

A notable feature of the above construction of Ry, which is developed by Cohn
in [15, §7] and Schofield in [56], is that it extends much of the classical theory of
localization of Noetherian (noncommutative) rings to arbitrary rings. Indeed
if S is a subset of R which contains 1, is closed under multiplication, and
satisfies the Ore condition, then RS~! & Rs. On the other hand, in general
it is not possible to write every element of Ry in the form rs~! with r,s € R.
There are “Goldie rank” versions of Conjecture 8.8. If k is a field, G is
polycyclic-by-finite, and A*(G) = 1, then kG is a right order in a d X d matrix
ring for some d € P. The Goldie rank conjecture states that d = lem(G). This
is now known to be true, and extensions of this were considered in [34]; in
particular it was proved that if k is a field, G is an elementary amenable group
with A*(G) = 1, and the orders of the finite subgroups of G are bounded,
then kG is a right order in an ! x [ matrix ring over a division ring where
! = lem(G) [34, theorem 1.3]. The proof of this depends heavily on Moody’s
Theorem, as described in Theorem 4.4. We describe two versions of the Goldie
rank conjecture.
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Conjecture 9.7. Let G be a group such that AY(G) = 1, and let T denote
the matrices with entries in CG which become invertible over D(G). Suppose
the orders of the finite subgroups of G are bounded, and I = lem(G). Then
there is a division ring D such that D(G) = M;(D) & CGyx.

Conjecture 9.8. Let G be a group such that the orders of the finite subgroups
of G are bounded, and let | = lem(G). If n € P and a € M,(CG), then
lrankga € N.

10. C*-ALGEBRA TECHNIQUES

There is a close connection between problems related to zero divisors in L?(G)
and projections in W(G). Indeed Lemma 12.3 states that if rankg 0 € Z
for all # € M, (CG) and for all n € P, then Conjecture 8.8 is true, and of
course rankg 6 is defined in terms of the trace of a projection in M,(W (G))
(Section 8). Recall that the reduced group C*-algebra C}(G) of G is the strong
closure (as opposed to the weak closure for W(G)) of CG in L£(L?*(G)): thus
CG C CrG) C W(G). There is a conjecture going back to Kaplansky and
Kadison that if G is a torsion free group, then C:(G) has no idempotents
except 0 and 1 (this is equivalent to C}(G) having no projections except 0
and 1). The special case G is a nonabelian free group is of particular interest,
because at one time there was an open problem to as whether a simple C*-
algebra was generated by its projections. Powers [51, theorem 2] proved that
C}(G) is simple for G a nonabelian free group, so it was then sufficient to
show that C(G) had no nontrivial projections, but this property turned out
to be more difficult to prove. However Pimsner and Voiculescu [50] established
this property, thus obtaining a simple C*-algebra (# C) with no nontrivial
projections. Connes [16, §1] (see [20] for an exposition) gave a very elegant
proof of the Pimsner-Voiculescu result, and his method was used in [41] to
establish Conjecture 8.8 in the case G is a free group. For further information
on this topic, see the survey article [59].

As has already been remarked, in view of Lemma 12.3 we want to prove
that trg e € Z for certain projections e. Now in his proof that C}(G) has no
nontrivial projections, this is exactly what Connes does. Once it is established
that trge € Z, then the result follows from Kaplansky’s theorem (§8). Of
course Connes is dealing with projections in C}(G), while we are interested
in projections which are only given to lie in M, (W(G)) for some n € P, but
the Connes argument is still applicable. Connes uses a Fredholm module
technique in which he constructs a “perturbation” 7 of C;(G) where G is the
free group of rank two such that if C}(G) has a nontrivial projection, then
there is a nontrivial projection e € C}(G) such that the operator e — we on
L%(G) is of trace class (though me ¢ C?(G)), and it follows that the trace of
e — me is an integer [20, lemma 4.1]. He then shows that this trace is in fact
trg e [20, §5], thus proving that trg e € Z as required.

To apply Lemma 12.3 when G is the free group of rank two, we use the
same perturbation w. This has the property that if § € M,(CG) for some
n € P, then the resulting operators 6, 7(8) on L?(G)" agree on a subspace of
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finite codimension. It follows that if e, e’ are the projections of L?(G)" onto
im#@,im @ respectively, then im (e — ¢') has finite dimension and therefore has
a well defined trace which is an integer. Then as in the previous paragraph,
this integer turns out to be trg e and we deduce that rankg 6 € Z as required.
The same arguments are applied in Lemma 12.2 for the case when G is a finite
direct product of free groups of rank two. For the purposes of trying to extend
this to other classes of groups, it seems necessary to have that 6, 7 (6) agree on
a subspace of finite codimension: it is not enough for § — m(6) to have trace
class, because this does not imply that e — e’ has trace class.

To construct the perturbation m, Connes uses the following result for free
groups (see [20, section 4], [32, corollary 1.5], [18, §3]). We say that a function
¢: X — Y between the left G-sets X and Y is an almost G-map if for all
g € G, the set {z € X | g(¢z) # ¢(g9x)} is finite.

Theorem 10.1. Let « € N, let G be a free group of rank &, let kG denote
the free left G-set with k orbits, and let {*} denote the G-set consisting of one
fized point. Then there ezists a bijective almost G-map ¢: G — kG U {x}.

In fact the above is the only property of free groups that Connes uses, and it is
also the only property of free groups used in [41] in establishing Conjecture 8.8
for G a free group. Thus it was of considerable interest to determine which
other groups satisfied the conclusion of the above theorem. However Dicks
and Kropholler [18] showed that free groups were the only such groups.
After proving Conjecture 8.8 for free groups, the following was established in
[41] (see [41, theorem 1.5] for a generalization).

Theorem 10.2. Let n € P, let F < G be groups such that F is free, G/F
is elementary amenable, and A*(G) = 1, and let D,(G) denote the division
closure of M (CG) in M, (U(G)). Assume that the finite subgroups of G have
bounded order, and that l = lem(G). Then there exists a division ring D such
that D, (G) = My, (D).

Of course the special case l = n = 1 in the above theorem yields Conjecture 8.8
for groups G which have a free subgroup F such that G/F is elementary
amenable. The subsequent sections will be devoted to a proof of the following
result.

Theorem 10.3. Let F < G be groups, and let £ denote the set of matrices
with entries in CG which become invertible over D(G). Suppose F is a direct
product of free groups, G/F is elementary amenable, and the orders of the
finite subgroups of G are bounded. Then D(G) is a semisimple Artinian ring
and the identity map on CG extends to an isomorphism CGy — D(G). Fur-
thermore if e € D(G) is a projection, then lem(G) trg e € Z for all projections
e € D(G).

It seems very plausible that it is easy to extend the above theorem to the
case when F is a subgroup of a direct product of free groups, and it certainly
would be nice to establish this stronger result. However subgroups of direct
products can cause more difficulty than one might intuitively expect, see for
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example [3]. In fact if H < G are groups such that G is torsion free, G/H is
finite, and H is a subgroup of a direct product of free groups, then it is even
unknown whether CG is a domain.

One can easily read off a number of related results from Theorem 10.3, for
example

Corollary 10.4. Let F < G be groups such that F is a direct product of free
groups and G/F is elementary amenable, let n € P, and let D,(G) denote
the division closure of M,(CG) in M,(U(G)). Suppose AT(G) = 1 and the
orders of the finite subgroups of G are bounded, and set | = lem(G). Then
D,(G) = M,, (D) for some division ring D.

For further recent information on these analytic techniques, especially in the
case G is a free group, we refer the reader to the survey article [28].

11. L*(G)-MODULES

We define E = NU {oo}, where co denotes the first infinite cardinal. Let
G be a group, and let L2(G)™® denote the Hilbert direct sum of oo copies of
L*(G), so L*(G)* is a Hilbert space. Following [10, section 1], an L*(G)-
module H is a closed right CG-submodule of L?(G)" for some n € E, an
L?*(G)-submodule of H is a closed right CG-submodule of H, an L?(G)-ideal
is an L?(G)-submodule of L?(G), and an L?(G)-homomorphism or L?(G)-map
6: H — K between L%(G)-modules is a continuous right CG-map. If X is an
L*(G)-ideal, then X+ is also an L%(G)-ideal, so L?*(G) = X & X* as L*(G)-
modules. The following lemma shows that there can be no ambiguity in the
meaning of two L?(G)-modules being isomorphic.

Lemma 11.1. Let H and K be L?(G)-modules, and let 6: H — K be an
L*(G)-map. Ifkerf = 0 and im8 = K, then there ezists an isometric L*(G)-
isomorphism ¢: H — K.

Proof. See [10, p. 134] and [45, §21.1]. O
Lemma 11.2. IfU is an L*(G)-ideal, then U = uL?*(G) for someu € U.

Proof. Let e be the projection of L?(G) onto U. Then e € W(G) because
U is a right CG-module, and eL?(G) = U. Thus el € U and we may set
u=cel. a

Lemma 11.3. Let n € E, let u € L?(G)", and let U = uCG. Then U is
L*(G)-isomorphic to an L*(G)-ideal.

Proof. Define an unbounded operator §: L}(G) — U by fa = uo for all
a € CG. Suppose oy, € CG, a, — 0 and 6o, — v where v € U\0. Choose a
standard basis element w = (0,0,...,0,4,0,...) € L(G)" where g € G such
that (v, w) # 0. Then

(v,w) = lim (uay, w) = lim (u, way) =0,

a contradiction. Therefore 6 extends to a closed operator, which we shall also
call 6 (see [33, p. 155]). Note that im# is dense in U. Using [45, §21.1, II],
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we may write § uniquely in the form ¢ where 1 is a self adjoint unbounded
operator on L?(G) and ¢: L?(G) — U is a partial isometry. Since @ is a right
CG-map, we see from the uniqueness of the factorization of 6 that ¢ (and
1) is also a right CG-map. Thus ¢ induces an L?(G)-isomorphism from an
L*(G)-ideal onto U, as required. 0

We shall say that an L?(G)-module # is finitely generated if there exist n € P
and u,,...,u, € H such that u;CG + - - - + u,CG is dense in H. Obviously if
H and K are finitely generated, then so is H @ K. The next lemma gives an
alternative description of this definition.

Lemma 11.4. Let H be an L?(G)-module. Then H is finitely generated if and
only if H 1is isomorphic to an L*(G)-submodule of L*(G)™ for some n € P,
and in this case there ezist L*(G)-ideals I,...,I, suchthat H= 1, &--- & I,,.

Proof. First suppose that H is isomorphic to an L?(G)-submodule of L*(G)™
where n € P. Write L*(G)" = U @V where U & L*(G), V & L*}G)*},
and ULV. Let W be the orthogonal complement to U N H in H, and let
7 be the projection of L2(G)™ onto V. Then the restriction of 7 to W is
an L%(G)-monomorphism, so by Lemma 11.1 W is isomorphic to an L%(G)-
submodule of V. Using induction, we may assume that W is finitely generated
and isomorphic to a finite direct sum of L?(G)-ideals. Bt H=UNH S W
and U N#H is finitely generated by Lemma 11.2, so # is finitely generated and
isomorphic to a finite direct sum of L?(G)-ideals.

Now suppose H is finitely generated, say u;CG + - - + u,CG is dense in H.
Let U = u,CG, let V = U%, and for i = 2,...,n, write u; = u} + v; where
u,€Uandvy; € V. Then H=U®V, 15CG +--- + v,CG is dense in V,
and U is isomorphic to an L?(G)-ideal by Lemma 11.3. Using induction on 7,
we may assume that V is isomorphic to an L?(G)-submodule of L?(G)""! for
some n € P, and the result follows. 0

Lemma 11.5. Let U, V and W be L*(G)-modules. If U @ W is finitely
generated and U W =V oW, thenU = V.

Proof. Since U @ W is finitely generated, Lemma 11.4 shows we may assume
that U @ W is an L%(G)-submodule of L*(G)" where n € P. Using U @ W &
V@& W, we may assume that U® W =V & W, where W &2 W,. If X is the
orthogonal complement of U @ W in L?(G)", then

Ue(WeX)=L*G)"=Ve (W eX)

and we need only consider the case X = 0.

Thus we have U W = L*(G)" = V@&W, where W = W,. Let e and f denote
the projections of L?(G)™ onto W and W respectively, and let 6: W — W,
be an isometric L?(G)-isomorphism. Then ¢, f € M,(W(G)) because W and
Wi are L*(G)-submodules. Since

Usl*G)"=UsVeW,XVeUadW=VeL*(G)",
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there is an isometric L?(G)-isomorphism ¢: U & L*(G)" — V & L*(G)". If
P =0 ¢, then

¥: LX(G)™ = L(G)™

is a unitary operator which is also a right CG-map, so ¢ can be considered as
an element of My, (W (G)). Set

E = diag(e,0,) and F = diag(f,0,).

Then F and F are projections in Moy (W (G)) and YEyY~! = F, so E and F
are equivalent [4, definition 5, §1]. By [4, proposition 8, §1],

diag(e,1,) and diag(f,1,)

are also equivalent projections. Now M, (W (QG)) is a finite von Neumann al-
gebra [4, definition 1, §15], [38, proposition 9], and satisfies “GC” [4, corollary
1, §14], so we may apply [4, proposition 4, §17] twice to deduce that

1 —diag(e,1,) and 1 — diag(f,1,)

are equivalent projections, and hence unitarily equivalent projections. There-
fore

(1 -e)L(G)" = (1 - f)L*G)"
and the result follows. O

Lemma 11.6. Let H = L2(G)*, let U be a finitely generated L*(G)-submodule
of H, and let V =U*. Then V = H.

Proof. Using Lemma 11.4 and induction, we may assume that U is isomorphic
to an L*(G)-ideal. Write H = L, ® L, & - -+ where L; & L*(G) for all i € P,
let M, = @?:1 L;, let X,, denote the orthogonal complement of V N M, in
M,, let T,, denote the orthogonal complement of VN M, in VNM,,; (n € P),
and let 7 denote the projection of H onto U. Since X, N (V N M,;) =0 and
X, C M,, we see that X,, NV = 0, hence the restriction of 7 to X,, is an
L*(G)-monomorphism and we deduce from Lemma 11.1 that X, is isomorphic
to an L?(G)-submodule of U. Therefore we may write X, ® Y, & L*(G) for
some L?(G)-ideal Y,, (n € P). We now have

VnMnEBTnEBXn+l= n+l=VnMn€BXn€BLn+l
gVﬂMn@Xn@Xn+l€BYn+l)

thus by Lemma 11.5 we obtain T, & X,, @ Y, 41, so we may write T, = X &
Y, ., where X, ® X! and Y, =Y, (n€P). ForneP,set F,, =VNM,®X,.

T'flen F, € F,;1, so we may define E,; to be the orthogonal complement of
F, in F,11 (n € P); we shall set E; = Fy. Since F,, 2 VN M, ® X, = M,,

application of Lemma 11.5 yields E, & L*(G) for all n € P. Now
VAM, CE® - -®E, CVNMp
for all n € P, hence @2, E; = V and the result follows. o
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An L?(G)-basis {ej,es,...} of the L?(G)-module H means that there exists
an isometric L?(G)-isomorphism 6: H — L?*(G)" for some n € E such that
8(e;) =(0,...,0,1,0,...), where the 1 is in the ith position. If {f;, fo,... } is
another L?(G)-basis of H and « is the L?(G)-automorphism of H defined by
ae; = f;, then aa* = a*a = 1. Also we say that an L?(G)-map 6 has finite
rank if im @ is finitely generated.

Suppose now H = L?(G)* and that 8: H — H is a finite rank L?(G)-map.
Let K = ker§. Then the restriction of 8 to X! is an L?(G)-monomorphism, so
K* is finitely generated by Lemma 11.4. Using Lemmas 11.4 and 11.6, there
exists n € P and an L?(G)-basis {ej, es,...} of H such that im0 + K+ C U
where U = ,CG + - -+ +€,CG. We may represent by a matrix (6,;) where
i,j € P and 6;; € W(G) for all i,j (so fe; = > 72, €;8;:). Then we define
trg@ = Y oo, trg0;;, which is well defined because 8; = 0 for all ¢ > n.
Clearly if 8y is the restriction of 6 to U, then trg 8 = trg 8y (where trg 0y is
defined as in Section 8).

Let {f1, f2, ...} be another L?>(G)-basis for H. We want to show that if (¢;;)
is the matrix of 6 with respect to this basis, then > 2, trg ¢;; is an absolutely
convergent series with sum trg 6. Write f; = E;’il e;joy; where oy € W(G),
and E;":I Qik Ol is an absolutely convergent series with sum J§;; for all ¢, j € .
Then

n

trg ¢ii = (0fi, fi) = Z (ej0;k0ki, erau;)

Jik,l=1

n
= Z (ej0;k0micsy, er)

gk l=1

n
= Z trg (ijak,-a:j).

5k=1

Now >°2, aiaj; is absolutely convergent with sum dy;, hence 2, Ojk0kicef;
is absolutely convergent with sum 650y, consequently D 22, tra(fxomia;) is
absolutely convergent with sum trg(;x0k;). Therefore > i2, trg ¢;; is abso-
lutely convergent with sum 7%, _, trg(8;xds;) = tre 0, as required.

Suppose now that 6, ¢: H — H are finite rank L?(G)-maps. Let

M = (ker0)* + (ker$)* +imé +im ¢.

Then M is finitely generated, so there exists n € P and an L?(G)-submodule
L = [*(G)" of H containing M. Let m denote the projection of H onto L,
and if a: # — H is an L*(G)-map, then oy will denote the restriction of «
to L. Then 0 + ¢, ¢ and ¢ have finite L2(G)-rank, and

tI‘G(G + ¢) = trG(G + ¢)L =trg 0L + trg ¢ = trg 0 + trg 9,
trg 8¢ = trg(09)L = trg 0191 = trg dL0L = trg(90)L = trg ¢0.
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Also if o is an L?(G)-automorphism of #, then ar and fa~! are finite rank
L*(G)-maps and 78 = 6 = 6, hence by the above

trg afa~! = trg(am)(fa™?!) = trg(fa")(ar) = trg 6.

Suppose M is a finitely generated L?(G)-submodule of L?(G)™ where m € E.
Then dimg M is defined to be trg e where e is the projection of L*(G)™ onto
M (dimg is precisely dg of [10, p. 134]). In view of Kaplansky’s theorem (see
Section 8), dimg M > 0 and dimg M = 0 if and only if M = 0. Let N be an
L%*(G)-submodule of L2(G)" where n € E and N = M. Then

M* e L¥(G)" % Nt o L*(G)™,

hence there is a unitary L?(G)-map a of L?(G)™ & L%(G)" which takes M to
N. Therefore if f is the projection of L(G)™ onto N, then 06 f = a(e®0)a™!
and it follows that trg f = trge. Thus dimg N = dimg M, in other words
dimg M depends only on the isomorphism type of M. If n € P and ¢ €
M,(W(G)), we may view ¢ as an L%G)-map L%(G)" — L*(G)", and then
dimgim ¢ = rankg ¢. We need the following technical result.

Lemma 11.7. Let H = L*(G)*, let §: H — H be an L?(G)-homomorphism,
and let {ey1,es,...} be an L%(G)-basis for H. Forr,s € E, r < s, let H, s =
eCG + -+ €,CG (s# ), let Hyoo = €,CG + €,41CG + -+, and let U, =
OH,,. Suppose for all i € P we can write fe; as a finite sum of elements

"=1 €505 where a; € CG for all j (where r depends oni). Ifrankg ¢ € Z for
all ¢ € M, (CG) and for allr € P, then dimg Uy ,, NUp o € Z for all m,n € P.

Proof. Suppose a,b,c,d € P with a < b and b,¢ < d. Using the hypothesis
that fe; can be written as a finite sum of elements of the form e;o; where
a; € CG, there exists r € P, r > d such that U, 4 C H,,. Define an L%(G)-
map ¢: Hy, — Hi, by de; = 0Oe;ifa < i <borc<t<d and ¢e; =0
otherwise. Then with respect to the L?(G)-basis {ey, ..., e,} of H;, the matrix
of ¢ is in M, (CG), so rankg ¢ € Z. But im ¢ = 6(H,p + Hcq) and it follows
that dimg U,y p + Ueg €EZ.

Let s € P with s > m,n. Using Lemma 11.1 we can obtain standard isomor-
phism theorems, in particular

(Ul,m + Un,s) @ (Ul,m N Un,s) = Ul,m @ Un,s-

Therefore dimg Uy g + Up s + dimg Uy, N Uy s = dimg Uy + dimg Uy, s and
we deduce from the previous paragraph that dimg Uy, NUp s € Z. Thus as s
increases, dimg U; ,, N Uy, forms an increasing sequence of integers bounded
above by dimg Uy, hence there exists ¢ € P such that dimg Uy N U, =
dimg Uy N Uy, for all s > ¢t. Therefore Uy N Ups = Uy N Upy for all
s > t, and it follows that Uy, NUpe = Uipm NUne. We conclude that
dimg Uy, N Up oo = dimg Uy N Up s € Z as required. 0
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12. THE SPECIAL CASE OF A DIRECT PRODUCT OF FREE GROUPS

Here we generalize the theory of [41, section 3]. If H is a Hilbert space and G
is a group of operators acting on the right of H, then we define

Le(H) = {0 € L(H) | 6(ug) = (Bu)g for all u € H and g € G}.

Note that von Neumann’s double commutant theorem [1, theorem 1.2.1] (or
see (ii) after Theorem 8.2) tells us that

Le(LA(@)) = {8 € L(LX(G)) | 6(ug) = (Bu)g for all g € G} = W(G).

Suppose now that H and A are groups, G == H x A, n € P, § € L4(L*(G)),
¢ € M,,(.CA(Lz(G))), and ¢ is represented by the matrix (¢;;) where ¢;; €
L 4(L*(G)) for alli, j. We make 0 act on L2(G)®L*(G)@®L?(A) by 0(u,v,z) =
(6u, 6v,0), and ¢ act on L2(G)" @ L*(G)" & L*(A)" by ¢(u,v,z) = (¢u, ¢v, 0)
(u,v € LYG) or L3G)", z € L*(A) or L?2(A)"). Note that the actions of §
and ¢ on L*(G) ® L*(G) & L*(A) and L*(G)" & L*(G)"™ @ L*(A)" are right
CA-maps.

Now let H be the free group on two generators, and let A act on the right of
A by right multiplication as usual; i.e. ab=-abfor alla € A and b € A. We
also make H act trivially on A: thus ha = a for all a € A and h € H (though
hly = h). Theorem 10.1 shows that there is a bijection 7: H - HUHU{1,4}
(where 1,4 is the identity of A) such that

(12.1) mly =1y,

(12.2) {k € H | h(nk) # n(hk)} is finite for all h € H.
We extend 7 to a right A-map

(12.3) 7:G>GUGUA

by setting w(ha) = (wh)a for all h € H and a € A. This in turn defines
a unitary operator a: L?(G) — L*(G) @ L*(G) @ L*(A), and hence also a
unitary operator (equal to the direct sum of n copies of )

(12.4) B: L}(G)" - L*(G)" @ L*(G)" & L*(A)".

We note that « and § are right CA-maps. Suppose ¢ € Mn(W(G)) and
# — B7'¢B has finite L2(A)-rank. Then we have

Lemma 12.1. trg ¢ = tra(¢ — 871¢0).

Proof. (cf. [20, section 5].) Let (¢;;) denote the matrix of ¢. Since ¢i; —
o '¢;;a has finite L?(A)-rank for all 4,4, trg¢ = Y, trg ¢y and tra(¢ —
B1oB) = Yoo, tra(du — o~ ¢uc), it will be sufficient to show that trg 6 =
tra(f — a'6a) for all # € W(G) such that § — o !0« has finite L2(A)-rank.
If0 =3 0,9 where §; € C for all g € G, then trg 6 = 6, and (09, g) = 6,
for all g € G. Using (12.1), we see that (6wh,wh) = 6, for all h € H\1 and
(f71,w1) = 0, hence

{((8 —a '8a)h,h) =0 if he H\1,
(8 — a7 '0a)1,1) = 6.
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Since H is an L?(A)-basis for L?(G), we can calculate tr @ with respect to
this basis and the result follows. O

Let G be a group, let n € P, let § € M,,(CG), and let X C G. If 6 = dea 0,9
where 8, € M, (C), then supp@ is defined to be {g € G | 6, # 0}, a finite
subset of G. Also L?(X) will indicate the closed subspace of L?(G) with
Hilbert basis X.

Lemma 12.2. Let H be the free group of rank two, let A be a group, let
G=HxA,letn € P, andlet € M,(CG). Ifrank, ¢ € Z for all ¢ € M, (CA)
and for all r € P, then rankg 0 € Z.

Proof. Let m: G — G U G U A be the bijection given by (12.3), and let
B: L*(G)" — L*(G)" & L*(G)" & L*(A)" be the unitary operator given by
(12.4). Let

K ={k e H | g(rk) = n(gk) for all g € supp6},

let J = H\K, let L, = 0L*(G)", let L, = B7'6BL%*(G)™, and let A denote
the projection of LZ(G)" onto L,. Then |J| < oo by (12.2), and 87')\3 is the
projection of L2(G)" onto L. Since rankg 8 = trg A, we want to prove that
trg A € Z.

Let M = 9L?(K A)", and let 1 denote the projection of L?(G)" onto M. Note
that M = B871B8L*(K A)" because 3~'00u = fu for all u € L2(K A)". Let N,
and N, denote the orthogonal complements of M in L, and L, respectively,
and let 7, and 77, denote the projections of L2(G)™ onto N, and N, respectively.
Let P, = 0L?(JA)™, let P, = B~ '9BL*(JA)", and for i = 1,2, let Q; denote
the orthogonal complement of P; " M in P, Note that M N Q; = 0 and
M + Q; is dense in L; (i = 1,2). Thus if 7; is the projection of L; onto Nj,
then the restriction of 7; to Q; is an L?(A)-monomorphism with dense image,
so N; 2 @; by Lemma 11.1 (i = 1, 2). Therefore

(12.5) N;® (PNnM)2P.

Using Lemma 11.4, we see that NN; is finitely generated, hence 7, — 7, has finite
L*(A)-rank. Also A = p+m and B87'\B = p-+mn, hence A— B7I\8 =, — 1.
Therefore trg A = tra(A — 871\3) by Lemma 12.1, and since trs(m — 1) =
trqm — tra 7, it will suffice to prove that try 7, and tra 7, € Z. Now tran; =
dimy4 N; so in view of (12.5), we require that dim P, 0 M and dimu P; € Z.
We apply Lemma 11.7: note that with respect to the standard L?(A)-basis
H™ of L*(G)", the matrices of # and 37163 have the required form for this
lemma. But P, = L*(JA)", P, = f7'0BL*(JA)", and M = OL*(KA)" =
B~10BL*(K A)", and the result follows. O

The proof of the following lemma is identical to the proof of [41, lemma 3.7].

Lemma 12.3. Let G be a group. If rankg 0 € Z for all § € Mp(CG) and for
all n € P, then D(G) is a division ring.

Proof. We shall use the theory of [15, section 7.1]. Let R denote the rational
closure [15, p. 382] of CG in U(G), and let e € D(G)\0. By [15, exercise 7.1.4]
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D(G) C R, so we can apply Cramer’s rule [15, proposition 7.1.3] to deduce
that o is stably associated over R to a matrix in M,,(CG) for some m € P.
Therefore there exists n > m such that diag(c, 1,-1) is associated over R to
a matrix 6 € M,(CG), which means that there exist X,Y € GL,(U(G)) such
that X diag(a, 1,-1)Y = 6.

Suppose « is not invertible in U(G). Using Lemma 8.3, we see that 0 <
rankga < 1 and thus n — 1 < rankgd < n. This contradicts Lemma 12.2,
hence « is invertible in U(G). Since D(G) is closed under taking inverses,
D(G) must be a division ring. d

Lemma 12.4. Letn € P, and let G = H, X - - - X H,, where H; is isomorphic
to the free group of rank two for all i. Then D(G) is a division ring.

Proof. By induction on n and Lemma 12.2, rankg 6 € Z for all § € M, (CG)
and for all n € P. Now use Lemma 12.3. a

Lemma 12.5. Let H <« G be groups such that G/H is free, let ® denote
the matrices over CH which become invertible over D(H), and let ¥ denote
the matrices over CG which become invertible over D(G). Suppose D(G)
1s a division ring. If the identity map on CH extends to an isomorphism
¢: CHg — D(H), then the identity map on CG extends to an isomorphism
o: CGs — D(G).

Proof. By Lemma 9.3, we may view > . D(H)g as D(H) *[G/H]. Suppose
HCNaK C G and K/N = Z with generator Nt where ¢t € K. Then if
d; € D(N) and 3_;d;t* = 0, it follows that d; = 0 for all 4, which means in
the terminology of [31, §2] that D(G) is a free division ring of fractions for
D(H) x [G/H]. Therefore D(G) is the universal field of fractions for D(H) *
[G/H] by the theorem of [31] and the proof of [37, proposition 6]. Since
D(H) % [G/H] is a free ideal ring [14, theorem 3.2], the results of [15, §7.5]
show that D(G) = D(H) * [G/H]y for a suitable set of matrices ¥ with
entries in D(H) x [G/H]. The proof is completed by applying [56, proof of
theorem 4.6] and [15, exercise 7.2.8]. O

Lemma 12.6. Let G < F be groups such that F is a direct product of finitely
generated free groups, and let ¥ denote the set of matrices over CG which
become invertible over D(G). Then D(G) is a division ring, and the identity
map on CG extends to an isomorphism CGs — D(G).

Proof. We may write F' = Fy x --- x F,, where n € P and the F; are finitely
generated free groups, and since any finitely generated free group is isomorphic
to a subgroup of the free group of rank 2, we may assume that each F; is free
of rank 2. Then D(F) is a division ring by Lemma 12.4, hence D(G) is a
division ring. Write H; = Fy x --- X F; for 0 < i < n (so Hy = 1). Then
(GN H;)/(GN H;_;) is isomorphic to a free group for all 4, so we can now use
Lemma 12.5 and induction on 7 to complete the proof. O

13. ProoF oF THEOREM 10.3

To simplify the notation in the following lemma, we assume that 1,2,... € 7.
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Lemma 13.1. Let {H; | i € I} be a family of nonabelian free groups, let
G =H, x Hyx ---, and let 8 be an automorphism of G. Then 6H, = H; for
somei € I.

Proof. Suppose g = (g1, 92, ...) € G where g; € H; for all ;. Then

Cc(9) = Chy(91) X Crp(g2) x -+

and Cy,(g:) = Z if ¢; # 1, and Cy,(g;) = H; if g; = 1. It follows that
Z(Cs(g)) = Z7, where Z(Cg(g)) denotes the center of Cg(g) and r = |{i |
9 # 1}|.

Let z,y € H,\1. Then by the above we have 6z € H; and 0y € H; for some
i,j € I. If i # 7, then (z,y) = Z x Z which is not possible. Therefore i = j
and the result follows. O

Lemma 13.2. Let H <1 G be groups such that H is a direct product of non-
abelian free groups and G/H is finite. Let X be a finite subset of G. Then
there exists a finitely generated subgroup Gy of G such that X C Gy and GoNH
is a direct product of nonabelian free groups.

Proof. By enlarging X if necessary, we may assume that HX = G. Let H
be the direct product of the nonabelian free groups H;. Using Lemma 13.1
we see that GG permutes the H; by conjugation, so we may write H = X, K;
where K; = Kj; x -+ x K, with the K;; nonabelian free groups (so each
K;j is an Hy for some k), and for each i the set {Kj,..., Kin,} is permuted
transitively by conjugation by G. For each i, let N; denote the normalizer
of K;; in G, and then choose right transversals S; C X for H in N;, and
T; C X for Nj in Gj; thus |T;| = m; and we may write T; = {ti,...,tim,}
where t{leﬂtij = Kjj. Set Hy = HN(X) and note that since it is a subgroup
of finite index in a finitely generated group, it is also finitely generated, so
we may write Hy C K; X -+ x K, for some n € P, and then there are finite
subsets Y;; C K;; (1 < i <nand1l < j < m;) such that Hy C (Ui,j Yi).
Then we may choose finitely generated nonabelian free subgroups K; of Kj
such that

Yij g ti_jlkﬂtij fOI‘j = 1, ooy My
Set Lij; = (s"'Kis | s € S;) and
Li = ti_llLiltil X ti_zlLiltiZ X - X ti-rr}iLiltimi‘

Then L;; and hence also L; is a finitely generated subgroup. Also if i,j € P
with i < n, 7 < m; and z € X, then we may write ¢;;z = hsty for some
h € Hy, s € S; and k € P, and then x‘lt{leutijx = t{,clLﬂt,-k and we deduce
that X normalizes L;. Therefore if L = L, X --- x Ly, then L is a finitely
generated subgroup and X normalizes L. Moreover L;; is a free group because
it is a subgroup of the free group Kj, and it is nonabelian because it contains
the nonabelian subgroup Kj;, hence L is a direct product of nonabelian free
groups. Thus we may set Gy = L{X) for the required subgroup. O
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For the purposes of the next two lemmas, given a group G and n € P, we shall
define S, G to be the intersection of normal subgroups of index at most n in
G. Note that §,G is a characteristic subgroup of G and that S,G 2 &§,,,G
for all n € P. Furthermore if G is finitely generated, then G/S,G is finite.

Lemma 13.3. Let F <G be groups such that F is finitely generated free and
G/F is finite. Suppose for alln € P, there exists H, < G such that H,F = G
and H,NF = S,F. Then there exists H < G such that HF = G and
HNF=1.

Proof. Since S, F is a normal subgroup of finite index in G, there are only
finitely many subgroups of G which contain &, F, hence an application of the
Konig graph theorem shows we may assume that H, 2 H,,+1 foralln e P. It
follows that if G denotes the profinite completion of G, then G has a subgroup
K isomorphic to G/F.

We shall now use the notation and results of [60]. Since G has a free subgroup
of finite index, we see from [17, theorem IV.3.2] that G is isomorphic to the
fundamental group of a graph of groups m;(G,T") with respect to some tree
T, where T is a finite graph of groups, and the vertex groups G(v) are finite
for all vertices v of I'. Then we can form the fundamental group I1,(G, T, T)
in the category of profinite groups, and by construction, I, (G, T, T') = G (60,
p. 418]. Of course the vertex groups G(v) are the same as the vertex groups
G(v). By [60, theorem 3.10] and the fact that K is a finite subgroup, we see
that K C gG(v)g™" for some vertex v of I' and some g € G. Thus G has a
subgroup isomorphic to G/F and the result follows. O

Lemma 13.4. Let | € P, and let H 9 G be groups such that G is finitely
generated, G/H is finite, and H is a direct product of nonabelian free groups.
Assume that whenever K QG such that K C H and G/K is abelian-by-finite,
then G/K has a subgroup of order l. Then G has a subgroup of order .

Proof. Write H = Hj % - -+ X H; where the H; are nonabelian free groups, and
set Hiny = SpHy X --- x SpH; for n € P. Note that if K <G and G/K is
abelian-by-finite, then H(,, C K for some n € P and that H/H{,, is torsion
free.

First we reduce to the case |G/H| = l. We know by hypothesis that G/H{,
has a subgroup L,/ an) of order ! for all n € P. Since H/ an) is torsion free,
we see that L, N H = H{, and therefore |L,H/H| = . Now G/H has only
finitely many subgroups of order I, hence there exists a subgroup Go/H of
order | in G/H with L, C Gy for infinitely many n. Thus replacing G with
Gy, we may assume that |G/H| = .

We now use induction on ¢, the case t = 1 being a consequence of Lemma 13.3.
Suppose we can write H = F} x F; where F}, F; < G and each F; is a direct
product of a proper subset of {Hy,...,H;}. Then by induction on ¢ there
exists G1 < G such that F; € G, and |G,/Fi| = {. The natural injection
G1 <= G induces an isomorphism G, < G/F,, so again using induction we
see that G, and hence also G, has a subgroup of order . Therefore we may
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assume that no such decomposition H = F; x Fy as above exists. It now
follows from Lemma 13.1 that G permutes the H; transitively by conjugation.
Let D,, be the normalizer of Hy in L,,and let Z = Hyx---x H;. Then D, H is
the normalizer of both H; and Z in G for all n € P, so we may set D= D, H
for all n. Since D,H = D and D, N H = Hy, for all n € P, we have from the
case t =1 that D/Z has a subgroup of order |[D/H|. Thus D/Z is isomorphic
to a semidirect product of H, and D/H, so we may apply [30, theorem 3] to
obtain a subgroup of G isomorphic to G/H, which is what is required. ]

Lemma 13.5. Let G = |J,c; G:i be groups such that given 4,5 € I, there
exists € T such that Gi,G; C Gy, let T denote the matrices with entries in
CG which become invertible over D(G), and let &; denote the matrices with
entries in CG; which become invertible over D(G;). Assume that the orders
of the finite subgroups of G are bounded, and that D(G;) is an Artinian ring
for alli € I. Suppose lem(G;) trg, e € Z whenever e is a projection in D(G;),
foralli € I. Then

(i) D(G) = U;ez D(Gi) and lem(G) trg e € Z for all projections e € D(G).

(i) D(G) is a semisimple Artinian ring.

(iii) Suppose the identity map on CG extends to an isomorphism A;: CG;s, —
D(G;) for alli € I. Then the identity map on CG extends to an iso-
morphism A\: CGg — D(G).

Proof. (i) This is obvious.

(i) If Iy > I} > --- > I, is a strictly descending sequence of right ideals in
D(G), then

Iy ﬂD(Gl) > 1) ﬂD(G;) > I ﬂD(G,) > e > IrﬂD(Gi)

is a strictly descending sequence of right ideals in D(G;) for some i € T, hence
r < lem(G) by (i) and Lemma 9.6. This shows that D(G) is Artinian, and
the result now follows from Lemma 9.4.

(iii) Since every matrix in ; becomes invertible over CGyx, we see that there
are maps p;: CG;5;, = CGy which extend the inclusion map CG; — CG.
Now J; is an isomorphism for all 1 € Z, hence there are maps v;: D(G;) —
CGyx defined by v; = p;A;"!, which extend the inclusion map CG; — CG. If
G: € G; and 9;;: D(G;) — D(Gj) is the inclusion map, then v;¥;; = v; and
it follows that the v; fit together to give a map v: | J;.; D(G;) = CGyx such
that v, = v;, where 9;: D(G;) = U,cz D(G)) is the natural inclusion. But
Uiez D(G:) = D(G) by (i), and we deduce that v: D(G) - CGy is a map
which extends the identity on CG. By the universal property of CGx, there
is a map A\: CGg — D(G) which also extends the identity on CG. Then vA
is the identity on CGy and Av is the identity on D(G), and we deduce that A
is an isomorphism, as required. O

We need the following three technical lemmas.



242 P. A. Linnell

Lemma 13.6. (¢f. [41, lemma 4.4].) Let @ be a semisimple Artinian ring,
let G = (z) be an infinite cyclic group, let Q xG be a crossed product, and let
S be the set of nonzero divisors of @ x G. Let R be a ring containing Q * G,
and let D be the division closure of Q) x G in R. Suppose every element of
Q*G of the form 1+ qx + --- + qxt with ¢; € Q and t € P is invertible in
R. Then @ x G is a semiprime Noetherian ring and D is an Artinian ring.
Furthermore every element of S is invertible in D, and the identity map on
Q x G extends to an isomorphism Q * Gg — D.

Lemma 13.7. Let H<1G be groups, let D{H)G denote the subring generated
by D(H) and G in D(G), and let ¥ denote the matrices with entries in CH
which become invertible over D(H). If the identity map on CH extends to
an isomorphism CHg — D(H), then the identity map on CG extends to an
isomorphism CGy — D(H)G.

Proof. This follows from Lemma 9.3 and [41, 4.5] O

Lemma 13.8. (See [41, lemma 4.7].) Let D be a x-ring, let R be a set of
subrings of D, let n € P, and let e € Mp(D) be an idempotent. Assume that
whenever R € R and P is a finitely generated projective R-module, there exist
projections f; € R such that P = @ f;R. If the natural induction map

&P Ko(R) - Ko(D)

RER
is onto, then there erist r,s € P, R,,...,R; € R, and projections f; € R,
(1 <1< s) such that

diag(e, 1,,0,) = udiag(fi, .- -, fo, Onsr)u™,
where u € GLyyr4s(D).

The essence of the next two lemmas is to show that if Theorem 10.3 holds
for the group Gy and G/Gj is finitely generated abelian-by-finite, then it also
holds for G. This is to prepare for an induction argument to follow.

Lemma 13.9. Let H < G be groups such that G/H is free abelian of finite
rank, let D(H)G denote the subring of D(Q) generated by D(H) and G, and
let S denote the nonzero divisors in D(H)G. Suppose D(H) is an Artinian
ring. Then D(H)G is a semiprime Noetherian ring and D(G) is an Artinian
ring. Furthermore every element of S is invertible in D(G), and the identity
map on D(H)G extends to an isomorphism from D(H)Gs to D(G).

Proof. By induction on the rank of G/H, we immediately reduce to the case
G/H is infinite cyclic, say G = (Hz) where z € G. Since D(H) is semisimple
by Lemma 9.4 and D(H)G =2 D(H)*G/H by Lemma 9.3, we are in a position
to apply Lemma 13.6. f a =1+ qz + - - + ¢:&* € D(H)G where t € P and
¢; € D(H), then by Proposition 9.5(ii) there is a nonzero divisor § in W(H)
such that 8g; € W(H) for all i. Using [40, theorem 4], we see that Say # 0
for all v € W(G)\0, and we deduce that « is invertible in U(G). The result
now follows from Lemma 13.6. O
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Lemma 13.10. Let N < H < G be groups such that N < G, H/N is free
abelian of finite rank, and G/H is finite. Let D(N)G denote the subring of
D(G) generated by D(N) and G, and let S denote the nonzero divisors of
D(N)G. Suppose D(N) is an Artinian ring. Then
(i) D(N)G is a semiprime Noetherian ring and D(G) is a semisimple Ar-
tinian ring. Furthermore every element of S is invertible in D(G), and
the identity map on D(N)G extends to an isomorphism from D(N)Gs
to D(G).
(i1) Let @ denote the matrices of CN which become invertible over D(N),
and let ¥ denote the matrices of CG which become invertible over D(G).
If the identity map on CN extends to an isomorphism CNs — D(N),
then the identity map on CG eztends to an isomorphism CGs — D(QG).
(iii) Suppose m,n € P and the orders of the finite subgroups of G are bounded.
If mlem(F) trpe € Z whenever F/N € F(G/N) and e is a projection
in D(F), then mlem(G) trg e € Z for all projections e in M,(D(G)).

Proof. (i) This follows from Lemmas 9.4 and 13.9.

(ii) Lemma 13.7 shows that the identity map on CG extends to an isomorphism
D(N)G — CGs. We now see from (i) and the proof of [56, theorem 4.6]
that D(G) is CGy for a suitable set of matrices ¥ with entries in CG. An
application of [15, exercise 7.2.8] completes the proof.

(iii) Using (i), we see that D(N)G is Noetherian and that D(G) & D(N)GS7},
so it follows from [34, lemma 2.2] that the natural inclusion D(N)G — D(G)
induces an epimorphism Go(D(N)G) — Go(D(G)). Now D(F) = D(N)*xF/N
whenever F/N € F(G/N) by Lemma 9.4, and D(N)G = D(N) « G/N by
Lemma 9.3, so we can apply Moody’s induction theorem (Lemma 4.4) to
deduce that the natural map

B  GuDF) — Go(D(G))

F/NeF(G/N)

is also onto. Since D(G) and D(F') are semisimple Artinian by (i), we have
natural isomorphisms Ko(D(G)) = Go(D(G)) and Ko(D(F)) = Go(D(F)) for
all F such that F/N € F(G/N), and we conclude that the natural induction
map

Ko(D(F)) — Ko(D(G))
F/NEF(GN)

is onto. When F/N € F(G/N), we see from Lemma 9.4, that D(F) is
semisimple Artinian, hence every indecomposable D(F)-module is of the form
eD(F) for some idempotent e € D(F) and in view of Proposition 9.5(i),
we may assume that e is a projection. We are now in a position to apply
Lemma 13.8, so we obtain r,s € P, F|/N,...,F,/N € F(G/N), and projec-
tions f; € D(F;) such that

diag(e, 1,,0,) = udiag(f, ..., fs, 0n+r)'uf_1
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where ¥ € GLp1r15(D(G)). Applying Lemma 8.4, we may assume that v €
GLp+r+s(W(G)), hence

trge+r=trgfi+---+trg fs
and the result follows. O

The following result could easily be proved directly, but is also an immediate
consequence of the above Lemma 13.10(iii) (use the case G = N and note
that the orders of the finite subgroups of G all divide {).

Corollary 13.11. Let G be a group such that D(G) is Artinian, and let
I,n € P. Ifltrge € Z for all projections e € D(G), then ltrge € Z for
all projections e € M,,(D(G)).

Lemma 13.12. Let H <G be groups such that |G/H| < oo and H is a direct
product of nonabelian free groups, let | = lem(G), and let X denote the set of
matrices with entries in CG which become invertible over D(G). Then

(i) D(G) is a semisimple Artinian ring.

(ii) The identity map on CG extends to an isomorphism CGx — D(G).

(iif) If e € D(G) is a projection, then ltrg e € Z.

Proof. Let {X; | ¢ € I} denote the family of finite subsets of G. For each
i € Z, there is by Lemma 13.2 a finitely generated subgroup G; containing X;
such that G; N H is a direct product of nonabelian free groups. Let X; denote
the matrices over CG; which become invertible over D(G;).

If (i), (ii) and (iii) are all true for all i € Z when G is replaced by G; and ¥
by X;, then the result follows from Lemma 13.5 so we may assume that G is
finitely generated.

Lemma 13.4 now shows that there exists K <1 G such that K C H, G/K
is abelian-by-finite, and lem(G/K) = [. Using Lemma 12.6, we see that
D(K) is a division ring and that the identity map on CK extends to an
isomorphism CKg — D(K), where ¢ denotes the matrices with entries in
CK which become invertible over D(K). Therefore the only projections of
D(K) are 0 and 1, so trg e € Z for all projections e € D(K).

Let F/K € F(G/K), let [F : K| = f, let {z1,...,2} be a transversal
for K in F, let e € D(F) be a projection, and let : W(F) — M;(W(K))
denote the monomorphism of Lemma 8.6. In view of the previous paragraph,
Corollary 13.11 tells us that trg A € Z for all projections h € M(D(K)).
Since e € W(F'), we may write e = ) ¢;z; where ¢; € W(K) for all 7. Using
Lemma 9.3, we deduce that ¢; € D(K) for all 4, and it is now not difficult
to see that é € My(D(K)). Therefore trg é € Z by Corollary 13.11, and we
conclude from Lemma 8.6 that ftrpe € Z. But f|l and the result follows
from Lemma 13.10. O

Proof of Theorem 10.8. Replacing F' with F', we may assume that F is a
direct product of nonabelian free groups. We now use a transfinite induction
argument, and since this is standard when dealing with elementary amenable
groups, we will only sketch the details. If ) is a class of groups, then H € LY



Analytic versions of the zero divisor conjecture 245

means that every finite subset of the group H is contained in a }-subgroup,
and B denotes the class of finitely generated abelian-by-finite groups. For each
ordinal ¢, define X, inductively as follows:

Xy = all finite groups,
X, = (LX,_1)B if o is a successor ordinal,

Xo=|J A if ois a limit ordinal.
B<a
Then |J,5q Xa is the class of elementary amenable groups (34, lemma 3.1(i)].
Let o be the least ordinal such that G/F € X,. If a = 0, the result follows
from Lemma 13.12. The use of transfinite induction now means that we have
two cases to consider.

Case (i) The result is true with H in place of G whenever H/F is a finitely
generated subgroup of G/F. Here we use Lemma 13.5.

Case (ii) There exists H < G such that F C H and G/H is finitely generated
abelian-by-finite, and the result is true with F in place of G whenever E/H
is a finite subgroup of G/H. Here we use Lemma 13.10. 0O

Proof of Corollary 10.4. By Theorem 10.3, we know that D(G) is semisimple
Artinian so if D(G) is not simple Artinian, then there is a central idempotent
e € D(G) such that 0 # e # 1. Using Proposition 9.5(i), we deduce that
e € W(G). Since geg™! = e for all g € G, we see that {gzg™! | g € G} is finite
whenever z € G and e, # 0, hence e € D(A(G)) where A(G) denotes the
finite conjugate center of G [47, §5]. But A*(G) = 1, hence A(G) is torsion
free abelian by [47, lemma 5.1(ii)] and it now follows from Theorem 10.3 that
trg e € Z. Therefore e = 0 or 1 by Kaplansky’s theorem (§8), a contradiction,
thus D(G) is simple Artinian and we may write D(G) = M,,(D) for some
m € P and some division ring D.

It remains to prove that m = [. Using Lemma 9.6 and Theorem 10.3, we see
that m < I. Now let F € F(G) and set f = ﬁdeF% a projection in CF.
Write 1 = e +---+ e, + - -+ + e, where the e; are primitive idempotents
of D(G),1 <r<m,and f =€ +---+e,. By Lemma 9.5(i), there are
projections f; € D(G) such that f;D(G) = ¢;D(G) (1 £ ¢ < m), and then
application of Lemma 8.5 shows that trg fi + - -- + trg fin = 1. Also for each
i, there exists a unit u; € D(G) such that u,-f,-u,-‘l = f1, and by Lemma 8.4
we may assume that u; € W(G) for all ¢. Therefore trg f; = trg fi for all ¢
and we deduce that trg f; = 1/m for all i. Another application of Lemma 8.5
shows that trg f = trg fi + - - + trg f, and we conclude that 1/|F| = r/m.
Therefore |F| divides m for all F € F(G), hence I|m and we have proven the
result in the case n = 1. The case for general n follows from Lemma 9.1 and
Corollary 13.11. O
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1. Introduction

Given a finitely generated group G, R. Bieri and B. Renz introduced in 1988
two descending chains

Hom(G,R) 2 ZY(G,Z) > ¥*G,Z) 2> ¥¥G,Z) 2

| | (¥ U

Hom(G,R) 2 IH{(G) 2 ZNG) 2 G 2
of conical subsets of the real vector space Hom(G,R), the homological and
homotopical geometric invariants £* (G, Z) and £*(G) [BiRe, Re2]. They con-
tain rather detailed information on the structure of the group G, for example:

(i) Z™(G,Z) and =™(G) characterize the normal subgroups of G with abel-
ian quotient that are of type FP,, and of type F,,, respectively.

(i) If G is metabelian, &!(G) = X'(G, Z) carries the information whether G
is finitely presented or not. Moreover, it is conceivable that in this case
T!(G) also determines the higher finiteness properties “type FP,” and
the higher geometric invariants £™(G) C £™(G, Z) for m > 2.

In general, the geometric invariants are difficult to compute and not much
is known about the higher ones. It is the aim of this article to present the
progress that has been made in the study of the invariants for soluble-by-finite
groups of finite Priifer rank.

The paper is organized as follows. In Section 2 we introduce the geomet-
ric invariants, and Section 3 contains a method for “computing” L'(G) for
soluble-by-finite groups of finite Priifer rank. In Section 4 we will be concerned
with the relationship between L'(G) and finiteness properties of metabelian

(or more general soluble) groups. Finally, Section 5 is devoted to the higher

invariants.
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1.1. The basic settings

Throughout this article G always denotes a finitely generated group, R a com-
mutative ring with non-trivial unity, M a (left) module over the group ring
RG, and m a non-negative integer or oo.

If we endow Hom(G,R) with the compact-open topology, where G carries the
discrete and R the usual topology, then Hom(G, R) becomes a real topological
vector space, its dimension d being the torsion-free rank of the abelianization
G/G'. A concrete model is given by choosing an epimorphism ¥ : G — Z¢ C
R? and identifying the vector £ € R? with the homomorphism G — R,
g — {(z,9(9)), where (-, -) is the standard scalar product in R.

A rationally defined open half space of Hom(G,R) is a subset of Hom(G, R)
of the form {x | x(¢g) > 0}, defined by some g € G.

2. The geometric invariants

In this section we define the geometric invariants and state some of their main
features. We start by recalling some general definitions.

2.1 Finiteness properties A module over a ring A (with 1 # 0) is said
to be of type FP,, over A if it admits a projective resolution over A with
finitely generated modules in all dimensions < m + 1. A monoid I is said to
be of type FP,, over R if the trivial R"-module R is of type FP,, over the
monoid ring RI'. If R = Z we merely say that I' is of type FP,. Following
C.T.C. Wall we say that a CW-complex is of type F,, if it has finitely many
cells in each dimension < m + 1. By definition, a group I is of type F,, if
there exists a K (I, 1)-complex of type F,,.

Any group is of type Fy and FP, over any R. Moreover, the implications
(finitely generated & F; < FP, over R), and (finitely presented < F, =
FP, over R), and (F,, = FP,, = FP,, over R) are true for all groups and all
R. For finitely presented groups F,, and FP,, are equivalent. It is an open
question whether FP, implies F,, but non-finitely-presented groups which are
FP, over any field exist (see Section 4). For more details the reader is referred
to [Bil, Brl].

2.2 The homological invariants For a given homomorphism x : G =+ R
we consider the submonoid G, = {g € G | x(g) > 0} and ask whether the
RG-module M is of type FP,, over the monoid ring RG,. The answers are
codified in the homological invariants

(G, M) = {x € Hom(G,R) | M is of type FP,, over RG,} .
We set 2™(G, M) = Z2(G, M) and denote by L% (G, M) and Z™(G, M)* the
complements of the indicated sets in Hom(G, R), respectively. By 3 (G, R)
we shall always mean the invariants of the trivial RG-module R.
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In contrast to the original definition in {BiRe] we do not restrict to the integers
as coefficient ring, this will be crucial later on. Moreover, we have endowed
T7(G, M) with a “singular point”: if £%(G, M) # 0 then M is of type FP,,
over RG (see [BiRe]) which in turn is equivalent to 0 € E7(G, M).

2.3 The homotopical invariants There seems to be no convincing defini-
tion of “type F,,” for monoids, in general, but if one restricts to monoids of
the form G, one can proceed as follows. Let x : G = R be a homomorphism,
and let K be the universal covering complex of a K (G, 1)-complex of type F,,.
By a regular x-equivariant height function on K we shall mean a continuous
map h: K — R such that

(i) h(gz) = x(g) + h(z) forall g€ G and all & € K,

(ii) R(K®) C x(G), where K° is the set of vertices of K,
(iii) For each closed cell e of K, h|, attains its minimum on the boundary of

e.

It is not difficult to see that such height functions always exist. More-
over, the cellular chain complex of the maximal subcomplex K, contained
in A71([0,00)) is a free ZG,-chain complex with finitely generated modules
in all dimensions < m + 1 [Mel, Me5].
We say that G, is of type F,, if there is a K(G, 1)-complex K of type F,, and
a regular y-equivariant height function i : K — R on the universal covering
complex such that K, is (m — 1)-connected (resp. contractible if m = c0).
Finally we set

E™(G) = {x € Hom(G,R) | G, is of type F.} ,

and denote by £™(G)° its complement in Hom (G, R). Clearly, 0 € £™(G) if
and only if G is of type F,, if and only if £™(G) # 0.

From the discussions above one can see that £°(G) = £%(G, R) = Hom(G, R)
and that £™(G) C ©™(G,Z) C £7(G, R) for all m > 1 and all R.

Theorem 2.4. [Re2] Let R be a commutative ring with non-trivial unity.
Then

(1) £'(G) = Zx(G, R),

(1) Z™(G) = Z*(G)NE™(G,Z) for allm > 2.

2.5 Some remarks on X'(-)

(i) Monoids of type FP; are not necessarily finitely generated (also see {Co]).
Let G = (a,t | t7'at = @*) and x : G — Z given by x(a) = 0 and
x(£) = 1. Then G, is, in fact, of type FP,, but not finitely generated.

(i) Let I'(G, X) be the Cayley graph of G with respect to a finite generating
set X. Given x € Hom(G,R), let ['(G, X), be the full subgraph of
['(G, X) with vertex set G,.. Then x € £*(G) if and only if ['(G, X), is
connected [BiRe, BiSt4, Rel].
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(iti) The invariant £'(G) coincides up to sign with the Bieri-Neumann-Strebel
invariant Y studied in [BiNeSt] (see [BiRe, Re2]).

(iv) K.S. Brown has given a powerful and elegant characterization of ¥'(G)
(resp. L¢r) in terms of R-tree actions [Br3] (also see [BiSt4, Gel, Ge2,
Le]). Applications are to be found in [BiSt4, Gel, Ge2, Ho, Me4].

In the introduction we already hinted at the following interesting properties
of our invariants. The proofs in the homological setting have been given only
for R = Z but they work perfectly for arbitrary non-trivial commutative rings
R with unity.

Theorem 2.6. [BiNeSt, BiRe, Re2] Let G be a finitely generated group,
N < G a normal subgroup containing the derived subgroup G’, and M an
RG-module.
(i) M is of type F P,, over RN if and only if {x € Hom(G,R) | x(N)=0} C
LG, M).
(it) N is of type F,, if and only if {x € Hom(G,R) | x(N) = 0} C Z™(G).

Theorem 2.7. [BiNeSt, BiRe, Re2] £2(G, M) — {0} and £™(G) — {0} are
open subsets of Hom(G,R) — {0}.

There is no shortage of examples for L4(G, M) if G is abelian [BiSt1, BiSt2)
and for X'(G) [BiNeSt, BiSt4, Br3]. The higher invariants ©™(G) C £™(G, Z)
have been computed for 1-relator groups [BiRe, Re2], fundamental groups of
compact 3-manifolds [BiSt4], or direct products of these [Gel, Ge2]. In [Me2]
we determined the higher invariants for direct products of virtually free groups
and, using Theorem 2.6, also the finiteness properties “FP,” and “F,.” of all
normal subgroups with abelian quotient.

In the following we often want to pass to sub- or supergroups of finite index.
We will see later on that this can be harmful although we have:

Theorem 2.8. [BiNeSt, BiSt4, Sch] Let H < G be a subgroup of finite
indez, and let x : G — R be a homomorphism. Then x € T7(G, M) (resp.
X € Z™(G)) if and only if x|y € L3(H, M) (resp. x|u € T™(H)).

3. On X'(G) for soluble groups of finite Priifer rank
For a metabelian group G, given by an extension
(E) 1—A—G—Q—1, A and Q abelian groups,

Bieri and Strebel introduced in their 1980 paper [BiSt1] an invariant ¥4 and
proved that it contains the full information whether G is finitely presented or
not (cf. Theorem 4.1 (ii)). By definition, ¥, = £°(Q, A), and the following
result shows that X'(—) can be thought of as a generalization of X, to the
class of all finitely generated groups.
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Theorem 3.1. [BiSt4] Let N be a normal subgroup of a finitely generated
group G, 1 : G—»G/N = Q the canonical projection, inducing the map
7* : Hom(Q,R) — Hom(G,R), and A the abelianization N/N' viewed as a
ZQ-module via conjugation. If N is nilpotent and Q' finitely presentable then
SHG) = 1 (Z(Q, A)°).

Remark. The inclusion £%(Q, R ®z A)° C £°(Q, A)° can fail to be an equal-
ity. If @ = (g | —) is infinite cyclic and ¢ acts by multiplication by 2 on
A = Z[}] then X3 (Q, K ®z A)° = 0 for any field K, but £°(Q, A)* # 0.

Although Theorem 3.1 tells us that, in the above setting, £'(G) and £°(Q, A)
are essentially the same invariants, we find it convenient to state the results
in terms of £'(G), if possible, avoiding the reference to a certain extension.
However, almost all the results below have been obtained for the invariant
£%(@, A) (one exception is the first part of Theorem 4.1 which has a beautiful
proof using the Cayley graph approach to ¥!(—) as explained in 2.5(ii); see
[BiSt4]). Indeed, there are very strong methods, using valuations on fields,
for “computing” ¥°(Q, A) (see [BiSt2, BiGr2]). We shall not be concerned
with the general case here but restrict ourselves to groups of finite Priifer
rank.

3.2 Finite Priifer rank A group has finite Prifer rank if there is a uni-
form bound on the minimal numbers of generators of all finitely generated
subgroups. Given an extension (E) with a finitely generated group G in the
middle, this group has finite Priifer rank if and only if the torsion subgroup T’
of A is finite and A/T has finite torsion-free rank (see, e.g., [Bol]). By a result
of Mal’cev, finitely generated soluble-by-finite groups of finite Priifer rank are
nilpotent-by-abelian-by-finite (see, e.g., [Ro], Proof of Theorem 10.38).

Theorem 3.3. [BiSt2] Let G be a finitely generated soluble-by-finite group
of finite Prifer rank. Then there exists a finite set S C Hom(G,Z) — {0} of
non-trivial homomorphisms such that *(G)={r-x|0<r € R, x € S}.

In the remainder of this section we shall outline a procedure for “computing”
t(—)¢ for soluble-by-finite groups of finite Priifer rank.

3.4 Computation of X£'(G)° in the finite Priifer rank case Given a
finitely generated soluble-by-finite group G of finite Priifer rank, one proceeds
in two steps.

1) Reduction step. We first choose a subgroup H < G of finite index
containing a nilpotent normal subgroup N < H with @ = H/N free abelian.
By Theorem 2.8 it suffices to “compute” %! (H)°. Next, Theorem 3.1 asserts
that I (H)¢ is completely determined by the invariant £°(Q, A)° of the finitely
generated ZQ-module A = N/N'. Since the metabelian group H/N' is also
of finite Priifer rank, the torsion subgroup T of A is finite, hence Z°(Q, A)* =
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¥9(Q, A/T)¢, and A/T has finite torsion-free rank.

We have now reduced the computation of X!(G)° to the computation of
2%(Q, M)°, where Q is a finitely generated free abelian group and M is a
finitely generated ZQ-module which is torsion-free as abelian group and has
finite torsion-free rank n = dimg(M ®z Q). Then our second step can be
found in [Abg], 1.4.

2) The core. We first extend the action of @ on M to an action 1, : @ —
GL(M ®z Q). Let k be the finite field extension of Q obtained by adjoining
all eigenvalues of a finite generating set of 1,(Q). Let V be the k-vector space
M ®z k of dimension n, and extend 1, to a homomorphism v, : @ — GL(V).
Then one trigonalizes the image of Q in GL(V) (see [Bor], Chap. I, (4.6)).
This gives us a homomorphism v : @ — U, (k) into the group of all upper
triangular matrices in GL,(k). Let p; : U,{k) — k* be the projection onto
the (i,%)-coordinate, i = 1,...,n. In this way we obtain homomorphisms
¢;=piop:Q—rkforl <i<n.

Theorem 3.5. [Abg] With the notation above, °(Q, M) is the set of
all non-zero homomorphisms r - (Q Iy N N Z) € Hom(Q,R), where v
ranges over all normalized discrete valuations k* —» Z, r over all positive real
numbers, and i over {1,...,n}.

Recall that a normalized discrete valuation is a group epimorphism v : k* - Z
with the additional property v(z + y) > min{v(z),v(y)} for all z,y € k*.
Since k is an algebraic number field, all valuations on k are “known” (see,
e.g., [Bou]). So the theorem above allows one to determine £°(Q, M)° and
hence Z'(G)".

3.6 Examples

(i) Let @ be a finitely generated abelian group that acts via a homomor-
phism & : @ — Q" on the field of rational numbers, and let A be the
cyclic @-module ZQ@Q -1 C Q. If A— G 2» Q is an arbitrary extension
then G is metabelian of finite Priifer rank, and X'(G)° is made up of all
non-trivial homomorphisms r - (v, o k o7} € Hom(G, R), where r > 0, p
is a prime number, and v, : @* — Z is the p-adic valuation.

(if) Fix a natural number s. Then the group H = H, consisting of all
upper triangular matrices (a;;) € GL,1(Z[3}) with a;; > 0 for all 4,
is of finite Priifer rank since it is constructible (see Section 4 below)
by [Ki]. If N denotes the nilpotent normal subgroup of all matrices
with ones on the diagonal then @ = H/N is free abelian on the s + 1
cosets q; = diag(2,1,...,1)- N, ..., ¢;11 = diag(l,...,1,2) - N. Using
the procedure above it is easy to compute L!'(H)*: it consists of all
homomorphisms r - (x; o #) € Hom(H,R), where r > 0, w denotes the
projection H—» @, 1 < i < s, and the homomorphism y; : Q@ = Z is
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given by
0 ifig{i-1)
Xilgy) = ¢ -1 ifi=j-1
1 ifi=yj.

(iii) Abels’ group I' = I'; = {(a:;) € H | a1, = @y41,6+1 = 1} is a normal
subgroup of H with abelian quotient. It is of finite Priifer rank, of type
F,_, but not of type FP, [AbBr, Br2]. By the recipe above, one finds

SHI)e = {x|r | x € Z'(H)°}.

4. The FP_-Conjecture

As mentioned above, the starting point of the “¥X-theory” was the charac-
terization of the finitely presented metabelian groups in terms of the Bieri-
Strebel invariant 4. Using the invariant X'(G) along with the notation
—XYG) = {—x | x € Z'(G)} we state it as the second part of the following
theorem.

Theorem 4.1. Let R be a non-trivial commutative ring with unity.
(i) [BiNeSt, BiSt4] Let G be a group without free subgroups of rank 2. If G
is of type FP, over R then ¥'(G) U —X'(G) = Hom(G, R).
(ii) [BiStl] A metabelian group G is finitely presented if and only if it is of
type FP, over R if and only if ¥'(G) U —X'(G) = Hom(G,R).

Let G be the quotient of Abels’ group I, the group of all upper triangular
matrices (a;;) € GL4(Z[}]) with a;; > 0 and a;; = as4 = 1, modulo its
centre Z(I,). This nilpotent-by-abelian group of finite Priifer rank satisfies
ZHG@) U -ZYG) = Hom(G,R), and it is of type FP, over any field but not
of type FP, [BiSt1].

4.2 Tameness We say that 3!(G)° (or Z%(G, M)°) is m-tame, where m € N,
if every subset of at most m homomorphisms is contained in a rationally de-
fined open half space of Hom (G, R). By some well-known separation theorem
this is equivalent to saying that 0 ¢ conv,, X' (G)°, where the latter set is the
union of the convex hulls of all subsets of X! (G)° of at most m elements. Note
that the condition on X'(G)° in Theorem 4.1 is equivalent to the 2-tameness
condition.

Theorem 4.3. [BiGrl] Let G be a metabelian group given by an extension
(E). If G is of type FP,, over a field K (m € N) then L%(Q, K ®z A)° is
m-tame.

The two preceding theorems have led to the following



256 H. Meinert

FP,-Conjecture. Let G be a metabelian group, and m € N. Then G is of
type FP,, if and only if TYG)* is m-tame.

Notice that the case m = 1 is trivial and that Theorem 4.1 gives an affirma-
tive answer for m = 2. Moreover, Theorem 4.3 can be thought of as “one
implication over a field”. Recently G.A. Noskov showed that if G, given by a
split extension (E) with torsion-free A, is of type FP,, then Z'(G)° is m-tame
[No]. And K.-U. Bux established the FP,,-conjecture for semi-direct products
Os % O%, where Og is an S-arithmetic subring of a global function field [Bu].
In his proof he used Theorem 4.3 to deduce that £'(G)° is m-tame if, in the
extension (E), A is an elementary abelian p-group (p prime) and G is of type
FP,, over IF,.

Thanks to the deep work of H. Abels and H. Aberg much more is known about
the finiteness properties of soluble-by-finite groups of finite Priifer rank.

Theorem 4.4. [Abg] Let R be a commutative ring with non-trivial unity,
and m € N.

(i) Suppose G is a soluble-by-finite group of finite Prifer rank. If G is of
type FP,, over R then £'(G)° is m-tame.

(it) A metabelian group G of finite Priifer rank is of type FP,, over R if and
only if TH(G)° is m-tame.

We have seen that the 2-tameness condition is necessary but, in general, not
sufficient for a nilpotent-by-abelian group to be of type FP,. There is a
second (easy) necessary condition. Suppose N — H —» @ is an extension with
an abelian group Q. If H is of type FP, then the Schur multiplier H,(N, Z) of
N is a finitely generated Z@Q-module [BiGrl]. Now, Abels proved that the two
necessary conditions are also sufficient for S-arithmetic nilpotent-by-abelian
groups (which are of finite Priifer rank!).

Theorem 4.5. [Ab] Let G be an S-arithmetic soluble group, and let H < G
be a subgroup of finite index containing a nilpotent normal subgroup N 9« H
with @ = H/N abelian. Then G is finitely presented if and only if G is of type
FP, if and only if both $*(H)° is 2-tame and H,(N,Z) is finitely generated
as ZQ-module.

Finally, we want to give a group theoretical characterization of the soluble-
by-finite groups of type FP.. Recall that a soluble-by-finite group G is
constructible (in the sense of [BaBi]) if it admits a finite chain 1 = H; <
H, < --- < H, = G of subgroups such that either H; has finite index in H;,,
or Hy, = (H;,t | tH;t7' < H;) is an ascending HNN-extension with base
group H;. These groups are of finite Priifer rank and of type F.,. Obviously
all polycyclic-by-finite groups are constructible but the class of constructible
soluble-by-finite groups is much bigger. Recently P.H. Kropholler proved:
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Theorem 4.6. [Kr] Every soluble-by-finite group of type FP, is con-
structible.

This result closes the remaining gap in the “FP-conjecture for nilpotent-by-
abelian groups”:

Theorem 4.7. Let G be a nilpotent-by-abelian group, and d the torsion-free

rank of its abelianization G/G'. Then the following assertions are equivalent:
(i) G is of type FP,,,.

(ii) G is of type FP,,.

(#41) G is constructible.

(iv) T'(G)* is contained in a rationally defined open half space of Hom(G, R).
(v) TH(G)e is (d + 1)-tame.

Proof (i) implies (ii) is an observation in [Bi2], (ii) implies (iii) follows from
the preceeding theorem, the equivalence (iii) if and only if (iv) is discussed in
[BiSt3], and (v) implies (iv) is a general fact about convex subsets (see, e.g.,

[Val).

Now, let G be a nilpotent-by-abelian-by-finite group. If G is constructible,
it follows from Theorem 4.7 and Theorem 2.8 that ¥!(G)¢ is contained in a
rationally defined open half space of Hom(G,R). The converse is false: take
a non-constructible nilpotent-by-abelian group H and form the semi-direct
product G = (H x H) » Z,, where the cyclic group of order two permutes
the factors. Then G is not constructible but £'(G)® = §.

5. The higher invariants for soluble groups of finite Priifer rank

In Section 4 we pointed out that for a metabelian group G, given by an
extension (E), the invariants ©'(G) and X°(Q, 4) are expected to carry the
whole information on the finiteness properties of G. Then there are two
obvious questions concerning the higher invariants:
(i) What can be said about £™(G) and ¥™(G,Z) form > 2?7

(ii) What can be said about ™(Q, A) form > 17

It turns out that only the first question is of interest. It is well-known that
the group ring Z@ of an abelian group @ is noetherian, so the second question
is answered by the following

Proposition 5.1. [Me3] Let G be ¢ group, and M an RG-module. If the
group ring RG is left noetherian then £%(G, M) = E¥(G, M).

Our first question seems to be much more difficult. It is conceivable that the
complements ™ (G, Z)° C £™(G)* of the higher invariants are also completely
determined by ¥'(G)¢, though not in the very strong sense of the preceeding
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proposition. Recall that convc, £'(G)° = U, conv(o), where the union is
taken over all ¢ C X!(G)° with |o| < m.

¥m-Conjecture. Let G be a metabelian group, and m € N. If G is of type
FP,, then conve, £'(G)° = Z™(G,Z)° = 2™ (G)".

Although this conjecture is connected somehow with the FP,,-conjecture (see
[Me5]), none of them seems to imply the other. R. Gehrke proved that
conves X' (G)° C X*(G,Z)* holds for all finitely presented metabelian groups
[Gel, Ge2). ,

Using Aberg’s above result and, in particular, the CW-complex constructed
by him in his proof of the “if”-part of Theorem 4.4(ii), the author established
the X™-conjecture for metabelian groups of finite Priifer rank ([Me5, Me6],
which are revised versions of [Mel]). Although we only considered the integers
as coefficient ring, the arguments in [Me5] work for any R.

Theorem 5.2. [Me5, Me6] Let G be a metabelian group of finite Priifer
rank, and R a non-trivial commutative ring with unity. If G is of type FP,,
then

cgzrzlel(G)‘ =¥7(G,R)°=L™(G,Z)° = Z™(GQ)° .

Using this result together with work of Aberg and Strebel we are going to
prove:

Theorem 5.3. Let G be a soluble-by-finite group of finite Prifer rank, and
let K be a field. If G is of type FP,, over K, then

convE!(G)° € BR(G, K)° C B™(G,Z)° C T (G) .

Proof We only have to prove the first inclusion, and by Theorem 2.8 we can
pass to the situation where G is nilpotent-by-abelian (and of finite Priifer
rank).

Let us assume for a moment that p: G — G is an epimorphism with abelian
kernel A < G". It follows easily from Theorera 3.1 that £(G)* = p*(£(G)°),
where p* : Hom(G,R) — Hom(G, R) is the induced linear map. Now, Aberg
has shown that the homology groups H;(A, K are finite dimensional K-vector
spaces for all i € N, ([Abg], IV.2, Proof of Proposition 2.1). By Theorem B
in [St] one concludes that G is of type FP,, over K. Moreover, from Strebel’s
proof one can also infer that p*(7(G,K)?) € (G, K)°. Summarizing
we find: if conve, X'(G)° € Z2(G, K)° holds then we have the inclusion
convg,, L1(G)° C I%(G, K)-.

Finally, we consider the epimorphism G —» G/G" = G. Since G" is soluble
we may as well assume that it is abelian. Then the discussion above shows
that G is of type FP,, over K which implies conv,, £1(G)* = £7(G, K)* by
Theorem 5.2. Hence we obtain the desired inclusion by the argument above.
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Question. Let G be a nilpotent-by-abelian group of finite Prifer rank. If G
is of type F,, is it true that X™(G)° is contained in the conver hull conv X' (G)*
of ZY(G)* ?

We know that the answer is “yes” if G is constructible.

Theorem 5.5. [Me5, Me6| Let G be a constructible nilpotent-by-abelian
group. For any commutative ring R with non-triviel unity and any m € N
we have

cgnvE‘(G)" C (G, R) C ¥™(G,Z)* C T™(G)° C convZY(G)* ,

and £7(G, R)* = £™(G,Z)* = E™(G)* = convE*(G)° for all m > d, where d
is the torsion-free rank of G/G'.

Conjecture 5.6. If G is a constructible nilpotent-by-abelian group and
m € N then conve,, £'(G)* = Z™(G)".

It would be of interest to prove this conjecture. In conjunction with Theo-
rem 2.6 it would yield results on finiteness properties of certain nilpotent-by-
abelian groups of finite Priifer rank, for example, a new proof that the group
T', of Example 3.6(iii) is of type F,_,.

Theorem 5.5 does not hold for soluble constructible groups: let H = (a,t |
t7'at = a®) and G = (H x H) % Z,, where the cyclic group of order 2 acts
by permuting the factors. Then G is constructible and X!'(G)¢ = 0, but
Y4(G,R)* = TX(G, R)* = £=(G)°* = £*(G)° # 0 for all R.

Although we cannot completely determine the invariants of constructible
soluble-by-finite groups, we can characterize the groups where the comple-
ments of the invariants are empty:

Theorem 5.7. [Me3] A soluble-by-finite group G is polycyclic-by-finite if
and only if £=(G)° =0 if and only if °(G,Z)* = 0.

Note added in proof

In 1995 M. Bestvina and N. Brady [Morse theory and finiteness properties of
groups, to appear in Invent. Math.] proved that there exist groups of type
FP_, which are not finitely presented. Their examples also imply that the
invariants ™ (G, R) and £™(G) can differ for all m > 2 (and any non-zero
ring R). However, it is still unknown whether such examples can occur within
the class of soluble groups.
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Some Constructions Relating to Hyperbolic Groups

K.V. Mikhajlovskii and A.Yu. Ol’shanskii

Abstract. The purpose of this paper is to construct certain quotients, HNN-
extensions, amalgamated products and inductive limits of hyperbolic groups,
and to apply the results to construct finitely generated verbally complete and
divisible groups.

0. Introduction

The first examples of infinite non-abelian groups, all of whose proper sub-
groups are cyclic [9], were constructed as inductive limits of hyperbolic groups,
although the notion of hyperbolicity was not exploited explicitly. An explicit
application of hyperbolic properties for such constructions was proposed in
[1] by M.Gromov. This approach was realized in [2].

In the present paper we focus on a method for constructing divisible and
verbally complete groups by means of hyperbolic group theory. Recall that
a group G is said to be divisible if for any element g of G and any nonzero
integer n the equation z® = g has a solution in G.

The groups Q and C, are natural examples of divisible groups. For a long
period of time, it was unknown whether or not there exist non-trivial finitely
generated divisible groups. The first examples were constructed by V.S.Guba
[10]. These groups are torsion free. Later on, periodic examples have been
given by S.V.Ivanov [7]. Until now it was unknown whether or not there exist
non-trivial finitely generated verbally complete groups. Recall that a group G

is verbally complete if for any non-trivial word v(z,,...,z,) of the free group
F(z,,%,,...) with countable set of generators, and for any element g € G,
the equation v(z,,...,z,) = g has a solution in G. We have obtained the

following results.

Partly supported by Russian Fund of Fundamental Research Grant 010-15-41. The second
author was also supported by ISF Grant MID 000.
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Theorem 1. For every non-cyclic torsion free hyperbolic group G there exists
a non-trivial torsion free verbally complete quotient H of G.

Theorem 2. Every non-elementary hy:nerbolic group G has a non-trivial
verbally complete torsion quotient group G.

Corollary 1. There exist non-trivial finitely generated torsion free verbally
complete groups.

Corollary 2. There exist non-trivial finitely generated verbally complete
torsion groups.

Corollary 3. For every non-cyclic torsion free hyperbolic group G there
erists a non-abelian torsion free divisible quotient H of G.

Corollary 4. Every non-elementary hyperbolic group G has a non-trivial
divisible torsion quotient group G.

Corollary 5 (Guba). There exists a non-trivial finitely generated torsion
free divisible group.

Corollary 6 (Ivanov). There exists a non-trivial finitely generated divisible
torsion group.

Our proof of Theorems 1,2 uses results of [2] and criteria for hyperbolicity of
HN N-extensions and free products with amalgamated subgroups, which are
given below. For their formulation, recall that in M.Gromov’s terminology
an elementary group is any cyclic-by-finite group. It is known [1,3] that every
non-elementary subgroup of a hyperbolic group G contains a 2-generated free
subgroup, and every element g of infinite order in G belongs to a unique
maximal elementary subgroup E(g) C G.

Theorem 3. Let G be a hyperbolic group with isomorphic infinite elementary
subgroups A and B, and let 1 be an isomorphism from A to B . The HNN-
extension G = (G, t|t"'at = ¢(a) ,a € A) of G with associated subgroups A
and B is hyperbolic if and only if the following two conditions hold:

1) either A or B is a mazimal elementary subgroup of G;

2) for all g € G the subgroup gAg~ N B is finite.

Corollary 7. Let G and H be hyperbolic groups, A and B be infinite ele-
mentary subgroups of G, H respectively. Then the free product of the groups
G and H with amalgamated subgroups A and B is hyperbolic if and only if ei-
ther A is a mazimal elementary subgroup of G or B is a marimal elementary
subgroup of H.

In the case when the elementary subgroups A and B in Theorem 3 and Corol-
lary 7 are abelian, these criteria were obtained simultaneously and indepen-
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dently by O.Kharlampovich and A.Myasnikov [5].The authors are grateful to
professors O.Kharlampovich and A.Myasnikov for communicating their re-
sults. Notice also, that Corollary 7 was earlier proved by different methods
in the work of M.Bestvina and M.Feighn [4], and in the case of maximal
cyclic subgroups A and B, the hyperbolic property of free constructions was
established by M.Gromov [1] (without details). The above results were par-
tially included in the Abstracts of the Durham symposium on geometrical
and cohomological methods in group theory (July 1994).

1. General notions and definitions

There are several equivalent definitions of a hyperbolic group [1,3]. We will
use the following one. Let

G={q,--:19|r1y---,11) (1)

be a finitely presented group. Every word W, which is equal to 1 in G, can
be expressed in the free group F(g,...,g:) as

W = [TurE'u (2)
i=1

where the number » = n(W) can be assumed the minimal possible one. The
group G is said to be hyperbolic (word hyperbolic or negatively curved), if
there exists a linear function bounding the number of factors n = n(W) in
(2) depending on the length ||W|| of the word W. In other words, there is
a constant 3 = B(G) such that n(W) < §||W|| for every word W represent-
ing the identity in G. The definition does not depend on the choice of the
presentation (1) of G.

To prove the theorems, we will use the geometric language of diagrams over
groups [6].

Recall that a map is a finite planar connected and simply-connected 2-
complex. A diagram A over an alphabet A4 is a map whose edges e are
labeled by letters ¢(e) € A*! such that ¢(e)” = ¢(e™!). A diagram over
A is called a diagram over the group G given by the presentation (1), where
A={g1,9s---,9} if the label of the boundary path of every face of A is a
cyclic permutation of some relator. In view of van Kampen’s lemma [6,7], to
prove that a group G, given by the presentation (1), is hyperbolic, it suffices
to find a constant C = C(G) > 0 such that n(A) < C||8A|| for every minimal
circular diagram A over G, where n(A) is the number of faces in A and ||OA|
coincides with the perimeter of dA.

We first prove the sufficiency of the conditions of Theorem 3. For definiteness
we will assume the subgroup A to be maximal elementary in G. Let the group
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G and its subgroups A and B from Theorem 3 be given by

G=<gla--'agulrla--"rr> (3)
A={a)Uz{a)U...Uz,{(a) 4)
B= () Uy(b)U...Uy.(b) (5)

where the elements a, b, z;, ;2 = 1,...,n are chosen in accordance with the
given isomorphism ¥, ie, ¥ : a > by : ;= Y4 = 1,...,n and (a), (b)
are infinite cyclic subgroups of finite index in A, B respectively. We may
assume {a), (b) to be normal subgroups of A and B. Then the group G has
the presentation

G =g,y G t|T1, . Tyt latd™ byttt (6).
Define further our alphabet as a set A, where

A= {gla---agu;a’baxl,"-axn’yla--'aynat}il-

For elements of the groups G and G, we introduce the following length
functions |||| and ||. If W is a word in the alphabet .4, then ||W|| is
the length of W. Another length |W| is the minimal length among all
words representing the same element of the group G * (t),, as the word W
(we consider words in the alphabet A to be elements of G * (t),), that is
[W| = min{||[V|||V =W,V € G *(t)eo}. By the above definition, we have
that ||a|| = ||3]] = 1 and ||z|| = |lgsll = 1 for ¢ = 1,...,n. The notation
X =Y will be used for graphic equality of the words X and Y.
Consider & path p = e,...e, in a diagram A over G or over G. We will
use the notation p_,p, for the initial and the terminal vertices of a path p,
respectively. The length ||p|| of p is, by definition, the number of edges in
its presentation and the length [p| of p is the length |(p)| of its label as an
element of the group G * {t)o, which was defined above.
Further we assume the notions of the Cayley graph C(G) of the group G and
hyperbolic space to be known [1,3]. Let us endow each edge e of C(G) with
the metric of the unit segment [0,1] and define a geodesic metric on C(G) by
extending the metrics of all edges. (Recall {1,3], that a group G is hyperbolic
if and only if its Cayley graph C(G) is a hyperbolic space.)
Consider a path p in C(G) with the natural parametrization by length. The
path p is called (), ¢)-quasigeodesic for some A > 0 and ¢ > 0, if for any points
p(s) and p(u)

p(s) = p(u)| > Als —u| —c.
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A word W in the alphabet A4 is called (), ¢)-quasigeodesic, if W is the label
of a (A, ¢)-quasigeodesic path in the Cayley graph of the group G * (t).
Fixing a vertex o of a circular diagram A over the group G, one can define
a natural mapping v of A into C(G). Let v(0) = O, be the unity vertex of
C(G). For an arbitrary vertex O the image (O) is, by definition, the element
of G represented by the word ¢(p), where p_ = 0 and p, = O for a path p
in A. In view of van Kampen’s lemma, ¢(p) = ¢(¢) in G if p_ = ¢_ and
P+ = ¢, since A is a simply-connected diagram. Then for an edge ¢ in A the
image = «y(e) is by definition the edge with the starting point y(e_) and
with the same label as e. Clearly, the mapping « can be extended onto the
set of paths in A. Obviously, the mapping < preserves the lengths |p| and
||p|| of any path p in A.

Call a path p in a diagram (), ¢)-quasigeodesic if its y-image in C(G) is (), ¢)-
quasigeodesic. The following lemmas will be useful. Consider a hyperbolic
group G, its Cayley graph C(G) and denote the distance between two points
z,y € C(G) by p(z,y).

Lemma 1 ([1;3, p.90]). There exists a constant H = H(G, A, ¢) such that
for any (), ¢)-quasigeodesic path p in C(G) and any geodesic path q with the
conditions p_ = q_ and p, = ¢, the inequalities p(u,p) < H and p(v,q) < H
hold for any points u € ¢ and v € p.

Call two paths p and ¢ in C(G) K-bound for some K > 0 if

max(p(p-,q-), p(P+,q+)) < K.

A geodesic n-gon [x,,%,,...,%,] in C(G) is a closed broken line z;, — z, —
... —z, — x; where each path z; — z; is a geodesic segment [z;, ;] .

Lemma 2 ({8, Lemma 25]). There are positive constants ¢; = ¢;(G) and
¢z = ¢&(G) such that for any geodesic n-gon P in the C(G) the following
property holds. If the set of all segments of P is divided into three subsets Ny,
N,, N; with the length sums 0,, 04, 03, respectively and o, > cn, 03 < 107 3¢n
for some ¢ > ¢;, then there exist distinct segments p, € N, and p, € N;{U N,
having ¢, -bound subsegments of length greater than 10~ 3¢.

2. Planar diagrams over HN N-extensions

For circular diagrams over the group G or over G, given by presentations (3)
and (6), we will partition the edges into two systems:

1) g-edges with labels in the group G;

2) t-edges with labels t!.

When considering diagrams over G, it will sometimes be convenient to admit
faces with boundary labels from the set of all relators (not only defining) of
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the group G. A face of a diagram A is called a g-face if its boundary label
belongs to the set of all relators of the group G. A face with boundary label
from the set {t'atb™,t 7 z;ity; i =1,...,n} is called a t-face.

Now we introduce elementary transformations for circular diagrams over G
or G.

1. Assume a vertex o has degree 1 in a diagram A, i.e., 0 = e_ for a single
edge e. Then one may delete e except for the vertex e,.

2. Let o, = fy = (fi)-,00. = (fi)+ = (f2)- for some edges f, f1, fo, where
o0, and o, are vertices of degree 2 in A and ¢(f,) = ¢(f2)~'. Then one can
delete 0,,0, from the set of vertices by declaring ff, f to be a single edge e
with the label ¢(e) = ¢(f).

3. If two different g-faces Il, and II, have a common edge e in their boundaries
then one may delete it (except for e_ and e, ) making II, and II; into a single
g-face II.

Let 1’, 2', 3’ be the inverses of the elementary transformations 1, 2, 3 respec-
tively (where 3' is permitted only when the new faces II, and II, arising from
II correspond to relators of G).

Definition. Let A be a diagram over the group G given by presentation

(6). A sequence of t-faces m,..., 7, in A is called a t-strip if for any ¢ =
1,...,m—1 the t-faces 7; and =;,, have a common t-edge (Fig.1).
t /\t ¢ N /\t
Ty e . T
Figure 1.
A t-strip II is called cyclic if it consists of m > 1 t-faces 7y, ..., 7., such that

m and 7, have a common t-edge (Fig.2).
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Consider a circular diagram A over the group G which has 7 t-faces. Then
the 7 is called the type 7(A) of A. All diagrams over G will be ordered by
their types.

Definition. A circular diagram A over the group G with boundary label W
is said to be minimal if for any circular diagram A’ over G with the same
boundary label the following inequality 7(A) < 7(A’) holds.

Lemma 3. A minimal circular diagram A over G has no cyclic t-strips.

Proof Assume that a minimal diagram A over G has a cyclic ¢-strip IT and
denote the inner and outer contours of II by p and ¢ (Fig.2). Let us consider
the circular subdiagram A’ of A with dA' = ¢q. The boundary label of A’
is, by definition, an element from A or B ( in Fig.2 ¢(gq) € A) and since A’
is a circular diagram over G, we obtain ¢(q) = 1 in G. Recall that by the
definition of HN N-extensions (see [6]), the groups A, B are embedded into
G by the natural maps a — a, b+ b for a € A, b € B. Therefore we will
have that ¢(g) = 1 either in the group A or in B. So one can cut out A’ from
A and paste in its place a diagram with the same boundary label consisting
of g-faces only, thus reducing the number of ¢-faces in the resulting diagram.
But this contradicts the minimality of A. Hence our assumption is false and
the lemma is proved.

A system of ¢-strips in a diagram A over G is called a distinguished system if:
1) different ¢-strips have no common t-edges (that is they are disjoint);

2) any t-face of A belongs to some ¢-strip.

A circular diagram A over G is said to be simple if A is a cyclically reduced
path and A # A, U A,, where A;, A, are circular subdiagrams of A with
non-empty sets of edges such that A; N A, consists of a vertex.

Since cyclic t-strips are not contained in minimal diagrams, the boundary
t-edges of any distinguished ¢-strip in such diagrams belong to dA. There-
fore a minimal simple diagram A over G can be presented as the union of

subdiagrams
A = UiA,' Uj Hj

where the A; are maximal circular subdiagrams over G and the II; are dis-
tinguished ¢-strips in A (Fig.3).

Figure 3.
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When considering diagrams over G, we will always assume them to be:
1) circular; 2) simple; 3) with a fixed distinguished system of t-strips.

3. Choice of constants

Our proofs and some definitions will be based on a fixed system of constants.
It is convenient to introduce all of them and to indicate in which order they
will be chosen. All of the constants, that will be used below, will be chosen
sequentially, one after another. Each of the following constants is chosen after
its predecessor

B, A\ ¢, Hyc,e b0, M, p,0,ay,0. (7

Each of them is positive and depends on the group G only (not on a fixed
diagram over G or G).

The first constant is 8 which determines the linear isoperimetric inequality
for the hyperbolic group G. Then we choose A > 0 and ¢ > 0 using Lemma
2.4 [2] such that any word from the set

{z:a™z;, yb™y; | 4,7 =1,...,n, m € Z}

is (A, ¢)-quasigeodesic.

The next constant is H = H(G, ), ¢) > 0 which we select using Lemma 1. The
constant ¢; = ¢ (G) is chosen in accordance with Lemma 2. The remaining
parameters will be introduced below.

4. Contiguity subdiagrams

Let II, and II, be distinct ¢-strips in a diagram A over G. Consider a sim-
ple closed path w = p;¢;p;¢; in A such that ¢; and ¢, are subpaths of the
boundary cycles of I1; and II, with the properties: 1) ||p.|, ||p2]| < € (see (7));
2) ¢(p,), ¢(p2) consist of g-edges only; 3) a subdiagram I' of A, bounded by
w, has no t-faces; 4) min(||q||, |gz||) > 1.

Then we call ' a contiquity subdiagram between II; and II;. We will also
consider a contiquity subdiagram I" of some ¢-strip II; to a section ¢ of 9A,
if ¢, is a subpath of g.

The notation 8(I1,, ', I1;) (or 8(I1,, T, ¢))= p.q,p:¢; will define the above par-
tition of the contour w of I'. The subpaths ¢; and ¢, are called the contiguity
arcs while p;, p; are called the side arcs of T".

We choose the constant £ with the property € > 2H + ¢,, where H and ¢, are
introduced above.

A system M of contiguity subdiagrams of ¢-strips to t-strips or to a contour
8A in a diagram A over G is called a distinguished system if:
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1) distinct subdiagrams in M have no common faces and no common edges
in their contiguity arcs (i.e., these subdiagrams are disjoint);

2) the sum of lengths |[p|| of all contiguity arcs p of all subdiagrams of M is
not less than the similar sum for any other system M’ with the property 1);
3) the number of subdiagrams in M is minimal among all systems with the
properties 1) and 2).

If I is a distinguished contiguity subdiagram of a t-strip II to the contour 0A
and O(I1, T, 0A) = p1q1p2qz, then the arc ¢, of II ( and all of its edges) is said
to be outer. If O(T1,I',I1;) = p1q:p2g, for a t-strip II; then ¢, is an inner arc.
The other edges of I, that are neither outer no inner, are called unbound.
Every maximal subpath of the boundary of Il consisting of unbound edges
will be called an unbound arc of t-strip II. An unbound arc of JA can be
defined similary.

In order to prove hyperbolicity of the group G, i.e., for obtaining a linear
isoperimetric inequality for the minimal circular diagrams over G, we can
restrict ourselves to considering only such diagrams over G, which consist of
g-faces and the following special ¢-strips. A ¢-strip Il in a minimal diagram
A over G is said to be special if ¢(0I1) = ¢t~'z;a*z;ty; b *y;* (Fig.4), where
P(z:) = yi,¥(z;) = y; are defined above, k € Z and i,j = 0,1,...,n. In the
above definition the case & = 0 is just the case, when t-faces with boundary
label t~'athb™! do not occur in II, and similarly, if = 0 then a t-face with
boundary label ¢~ z;ty; " does not occur in II.

A AN AN
rd d rd
Y, bk Y;
S
t
z, ak z;
AN AN N\
7 7 7
Figure 4.

In particular, let us recall that we assume the subgroups (a) and (b) to be
normal in the groups A and B respectively (see Section 1), that is for any
i =1,...,n we have r;az7' = a*', yby;' = b*' in G. This means that if
we have a t-strip II in a diagram A over G, which is not special, then using
the elementary transformations of A one can obtain a ¢-strip II' from a ¢-
strip II with ¢(OI') = ¢t7'z; ...z a'th™'y; " ...y !, where z;; € {z4,...,2,},
Y; € {y1,---,¥Ya}. Then by the decompositions (4) and (5) of the groups
A, B we have z;, ...z;, = z;,a™, ¥i, ... ¥i, = Yi,b™, where ¥(z;)) = y;, and
ZTiy € {Z1,- .-, T}, Uiy € {U1y -+ Yn}-
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Thus, by elementary transformations of A one can obtain a ¢-strip I1” from
IT' which will be special. Hence, starting from a minimal diagram A, we
obtain a diagram A’ with the same boundary label consisting of g-faces and
t-strips of special type. In the general case, the number of ¢-faces in A’ may
increase. Therefore, if we prove a linear isoperimetric inequality for such
minimal special (i.e., with special ¢-strips) diagrams, then the hyperbolicity
of G will be established. Hence, from now on we will consider minimal special
diagrams only (i.e. diagrams having minimal type among all special diagrams
with the same boundary label).

To prove Theorem 3, we shall exploit the notion of estimating graphs ¢ and
@' (see also [7,8]). Namely, choose a point o = o(II) inside each ¢-strip IT of
a diagram A over G and define the set of all o(II) to be the set of vertices of
the graph ®. Let I" be a distinguished contiguity subdiagram of a t-strip II,
to a t-strip II,, then the vertices 0, = 0,(I1,) and 0, = 05(Il,) are connected
in ® by a non-oriented edge of ® through the subdiagram I'.

In our considerations, a contour of a minimal diagram A over G will be
regarded as a single section whose maximal subpaths consisting of g-edges
are (), ¢)-quasigeodesic. To define the graph @', choose a vertex O outside
of A and regard the set of vertices of ®' consisting of the vertex O and the
vertices of the graph ®. For each contiguity subdiagram I" of a ¢-strip II to
a contour OA the vertex o(Il) is connected with O in @' by an edge of @’
passing through I.

Lemma 4. Let A be a minimal diagram over G, then the estimating graphs
® and ' satisfy the following condition: there is a vertexr of ® inside every
2-gon of @'.

Proof The statement follows immediately from the definition of distinguished
(maximal) contiguity subdiagrams and the fact that the boundary t-edges of
any distinguished ¢-strip in the minimal diagram A lie on 9A.

5. Compatibility of paths and reduction of type

If g is an element of infinite order of a hyperbolic group G, then by E(g) we
will denote the unique maximal elementary subgroup of G containing g (the
elementarizer of g) {2].

Considering the circular diagrams over G, we will partition the t-strips into
two sets. A t-strip II will be called long if ||OII|| > p, where p depends on the
group G only and will be chosen below. Otherwise IT will be called short.
Consider two paths u,, u, in the Cayley graph C(G) of the group G and
suppose ¢(u;) = Wi™, ¢(u) = W,"2, where W, and W, have infinite order in
G. The vertices 01, 0,, . . . of the path u; such that labels of subpaths o0; — 0,4,
are equal to W, in G, will be called the phase vertices of u,. Similarly, choose
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phase vertices d,,0,,... on u;. We call the paths u; and u, compatible (see
[2]), if there is a path v in C(G) joining some phase vertices o; and 0; of paths
Uy, Uy such that VW,V -t € E(W,) in G for the label V = ¢(v) and there are
nonzero m, [ such that (VW,V=')" =W/ inG.

For a t-strip II in a diagram A over G, we define the A-section and the B-
section of the contour QI as the maximal subpaths of the boundary with
labels in A and in B respectively.

Let us consider a circular diagram A over G and a contiguity subdiagram I’
between A-sections of long t-strips II; and II, in A. We put 6(II,, I, II,) =

P191P2Gz, where [[pi]], [Ip.|| < €,
$(011,) =t~ za zjt(y;) 707 (y;) 7Y,
¢(01L;) =t~ za'zjt(y]) 07 ()™
where x}, 22,2}, 22 € {x1,..., 2.}, Y595 95,97 € {U1s -, Un)-
For simplicity, we assume the initial and terminal vertices of paths p;, p,

to be phased with period a (Fig.5). We recall that the subgroup A of G is
supposed to be maximal elementary, that is A = E(a) in G.

y? bt y?

tVY Y [11 \' /g vi

Y} b* v
Figure 5.

Let ¢(q:) = a*, ¢(¢g,) = a, |ki| < |k|, || < |l]. By the definition of a
contiguity subdiagram, I" is a circular diagram over G. Consider the vy-image
of T' in C(G) defined in Section 1. Then by Lemma 2.5 [2] there exists a
constant M = M(a,b,¢) > 0 such that either |k;|,|l;] < M or the paths ¢
and ¢, are compatible.

Let us show how to reduce the number of ¢-faces in A in the second case, i.e.
when the diagram A is not minimal.

The compatibility of the paths ¢, and ¢, yields that there exists a path pin I’
joining some vertices o, and o, on ¢, g,, Tespectively, such that ¢(p)ad(p)™* €
E(a). Therefore, by Lemma 1.16 [2] we obtain ¢(p) € E(a) and as A = E(a),
finally ¢(p) € A. Then from I one can obtain ¢(p,), ¢(p.) € A as ¢(p) € A.
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As we regard the case when inequalities |k, |, ;| < M are not satisfied, we
assume |l;| > M. Then using the (), c)-quasigeodesity of the paths ¢, and
¢, and the equality ¢(q,) = ¢(p1)'é(g) " ¢(p;)™" in G, we obtain from I'
Ealllall = llaall = las| = [p7'657'P3" | 2 lgol — 26 2 Allgell — ¢ — 2 = Ally[l|af| —
¢ — 2¢. Since a € A, one obtains

lky| > AM —c— 2 =M. (8)
Let us define the substrips m, and 7, of IT; and II,, respectively, with contours

om = exqieaq), Om, = €,q.€,g,, where ey, e,, €], €, are t-edges, ¢(g)) = b™*,
¢(qy) = b~ (Fig.6).

~
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Figure 6.
Then we cut out a subdiagram T with contour
0T = pier (a1) "5 'pa(e}) ™ (g3) 7 (€)™

from A (Fig.7). T consists of the union of the t-strips m,, m, and the subdia-
gram T

P ,
€ 2 e
“1 nz S
r
yu @

_ P

r

Figure 7.

As mentioned above, ¢(p,),¢(p:) € A, so by the decomposition (4) of A4,
é(p) = T,ak, ¢(p.) = Z,a, where %,,%, € {z,,...,z,}. Since the words
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Zak T,a' are (), ¢)-quasigeodesic, we obtain
lIpall > Ips] = 1216%] 2 M|Z,a™]| — ¢ > [Ko|Mlal| - c.

Then, using the inequality ||p,|| < ¢ and the fact that ||a|| = 1 (recall that
a € A), we obtain

|ko| < (e +c)A7 9)
Similarly,

bl < (e + )X (10)
Now let us consider our circular diagram I separately (Fig.7) and carry out a
series of transformations with it. Eventually, we will obtain a new diagram I"'
with the same boundary label, but with a smaller number of ¢t-faces than in
T. Finally, we will paste I in A instead of T, reducing the number of ¢-faces
in A.
As ¢(p,) = Z,a*, ¢(p;) = Z,a' in G, we can glue to paths py, pz of T
diagrams A;,A, over G with contours A, = p,v; ,aAz = p,u;!, where
¢(v;) = F,0*,4(vy) = Zral. We construct a diagram T over G with the
contour

T = vier () "e; valeh) ™ (aa) ™ ()™

Then one can glue to paths (e})'v,er?, e vz( 1)t t-strips 71'1, m}, with bound-
ary labels ¢(dn) = t7'zafotb~*oy(z,), ¢(0my) = t7'Taloth~oeh(T,) !
where 1 : A — B is our isomorphism.
We obtain a circular diagram T over G with a boundary label from the
group B, where 9T ' = 7,(q)~',(g})~" and ¢(B,) = 1(Z, )0 ,4(,) = 9(,) b
(Fig.8).

g
Uy
v
2
A,
Py
A
T, 92
r
v 4 Ty
Y21 F
Ay
Yy Uy .y
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Figure 8.
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Since ¢(dT ") € B and the group B is embedded in G by the natural map
b+ b, b€ B [6], one can replace T by a circular diagram with the same
boundary label consisting of g-faces only. Thus we can consider T" to consist
of g-faces only.

In order to construct the diagram I replacing T, we have to carry out inverse
transformations. Namely, glue to paths 7;, ¥, the mirror copies of the t-
strips m; and 7. Then glue to v, and v, copies of the diagrams A, and A,.
Eventually, one can obtain a diagram I’ with the same boundary label as T
Then we paste I'' in A instead of T and get a new diagram A’ with the same
boundary label as A. We prove below that 7(A') < 7(A), i.e. the diagram
A is not minimal.

Notice, that after our transformations the t-strips II,, Il are replaced by t-
strips I1{ and II;, where II} consists of the union of 7, 7}, 7, and II, consists
of the union of 7,7}, 7., where 7,7, are substrips of II; such that II, =
7, U U, and, similarly II, = 7, U m U 7.

In the general case, II} and II, are not the special t-strips, as there are g-
edges with labels Z; and Z, in substrips j,7,. But since the subgroups
(a), (b) are normal in the groups A and B, then after a series of elementary
transformations over A’ we can assume that the initial pair of edges in the
contours O11; and I, have the labels z;(Z,) ™", (z;) ™ Z,, respectively. Finally,
as above, these products belong to A. Therefore we obtain z}(Z,)™' = z'a™
and (z})7'Z, = z"a™, where z',z" € {zi,...,2,}. Thus, after elementary
transformations over A’ one can regard the t-strips II; and II;, to be special.
Recall that the elements z,,...,z, belong to the alphabet A. Therefore we
have ||z} (Z1)7"||,||(z})~'Z.]| < 2 and using the (A, c)-quasigeodesity of the
words z'a™, z"a™ we obtain

4, Ing| < (2+¢)A7 (11)

So, the total number of t-faces in ¢-strips II| and II, is equal to @i = |ko| +
llo| + |ni| + |n2| + |k — ki| + |l — L] + 4. Therefore, using the inequalities
(9),(10),(11) one obtains

<2+ )A T +22+ A+ k—ki|+ )l — 1| +4

Moreover, the total number of t-faces in the t-strips II; and I, is equal to
m = |k| + || + 4, but as was mentioned above |l;| > M and |k;| > M by (8).
In other words, |I;| and |k, | are sufficiently large and so the inequality i < 7n
holds. This means that the number of t-faces in the t-strips I1} and I, is less
than that in II; and II,. Thus, we have shown that the diagram A was not
minimal in the case of compatibility of paths ¢, and g,.
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6. Outer arcs of long t-strips

Let a group G be given by the presentation (6). We prove in this section that
the sum of the lengths of all outer arcs of long ¢-strips in a minimal special
diagram A over G is almost equal to the sum of the perimeters of all ¢-strips
in A.

Consider a minimal diagram A over G and construct the estimating graphs ®
and @ for it (as in Section 4). We will use the notations V(@) and E(®’) for
the number of vertices of ® and for the number of edges of @', respectively.
Taking into account Lemma 4, it is easy to restrict the number F(®') in terms
of V(®). For example, Lemmas 10.3,10.4 [7] give the following (rather rough)
estimate:

Lemma 5. For any minimal diagram A over G the inequality E(®') <
10V(®) holds.

Extracting all £-strips and all distinguished contiguity subdiagrams from A,
one can obtain a set of diagrams A;,...,A, over G. As mentioned in Sec-
tion 2, the boundary ¢-edges of any distinguished ¢-strip in a minimal special
diagram A lie on dA. Therefore the diagrams A,,..., A, are circular. Let
every boundary 9A; consists of n; arcs, where each arc is either (1) an un-
bound arc of a t-strip, or (2) an unbound arc of JA, or (3) a side arc of some
distinguished contiguity subdiagram in A.

Lemma 6. Y._, n; < 50m for any minimal diagram A over G, where m is
the number of t-strips in A (m > 1).

Proof If the contour of a t-strip II (or of JA) consists of ¢ contiguity arcs
and j unbound arcs, then j < 7+ 1 since unbound arcs have to be separated
by contiguity arcs. So the total number of unbound arcs in A is not greater
than r + m + 1, where r is the number of distinguished contiguity arcs in
A (recall that we regard OA as a single section). On the other hand, r is
not greater than twice the number of edges of the estimating graph ®' for A.
Hence, by Lemma 5 we have r < 20m. Similarly, the number of arcs of type
(3) is not greater than 20m. Therefore the total number of all arcs satisfies
the inequality Y°'_, n; < (20m + m + 1) 4 20m < 50m.

Now we consider a minimal special diagram A over G, all of whose ¢-strips are
long, that is ||OT1|] > p for any t-strip IT in A. Recall (see Section 4), that the
constant € bounds the length of the side arcs of contiguity subdiagrams and
satisfies the inequality € > 2H +¢, (see Section 3). Recall also that every word
of the set {z;a™xz;, y;b™y;|i,7 =1,...,n, m € Z} is (), ¢)-quasigeodesic by
the choice of the constants A > 0,c > 0 in Section 3.

The following lemma is similar to Lemma 6.2 [2].
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Lemma 7. There ezists a constant p, which depends on the group G only,
such that the sum I, of the lengths of all unbound arcs of t-strips in a minimal
special diagram A over G is less than my/p, where m is the number of t-strips
in A, provided all mazimal subpaths of OA consisting of g-edges are (), c)-
quasigeodesic.

Proof We will use the notations introduced before Lemma 6. Let A,,..., A,
be circular diagrams over G, then £, = X, + ...+ X;, where &; is the sum of
the lengths of the arcs of type (1) in the boundary 84, ,i=1,...,1.

Assume that £, > m,/p. Then I; > n;,/p/50 for some i, since otherwise
by Lemma 6, £, =X, +...+ %, < (,/p/50) Zﬁﬂ n; < my/p.

Consider a circular diagram A; over G for which above inequality holds. After
a series of elementary transformations of A; one can find in it a path p such
that |p| = ||p|| for every arc p of types (1) and (2) in A, where  is homotopic
to p in A;. When considering the y-image of the 1-skeleton of A; in C(G)
(see Section 1), we will keep the same notation p , p for the images of the
paths p and p in C(G).

By Lemma 1, p and p are H-close to each other for some constant H =
H(\ ¢,G). Below we will use the notation of Lemma 25 [8). Consider the
images of P for the arcs p of type (1) in C(G) as elements of a set N, and the
images of p for the arcs p of type (2) as elements of N,. Finally, the images
of arcs having type (3) will be treated as elements of NN;.

Using the notation of Lemma 2, we obtain o3 < en;. If py,..., 7, belong to
Ny, then oy = 5_ 9] >Tio, Al — €) = AS; — nie >EMni/p — nic =
ni(GA/P — ).

Therefore, if p is sufficiently large, one can apply Lemma 2 and find ¢,-bound
subsegments of length greater than 2- 107X, /p/50 in a segment p; € N, and
another segment , € N; U N;. This means that p, and p, have (2H + ¢,)-
bound subsegments ¢ and g, of length greater than 107* A, /5/50. There are
two cases.

1. p, € Ny, i.e. ¢, and ¢, are subpaths of the boundary paths of ¢-strips in A.
However, in this case, one can define a contiguity subdiagram of a ¢-strip to a
t-strip with boundary v, q, v,q,, where ||v,||||v.|| < € since ¢ > 2H+¢; contrary
to the maximality of the choice of the distinguished system of contiguity
subdiagrams in A, as p, is an unbound arc.

2. P, € N, , that is ¢, is a subpath of the contour A, then a contradiction
arises as above (here there is a new contiguity subdiagram between a {-strip
and 0A ).

So the inequality X, > m,/p is false and the lemma is proved.

The following lemma gives a lower bound for the sum of the lengths of the
outer arcs of long ¢-strips in a minimal special diagram A over G.
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Lemma 8. For any minimal diagram A over G, all of whose t-strips are long
and all mazimal subpaths of the contour OA consisting of g-edges are (A, c)-
quasigeodesic, the inequality &, > ;X holds, where I, is the sum of lengths
of all outer arcs of long t-strips in A and X is the sum of the perimeters of
all t-strips in A.

Proof As¥, =X —X%; —X,, where ¥; is the sum of the lengths of all inner
arcs of t-strips in A. Using Lemma 7, we will obtain the lower bound for ;.
Let us consider three different cases of contiguity subdiagrams between two
t-strips in A.

1. T is a contiguity subdiagram between B-sections (see Section 5) of the
t-strips I1; and II, in A.

We put 9(I1,, T, [1y) = p1¢1p2¢s, where ||p1], [|p2]l < €, ¢ (¢2) is a subpath of
a B-section of the ¢-strip I1; (respectively of II,). Let

$(0I) = t™'za 2]t (y;) "0~ () ™"

and
$(0IL;) = t™'zTa'z5t(y;) "o~ () 7,
where z,z?,z},2} are in {z,...,z.} and y},y?,y},9} are in {y,...,¥a}
(Fig.9).
al
t ¥ v n, ¢ vt
y? b y?
1 54
Y; yi
A A b* A A
t n, t
ak
Figure 9.
Since the elements {a,b,z;,4; 7 = 1,...,n} are contained in our alphabet

A the A-section and the B-section of II, (and similarly of II;) have equal
lengths. Therefore

ol el _ 1
oL || " IOk ||~ 2
2. T is a contiguity subdiagram between A-sections of {-strips II; and II; in
A.
As above, we set (11, T, I1,) = p,qp.q2, where g, and ¢, are subpaths of A-
sections of the ¢-strips I, and II,, respectively. We will use the same notation
as in the previous case for the labels of the contours of I1; and II, .
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Let ¢(q;) = cia*'e; and ¢(q:) = diady, where |lci|,||di]| < 1 7 = 1,2.

Therefore I' is a circular diagram over ¢ with contour piq,p,q;, , where

IP4l; lIpall < € +2 and ¢(q;) = o™, ¢(q;) = @
Hence, by Lemma 2.5 [2] there exists a constant M = M(G) > 0 such that
either |k|,|l;| < M or the images of the paths ¢, and ¢} in C(G) (see Section
1) are compatible, but as was shown in Section 5, the second case contradicts
the minimality of A. So we have |k|,|l;| < M.
Then ||g:]| < |la|| M +2 = M + 2 as a € A and similarly, ||g| < M + 2.

Therefore
ol el M+2

”31—11”, || OTL, || P
since II; and II, are long t-strips, i.e. |81 ||,||OIL,|| > p.
3. T is a contiguity subdiagram between an A-section of t-strip II; and a
B-section of t-strip II,.
Let us set 9(I1;, I, I1;) = p1g1p2@e , ||p1ll,||p2|| < € and
¢(0Il;) =t zja*zjt(y}) 07" (y) ™",
¢(0IL;) = ¢t~ xlatx2t(y?) "' 07 (37) 7", d(q) = cia*cy, Pge) = dibd, , where
lell,lldill €1 i=1,2.
As in the previous case, we obtain that either ||k, ||,||l]| < M or the paths ¢;
and ¢, with labels a*!,b"* are compatible. The compatibility yields that there
exists a path v in I" joining some vertices of the paths ¢; and ¢, such that
#(v)bp(v)~' € E(A) (see Section 5) in G. Since the elements ¢(v)bg(v)™*
and a have infinite order in the group G and belong to the same maximal
elementary subgroup in G, we obtain, using Lemmas 1.16,1.17 [2], that there
are nonzero integers k,I such that ¢(v)b*¢(v)™! = o' in G. However, this
contradicts the conditions of Theorem 3.

Therefore, we have |k|,|li] < M and, similarly as in the previous case
all lol o M+2
11811 |*]| 11| e’

An arbitrary t-strip in A may have several (1,b)- and (a, a)-contiguities. Nev-
ertheless, in any case we have estimations |J|l§ik1J|L| < % for k=1, 2, where Il is
any long t-strip in A (not necessarily that, which has boundary subpaths ¢,
gz ). In the case of (b, b)-contiguity, we have obtained the estimation #}a%lﬁ <3
for the length ||g|| of the whole B-section of a t-strip IT (which may has several
contiguity arcs).

Then, by Lemma 5, after adding up the lengths of all inner arcs of the ¢-strips
in A, we obtain £; < (2042 + ).

Finally by Lemma 7, £, < m ,/p, where m is the number of ¢-strips in A. As
all ¢-strips in A are long, &, <m,/p =%2 < 3. Therefore

VB = Vp
M+2 1 1 1
Y, =X-X;-Z,>1-20———m—--——)Y >-%
1= Zu> PRI kel
: My2 _1_ 1.1 :
since 1 — 207 Sy P for sufficiently large p.
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7. Linear isoperimetric inequality for the group G

In this section we obtain a linear isoperimetric inequality for the group G
given by the presentation (6), i.e. we prove the sufficiency of the conditions
of Theorem 3.

Lemma 9. There exists a constant 8, = 6,(G) > 0 such that for any minimal
diagram A over G the inequality ||OA| > 6, Z, holds.

Proof Let us consider a fixed contiguity subdiagram I" of a ¢-strip II to OA.

We put 6(1_[, F, 6A) = P1G1P292 (FlglO) Then ¢(q1) = ¢(p1)_1¢(q2)_1¢(p2)_1
in the group G and, using ||p:|},|lp:]| < €, we obtain |g.| > |g| — 2¢.

Figure 10.

As the contour of the t-strip II is (), c¢)-quasigeodesic, we obtain |q| >
Allgrll— ¢, and 50 [|gu|| 2 |g2| 2 M|qul|—c—2¢, ie. |l ]| < A7H|qul|+(c+26)A7
Finally, ||¢:]| < |lgz||(A~*(2¢ + ¢+ 1)) because ||g|| > 1 by definition of a con-
tiguity subdiagram .

Let 6, = M2e + ¢+ 1)7L. Then ||g|| > 6.]|¢:||- Using the fact that different
contiguity subdiagrams are disjoint, we conclude that ||0A| > 6, ¥,, where
6, depends on the group G only.

Lemma 10. There is a constant 6 = 8(G) > 0 such that for any minimal spe-
cial diagram A over G, all of whose t-strips are long and all mazimal subpaths
of DA consisting of g-edges, are (), ¢)-quasigeodesic, we have ||0A| > 6 L.

Proof This follows immediately from Lemmas 8 ,9 where one can set 6 = }zﬁl.

The following assertion establishes a linear isoperimetric inequality for dia-
grams with long ¢-strips.

Lemma 11. There ezists a constant o, = a,(G) > 0 such that for any
minimal diagram A over G, all of whose t-strips are long, n(A) < o, ||0A||
where n(A) is the number of faces in A.

Proof Notice that one can consider all maximal subpaths of the contour A

consisting of g-edges to be (3, 1)-quasigeodesic and (2}, c)-quasigeodesic for

A <3¢ >1 as well (details can be found in [2]).
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Excising all t-strips from A, one can obtain a set A, ..., A; of circular dia-
grams over G. Obviously, Y'_, ||[0A;|| < T + ||8A||, where T is the sum of
the perimeters of all ¢-strips in A.

Let n; denotes the number of g-faces in A;. Using the hyperbolicity of G,
we can conclude that n; < Bll6A| ¢ = 1,...,l and so n, = ny, + ... +
n, <B(X4. ||0A]]), where n, is the number of g-faces in A. Therefore n, <
BE + ll6A)).

Let IT be a t-strip in A and ¢(0I) =t"'z;a*z;ty;*b~*y;*. Then ||OII}] >
|&|([|el|+ 118]]) = 2|k|, i.e. the number of t-faces in II is equal to |k| + 2 <
G+ D)ot = 2||o1]|. So the total number of t-faces n, in A satisfies the
inequality n, < %.

By Lemma 10, we obtain for the total number n(A) of faces in A the estimate

3 3
n(A) =n+n, < G+ BT+ BlOA[ < 5+ B0 I0AIl + BlIOAI = e [|0A,

where oy = 8+ (3 4+ 3)6~" depends on the group G only.

Now we are able to prove the sufficiency of the conditions of Theorem 3.
According to van Kampen’s lemma, to prove that the group G is hyperbolic, it
suffices to find a constant & = a(G) > 0, which depends on the group G only,
such that for any minimal special diagram A over G the linear inequality
n(A) < a||0A|| holds. Let us consider a minimal special diagram A over
G. Excising all short t-strips from A, we obtain a set A,,..., A, of circular
diagrams over G, all of whose t-strips are long.

Notice that the total number of t-strips in A is less than or equal to {|GA||
as any distinguished ¢-strip has two boundary t-edges on the contour A (see
Section 2). A boundary 8A;, i=1,...,d, of the diagram A, consists of arcs
of two types : 1)boundary arcs of the short ¢-strips of A; 2)subpaths of the
contour JA.

Therefore using the definition of short t-strips (see Section 5) and the remark
above, we obtain L, [|0A;]| < Lp||0A|| + [|10A| = (p + 1)|0A]|.

Since all t-strips of A; 3 =1,...,d are long, the number n(A,) of faces in A,
satisfies the inequality n(A;) < o4]|0A;|| by Lemma 11. Thus, for the total
number n’ of faces in the union of the diagrams A;, i =1,...,d, we have

d
1
n=n(A) + .+ n(A) S an (M 11OA) < ea G + 1)I10AI

i=1
Consider a short t-strip IT in A, i.e. ||0II]| < p, and set
$(M) =t~ wak ity by

Then ||011|| > |ki(|la]| + ||b]]) = 2|k|. Hence the number of ¢-faces in II, which
is equal to |k| + 2, satisfies the inequality |k|+2 < 1p+ 2.
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Therefore, for the total number of ¢-faces n” in the short ¢-strips, one obtains
n < (p+2) - Yoal.

Finaly, as the total number of faces in A is equal to n{A) = n' + n”, we
obtain , that n(A) < o,(3p + 1)||0A]| + iGp + 2)|10A]] = o||0A]|, where
a=o,(p+1)+3Go+2).

Since @ = o{G) > 0, i.e. « depends on the group G only, this proves the
hyperbolicity of the group G .

8. Necessity of conditions of Theorem 3

1. Let us assume that neither of the subgroups A and B is maximal elemen-
tary in G. We will use the decompositions (4) and (5) of the subgroups A and
B (see Section 1). Denote by E(a), E(b) the elementarizers of the elements
a and b, respectively, in the group G, i.e. the maximal elementary subgroups
of the hyperbolic group G containing a and b, respectively.

By Lemma 1.16 [2], A C F(a), B C E(b), where the the inclusions are proper.
Therefore one can choose elements g, € E(a) \ A and g, € E(b) \ B in the
group G. As we assume the group G to be hyperbolic, we can define the
elementarizers E(a), E(b) of the elements a and b in G.

Since t"'at = b in G, we conclude that t~'E(a)t = E(b), by Lemma 1.16 [2).
But the group G is embedded into G by the natural map (see [6]), and so
E(a) C E(a), E(b) C E(b) and t~'g,t,g, € E(b), i.e. § =t 'gitg, € E(b).

As the subgroup E(b) is maximal elementary in G, there exists a nonzero
integer m such that z € E(b) if and only if zb™z~' = b*™ in G, by Lemmas
1.16, 1.17 2. As g € E(b), gb™g "' = b™ implies g*b™g~? = b™, i.e.
%6 =1in G.

Notice that g, ¢ A, g, ¢ B, and so the element §? = (t!g,tg,)? has infinite
order in G by Britton’s lemma [6]. Further, the order of ™ in G is infinite
also (as the element b has infinite order in G) and (g*) N (b™) = {1} in
the group G. Therefore E(b) D Z x Z, where the first factor of the direct
product is generated by §* and the second by b™. But this contradicts the
hyperbolicity of G [1,3], and so our assumption is false. Consequently at least
one of subgroups A or B is maximal elementary in G.

2.Assume that for some g € G the subgroup K = gAg~' N B is infinite.
Obviously, K is an infinite elementary subgroup of G. As |4 : (a)|, |B :
(b)| < o0, one can choose nonzero integers u, v such that ga*g~' = b" in G.
Since t~'at = b in G, t~'a’t = b*, we obtain the equality ga*g~ = t~'a’t in
G, i.e. (tg)a*(tg)™* = a*. By Lemmas 1.16,1.17 [2], the above equality implies
tg € E(a) in G, but the order of element tg is infinite in G (see [6]). Therefore
as above, one can choose nonzero integers ug,v, such that (tg)* = a* in G.
But this is impossible, since the elements (tg)* and a* have different normal
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forms in G (see [6]). Hence our assumption is false. This completes the proof
of Theorem 3. O

9. Proof of Corollary 7

Let G and H be hyperbolic groups, A and B be infinite elementary subgroups
of G and H, respectively, and ¢ : A — B a fixed isomorphism. Assume for
definiteness that A is maximal elementary in G.
Define P = G %45 H = (G * H|a = t(a), a € A). Below we prove the
hyperbolicity of the group P, i.e. we establish the sufficiency of the conditions
of Corollary 7.
Let K = G % H. It is easy to see that the hyperbolic group K and its iso-
morphic subgroups A and B satisfy the conditions of Theorem 3. Therefore
the group L = (K,t|t'at = ¢¥(a), a € A) is hyperbolic. Consider the sub-
group M of L generated by the subgroups ¢t~'Gt and H, i.e. M = (¢"'Gt, H)
in L. Obviously, M is isomorphic to P via the map ¢ : P — M given by
#(g) =t'gt for g € G and ¢(h) = h for h € H (see also [6] ).
Therefore we have to prove the hyperbolicity of the subgroup M of the hy-
perbolic group L. For this purpose, it is sufficient to establish that M is
quasiconvex in L [1,3].
Let us choose sets of generators of the groups G and H,i.e. G = (g1,..+,9m),
H = (hy,...,). Then L = (t,g;,h;i=1,....mj=1,...,0) and M =
gt hji=1,....mj=1,...,0).
One can consider two metrics on M: one is induced from L and another is
the word metric in the generators {¢t~'¢;t,h; i=1,...,m j=1,...,1} of the
group M (for W € M we denote by ||W]||y the length of the word W in
generators {t~'g;t,h; i =1,...,m j=1,...,1} and by |W|s we denote the
minimal length of words W in this alphabet, representing W in M ). It is
clear that

Wi < [Wllae < W] < 31W||u

for W € M. To prove the quasiconvexity of M it is sufficient {1,3] to show
that there exists a constant C = C(M) > 0 such that any geodesic word
W € M (i.e. a label of a geodesic path in the Cayley graph C(M) of M)
is (C, 0)-quasigeodesic in L, i.e. for any W € M with the geodesic property
[Wlx = |[W|ln we have to prove |W|| < C|W|, where C' = C(M) depends
on the group M only.

Thus, let W be a geodesic element of M and let V be a geodesic element of
L such that W = V in L. Consider the Cayley graph C(L) of the group L
and two paths p and ¢ in it with labels ¢(p) = W, ¢(¢) = V where p_ = ¢q_,
P+ = q, . By van Kampen’s lemma there exists a circular diagram A over L
with contour A = pqg~! (Fig.11).
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Figure 11.

The t-strips of A can be of three types: 1) call a t-strip II, of A to be of
the first type if the boundary t-edges of 811, belong to the path p ; 2) call a
t-strip I, of A to be of the second type if the boundary ¢-edges of 811, belong
to the path ¢ ; 3) the remaining ¢-strips will be called the third type strips.
Remove all t-strips of the second type from A in the following way. Let II,
be such a t-strip in A. Denote by A a subdiagram of A with A = v,v;?,
where v, is a subpath of the contour 811,, v, is a subpath of ¢ and A contains
1, (Fig.12). Let us put ¢ = q,v2¢..

g

Yy

\4

Figure 12.

Since the elementary subgroups A and B are quasiisometrically embedded in
L (see [1,3]), there exists a constant C = C(A, B) such that ||v;|| < Cllv,|.
We can excise A from A and replace the path g by ¢’ = q,v,4.. After removing
all t-strips of the second type from A, we obtain a circular diagram A' with
the contour A’ = p(¢')~", where ||¢'|| < C||q|\.

Notice that the word ¢(g') consists of syllables t~'ut where u € G and syllables
u' € H since the symbols t*' alternate in ¢(¢') as in W = ¢(p). As W is
a geodesic word in the alphabet {t™'git, h; i = 1,...,m j = 1,...,1}, ie.
W has the shortest representation, we obtain ||W|lx < ||#(¢')||n. As was
mentioned above |[W|lx > 3|W|| and |6(¢)ll < llé(a)l < Clio(@)ll =
C||V||. This implies that |W]| < 3C||V||, i.e. ||W| < C|W]|, where C = 3C
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depends on the group M only, and |W| = ||V|| since W = V in L and V is
geodesic in L.
This completes the proof of the hyperbolicity for the group M as well as for
P=G=x,.5H.
It remains to establish the necessity of the conditions of Corollary 7. Let
us assume that the group P = G x4_p H is hyperbolic and neither of the
subgroups A and B is maximal elementary in G and H, respectively. Let (a),
(b) be infinite cyclic subgroups of finite index in A and B. By our assumption,
we have the proper inclusions A C E(a), B C E(b). Therefore one can choose
elements g € F(a) \ A and h € E(b) \ B.
Denote by E(a) and E(b) the elementarizers of the elements a, b in the hy-
perbolic group P. Obviously, E(a) = E(b) and E(a) C E(a), E(b) C E(b).
Hence u = gh € E(a) in the group P. Notice, that u has infinite order in the
group P (see [6]) since g,h ¢ A = B in P, and since u € E(a), there exist
nonzero integers m,l such that 4™ = ¢' in P, by Lemma 1.16 {2]. But this is
impossible, since the elements 4™ and o' have different normal forms in the
group P [6].
Therefore our assumption is false. This completes the proof of Corollary 7.
a
The following assertion is known and follows easily from the proof of Theorem
3 and Corollary 7 (in this case all t-strips of the minimal diagrams are short).

Proposition [1,3]. HNN-extensions (amalgamated products) of two hy-
perbolic groups with finite associated (amalgamated) subgroups are hyperbolic.
a

10. Proof of Theorem 1

We will use some results of the paper [2]. As the group G is torsion free, all
elementary subgroups of G are cyclic.

The group G is finitely generated and so it is countable: G\{1} = {g1, g2, ...}
Let F(xy,Zs,...) be the free group with countable set of generators and
F(zy,z,,..)\{1} = {v1,v,, ...} be some enumeration of the non-trivial words
in F(z,,Z,,...). Let us order the countable set of pairs Q = {w;,w,,...} =
{(9,v5), 4,5 € N} by the type of N.

A pair w, = (g:,v;) will correspond to the operation of finding elements
G1,---,0n of some quotient of G, such that g; = v;(gy,-..,Jn), Where v; =
V{1, .., Zp).

Let G; be a non-elementary torsion free hyperbolic quotient of the group G
such that for any w; = (gi, v;) with the property w; < w; there exist elements

G1,-- -, 0n € G; such that g, = v(gy,...,8,) in G;, where g; is an image of g;
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in G; and v; = y(x,...,%,). Now we show how to construct a group Gy,
where w;y; = (gm, Us) is a next element in Q after w;.

For the image of an element g, in G;, we will keep the same notation. We
can consider the word v, = v,(z,,...,%,) as an element of the free group
F(z,,...,z,) for some n. Recall that F(z,,...,z,) is a hyperbolic group.
Let E(gn) be the elemetarizer of the element g,, in G;. Since the group G, is
torsion free, F(g,,) = (h) for some h € G, i.e. g, = h* for k € Z.

There are two cases.

1. The word v, is not a proper power in F(z,,...,z,), that is E(v,) = (v,)es
in the group F(z,...,z,). Consider the group G} = G; * F(z,...,z,).
Obviously, G} is a hyperbolic group as a free product of hyperbolic groups
[1,3]. Let us denote by A = (gm)e and B = (v,)., the infinite cyclic subgroups
of G/ generated by g, and v, , respectively. It is easy to see that g~ AgNB =
{1} in G} for any g € G, and as E(v,) = (V;)eo in G}, B is a maximal
elementary subgroup of G. Therefore, by Theorem 3, the HVN-extension
G; = (G!,t|t gt = v, ) of the group G} with associated subgroups A and B
is a torsion free non-elementary hyperbolic group, since G’ is a torsion free.

Since G; is a non-elementary torsion free subgroup of the non-elementary
hyperbolic group G;, by Theorem 2 [2] there is a non-elementary hyperbolic
quotient G of the group G; such that: 1) the natural homomorphism ¢ of
G; onto G is surjective on Gj, i.e. £(G;) = G; 2) ¢ induces a bijective map
on sets of conjugacy classes of elements having finite orders in G; and GY
respectively, i.e. the group G is torsion free .

Therefore, the group G is a non-elementary torsion free hyperbolic quotient
of the group G since ¢(G;) = GY, and the group G; is quotient of G. Let
us keep the same notations for the images of the elements t,g,,,,v,(z,, .. ., %)
in GY (notice that ¢ is the image of some element of G). Then we have
gm = v, (tz,t7, ... tz,t7") in the group GY. So one can set Gy, = GY.

2. The word v, is a proper power in F(z,,...,z,), that is E(v,) = (¥,)e in
F(z,,...,z,) and v, = 0¥ for some u € Z. If k = £1, then the construction
of the group G, is similar to the one described above. Hence we are left with
the case |k] > 2. As the group G; is a non-elementary hyperbolic group, by
Lemma 3.1 [2] there exists an element b € G, such that g{h).g ' N{b)eo = {1}
in G; for any g € G;. Let us define the subgroups A and B of G; as A =
(R)ooy B = (b*)eo. Since the subgroup A is maximal elementary in G; and
gAg~' N B = {1}, the HN N-extension G; = (G, t|t~'ht = b*) of the group
G; with associated subgroups A and B is a torsion free hyperbolic group by
Theorem 3

As G, is a non-elementary torsion free subgroup of the non-elementary hyper-
bolic group G;, there exists a non-elementary torsion free hyperbolic quotient
M of the group G; such that the natural homomorphism ¢ of G; onto M is
surjective on Gj, i.e. €(G;) = M, by Theorem 2 [2]. Therefore M is a non-
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elementary torsion free hyperbolic quotient of the group G as G; has the same
property. Further, let us consider the group M' = M % F(z,,...,z,) and its
two isomorphic subgroups A = (b*) o, B = (U,) . Obviously, gAg~—'NB = {1}
for any ¢ € M’, and B is a maximal elementary subgroup of M’ (since
E(®,) = (U,)e in F(21,...,2,) ). So by Theorem 3, the HN N-extension
M' = (M',w|w™b*w = 7,) is a torsion free (as M’ is torsion free) non-
elementary hyperbolic group. Similarly, as was described above (by Theorem
2 [2]), there is a non-elementary torsion free hyperbolic quotient L of the
group M such that the natural homomorphism ¢ of M onto L is surjective
on M. Thus L is a quotient of the group G since (M) = L and M is a
quotient of G.

Let us consider the images of the elements v,, gn, b, ¥,, ¢, w, b in L (we
will keep the same notation for them). We have the following equations in
L g, =h*= (tb*t™")*, v, = 0¥ = (w™'b*w)*. Therefore g, = (tw)v,(tw)™?,
and so g, = v,((tw)z,(tw)7?,. .., (tw)z,(tw)™?) in the group L.

Now set G;,; = L and define H = lim_, G, as the inductive limit of the
quotients G;. Then H is a quotient of the group G. Clearly, H is non-trivial
as all groups G; are infinite (they are non-elementary hyperbolic groups and
so infinite by definition). Also, H is a torsion free group since all G; are
forsion free. The group H is verbally complete by construction. So H is a
required group. ]

11. Proof of Theorem 2

As in the proof of Theorem 1, we define an ordered set of pairs
Q= {wlvw% . } = {(givvj)’ 1@.7 € N},

where G\ {1} = {a1, 92, ..} and F(zy,2,,...)\ {1} = {v1,vs,...}.

Let G; be a non-elementary hyperbolic quotient of the group G such that
for any w; = (gi,v;) with the property w; < w;, the image g, of g in G;
has finite order in G; and there exist elements §,...,J, € G; such that
g, = (G, .., 0s) in G; ,where v, = (24, ... ,Z,).

Let us show how to construct a group Gi,,, choosing w4, = (gm, V) as the
next element of Q after w;. For the image of the element g,, in G;, we will
keep the same notation. As v, € F(z,,%3,...), U, = U,(2y,...,Z,) for some
n € N, i.e. we can regard v, to be an element of a free group F(z,,...,Z,).
If the order of g, is infinite in G;, we consider the elementarizer E(g,,) of the
element g,, in G; and by Lemma 1.16 [2] we can find a nonzero integer ! such
that (¢',)« is a normal subgroup of E(g,,). Further, by Theorem 3 [2], there
exsists a quotient G; of the group G; such that: 1) G| is a non-elementary
hyperbolic group; 2) the element g,, has finite order in G;. Then G; is non-
elementary hyperbolic quotient of the group G (as G; has the same property).
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Therefore the element g,, has finite order in G;. Let k be the order of the
element g,, in G;.

Denote by F(G;) the unique maximal finite normal subgroup of the non-
elementary hyperbolic group G; (the elementarizer of G; [2]). If E(G)) is
non-trivial, then one can pass to the quotient G;/E(G;). So we can assume
that E(G;) = {1}. Let us consider the group H = (2,,...,z,]| v¥ = 1),
that is a quotient group of the free group F'(zy,...,z,) by the normal closure
of the word v¥. Obviously, one can assume v, to be cyclically reduced in
F(zy,...,z,). Then by Theorem 5.2 [6; ch.4] the order of the image of v, in
the group H, which will be denoted by the same letter, is equal to k. Further,
H is a hyperbolic group by Newman’s theorem 5.5 [6; ch.4] because there is
Dehn’s algorithm for it (see also [3]). Consider the subgroup A = (g,,)x of
G; and the subgroup B = (v,), of H. As the subgroups A and B are finite
of the same order, the group G; = G; xs—p H = (G, H | g, = v,) is a non-
elementary hyperbolic group by the above Proposition. Since F(G;) = {1}
in G,, obviously, E(G;) = {1} in G, and so (by Theorem 2 [2]) there exists a
non-elementary hyperbolic quotient G; of the group G; such that the natural
homomorphism ¢ of G; onto G| is surjective on G, i.e. G} is a quotient of the
group G; and hence of G.

Notice that ¢, = vs(z1,...,z,) for the images of g, v,(2,...,,) in the
group G (keeping the same notations). So one can put Gy, = G;. Finally,
define G = lim_, G; as the inductive limit of the quotients G;. Clearly, G is
a quotient of the group G. The group G is non-trivial as all groups G; are
infinite being non-elementary hyperbolic groups. Moreover, G is a verbally
complete torsion group by construction. Hence Gisa required group. O

Proof of Corollaries 1-6. Since hyperbolic groups are finitely generated,
Corollary 1 and Corollary 2 follow immediately from Theorem 1, Theorem 2
respectively.

As any verbally complete group is divisible and since a finitely generated di-
visible abelian group is trivial, Corollary 3, Corollary 4 are just consequences
of Theorem 1 and Theorem 2.

Then Corollary 5 follows from Corollary 3 and Corollary 6 follows from Corol-
lary 4. O
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The theorem

A group H of automorphisms of a group K is said to act freely if a* # a
whenever a € K — {1} and h € H — {1}. The main purpose of this note is to
place the following theorem on record. Some commentary follows the proof.

Theorem. Let K be a group that admits an infinite group H of automor-
phisms acting freely. If H is abelian and has only finitely many orbits in K
then K is abelian.

Proof. TFor each h € H there is a commutator map 7, : z — z7'z" on K
to itself. Since H acts freely, if A # 1 then 7, is injective. Because H is
commutative v, commutes with the action of H, and therefore it maps H-
orbits to H-orbits. Since there are only finitely many H-orbits, if & # 1 then
v, must be surjective.
Suppose now that k € K — {1}, h € H and k" is conjugate to k in K, that
is, k" = y~‘ky for some y € K. If h # 1 then there would exist z € K for
which y = zv;, and so
k' =z gk 2",

whence zkz~! would be fixed by h. Since the action of H is free we conclude
that h = 1. Thus, for any k € K — {1} the only element of the H-orbit of
k that is conjugate to k is k itself. Equivalently, each conjugacy class of K
meets each H-orbit in at most one element. It follows that if the number
of H-orbits in K — {1} is m then all conjugacy classes of K have size < m.
By a well-known old theorem of B. H. Neumann (see {10], Theorem 3.1} the
commutator subgroup K’ is finite. But K' is H-invariant and non-trivial H-
orbits are infinite. Therefore K’ = {1}, that is, K is abelian, as the theorem
states.
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Commentary

Let G be a permutation group on a set §2. Following Wielandt we write G, for
the stabiliser of the point « of 2, and G|, 4 for the subgroup fixing both & and
8. Recall that the rank of G is the number of orbits of G acting on Q2. If G
is transitive on {2 it is the number of orbits of G,. In his symposium lecture
[Durham, 13 July 1994] the first-named author explained that, in order to
make both a historical point and a mathematical point, he would use the
following (nowadays non-standard) terminology: if

(1) for any two distinct points &, 5, we have G, 5 = {1}, and

(2) there is a normal subgroup K of G that acts regularly on

(that is, K is transitive and K, = {1}), then G would be said to be a
Frobenius group. In standard terminology K is then known as a Frobenius
kernel and a stabiliser G, is known as a Frobenius complement for GG. Since
K acts regularly, once a base-point « is chosen,  may be identified with K
(a point w is identified with the unique element = of K such that ar = w)
and it is well-known (and not hard to see) that the action of G, on  is then
identified with its action by conjugation on K. An immediate consequence
of the theorem is

Corollary 1. Let G be a Frobenius group with kernel K and complement H.
If H is abelian and G has finite rank then either G is finite or K is abelian.

Typical examples are groups of affine transformations z — az + b of a field
F, where b ranges over F' and a ranges over a subgroup of finite index in the
multiplicative group F*.

Corollary 2. If G is a Frobenius group of finite rank whose complement H
is cyclic (or finitely generated abelian), then G is finite.

We believe it to be a matter of folk-lore that Corollary 2 follows from Corol-
lary 1. Here is one line of argument (for the case where H is cyclic). Let a
be a generator of H, let K be the Frobenius kernel, let z € K — {1}, and let
z; ;= z* for i € Z. The elements o, ToZ1, ToT1Zs, - .. cannot all be in differ-
ent H-orbits and it follows easily that there exist r, s, ¢t such that 0 < s < ¢
and ToT; -+ T, = T,Toy; - L. If ¥ = ¢ then zoz; -+ -z,_; = 1 (from which it
follows that s > 1) and we set m := s — 1; otherwise we set m := max(r, t).
The equation yields that z,, € (z,...,Zm_1), and from this, by applying
@ as many times as necessary, we find that z; € (zo,...,Zm-1) for i > m.
Similarly, applying a™!, a~2, ... successively, we find that z; € (zo, ..., Tpm-1)
for ¢ < 0. Thus {Z, . .., Tm-1) is an H-invariant subgroup L of K. By Corol-
lary 1 we may assume that K is abelian. Then L is a finitely generated abelian
group that has only finitely many characteristic subgroups (since H has only
finitely many orbits in L), and it follows easily that L is finite. Letting x
range through a set of representatives for the H-orbits in K we see that K
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may be expressed as the product of finitely many such finite groups L, and
so K is finite. Therefore G is finite, as asserted.

Corollary 2 ought to be a significant step towards the solution of a more gen-
eral problem about permutation groups (see [11], or [5, §3] for some back-
ground). This concerns groups which, in the symposium lecture mentioned
above, were called Maillet groups, namely, transitive permutation groups
(G, 92) satisfying condition (1). Edmond Maillet introduced and studied such
groups in 1892 in his doctoral thesis [6] and some later papers (in particular
[7, 8]). He showed that if |2 < 200 then they have regular normal subgroups.
William Burnside took the matter further and, using results which we discuss
below, extended Maillet’s theorem to all cases where |§2| < 81000000. Ulti-
mately, a famous theorem proved by Frobenius in 1901 (see [3]) completely
solved Maillet’s problem. In our language it asserts that every finite Maillet
group has a regular normal subgroup; that is, for finite groups there is no dis-
tinction between Maillet groups and Frobenius groups. For infinite groups,
however, the former constitute a very much larger class—for example, a free
group of rank 2 has 2% different faithful representations as a Maillet group,
but only countably many faithful representations as a Frobenius group. In
this language (which has been changed from that used in [5] and [11]) the
problem is this:

Problem A. Does there exist an infinite Maillet group (G, Q) of finite rank
in which a stabiliser G, is cyclic? (Or finitely generated abelian?)

By analogy with Burnside’s partial results for the finite case it is tempting
to conjecture that the answer is No. Before Frobenius proved his theorem
Burnside had already given quite simple proofs in the special cases

(i) where |G| > |} (see [1, pp. 142-143)), and

(i) where the stabilisers are abelian (even soluble; see [2]).
The condition in (i) can be rewritten as the inequality |G,| > r, where 7 is
the rank of (G,). One might hope therefore that Burnside’s argument for
(i) could be extended to the case of a group where the stabilisers are infinite
and the rank is finite, but it uses Sylow’s theorems and combinatorial and
arithmetical arguments depending essentially on the finiteness of G. A more
promising possibility is his proof of (ii), which was, in effect, the first appli-
cation of the transfer homomorphism (in a character-theoretic form). It is
possible that some such technique might be used to show that a Maillet group
of finite rank with cyclic stabilisers (perhaps even with abelian stabilisers) has
a regular normal subgroup. If so, then our theorem, or its Corollary 2, would
solve the problem.
As was noted in [5], the special case of the conjecture in which the rank of
G is 2 (that is, G is doubly transitive) is known to be true. It was proved by
Kirolyi, Kovéacs and Pilfy in [4] and independently by Mazurov in [9] that
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if the stabilisers in a doubly transitive perrautation group G are abelian (in
which case the group must be a Maillet group) then G has an abelian regular
normal subgroup; in particular, if the stabilisers are cyclic then G must be
finite.

In a different direction, the theorem suggests the following further problems:

Problem B. Does there exist an infinite group K that has a cyclic (or
finitely generated abelian) group of automorphisms with only finitely many
orbits?

Problem C. What can be said about a group K that admits an abelian group
H of automorphisms having only finitely many orbits?

A natural conjecture is that such a group must be finite-by-abelian-by-finite,
but again, we have made little progress towards a proof.
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Notes added in proof, 1 March 1997

(1) The argument presented in the first five sentences of the second paragraph
of the proof of the theorem is to be found in W. Burnside, Theory of groups
of finite order, Second Edition, Cambridge 1911, p.90; it appears also in
B. Huppert, Endliche Gruppen I, Springer, Berlin 1967, p.500.

(2) The first named author acknowledges that the terminology he introduced
in his lecture is not standard and that it sould be better to conform with
convention so that what are here called ‘Maillet groups’ should be called
‘Frobenius groups’, and what are here called ‘Frobenius groups’ should be
called ‘split Frobenius groups’.
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Finitely Presented Soluble Groups

John S. Wilson

Lecture 1. The Golod-Shafarevich Theorem for finitely presented
groups

In the course of their work on the class field tower problem, Golod and Sha-
farevich [15] obtained an important result concerning presentations of finite
p-groups. This result, as impréved by Vinberg [24] and Gaschiitz, asserts
that if G is a finite p-group which can be generated by d and no fewer el-
ements, then, in any presentation of G with d generators, the number r of
relations satisfies 7 > 1d®. It follows easily that for a presentation of G with
n generators and r relations the inequality

r>n—d+id

must hold. As a by-product of this work, Golod [14] was able to give a
construction demonstrating for the first time the existence of infinite finitely
generated p-torsion groups. In [25] a result was proved which applies to all
finitely presented groups and tightens the link between the above inequality
and Golod’s construction. The proof in [25] was given in the context of pro-p
groups. In this lecture we shall give a direct proof, and afterwards discuss
some extensions and some related resuits for Lie algebras and pro-p groups.
We write d(G) for the smallest number of elements that can generate a finitely
generated group G, and G* for the abelianization of G; thus G** = G/G',
where G’ is the derived group of G.

Theorem 1.1. Let G be a group having a presentation with n generators
and r relations, and let d = d(G®) > 2. Then either
(i) the inequality
r>n-—d+id (1)

holds, or
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(ii) there ezist a prime p and normal subgroups NG such that G/N is a
(finitely generated) infinite residually finite p-torsion group.

Theorem 1.1 demonstrates that infinite finitely generated p-torsion groups
exist in abundance. If G is a finite p-group then d(G®**) = d(G), and Theorem
1.1 applied for presentations on d generators gives r > idz; therefore we recover
the Golod—Shafarevich Theorem in a slightly weakened form. The restriction
d > 2 in the hypothesis is necessary, since the inequality (1) fails, for example,
for the presentation of Z with one generator and no relations. Consideration
of abelianizations yields the inequality r > n — d for any finitely presented
group, and for the cases d = 0,1, the method of proof of Theorem 1.1 gives
no more information than this.

Since finitely generated soluble torsion groups are finite, Theorem 1.1 has the
following result as a special case:

Corollary 1.2. If G is a soluble group having a presentation with n gener-
ators and r relators and if d = d(G*®) > 2 then (1) holds.

We have n — d +3d® = n + 3(d — 2)> — 1, and so (1) implies r > n — 1, with
equality only if d = 2. Thus Theorem 1.1 has the following consequence:

Corollary 1.3. Suppose that G is a group having a presentation with n
generators and r relations. If n —r > 1 and if d(G*®) > 2, then G has an
infinite residually finite p-torsion image for some prime p.

It was shown by B. Baumslag and S. Pride [3] that if G is a group having a
presentation with n generators and r relations with n — r > 2, then G has a
subgroup of finite index which maps onto a free group of rank 2.

Our third corollary gives information about the subgroups of finite index in
finitely presented groups.

Corollary 1.4. If G is a finitely presented group which has no infinite
torsion quotient groups then there is a constant k > 0 such that

d(H*) < s|G : H}

for all subgroups H of finite index.

The significance of this result lies in the index %; a similar inequality without
this index (and with & = d(G)) holds for any finitely generated group G, by
the Reidermeister—Schreier theorem.

Proof. Suppose that G has a presentation with n generators and r relations.
Set h = |G : H| and d = d(H**). We only need to consider the case when
d > 2. By the Reidermeister—Schreier theorem, H has a presentation with
nh — (h — 1) generators and rh relations, and it is easy to see that H can



298 J. S. Wilson

have no infinite torsion quotient groups. Therefore Theorem 1.1 applied for
H gives
rh>nh—h+1—d+id,

and hence
(—d—l) (r—n+1)h.

The result follows on taking square roots.

Notation

The following notation will be used in the proof of Theorem 1.1. Let F be
the free group on a set X with n elements and let ¢ be a field. Write R for
the group algebra ¢F of F over ¢ and I for the augmentation ideal of R. As
a left ideal, I is generated freely by the set Y = {z — 1| z € X'}. Moreover,
if k € N and v € I*, then u can be written uniquely in the form ¥ .y v,y
with each v, in I*~!. We have N, I* = {0}; if u € I*\I**! write §(u) = k
and write §(0) = co.

Lemma 1.5. (Vinberg, [24]) Let S C I. Define S, = {s € S| §(s) = k},
suppose that each Sy is finite and write s, = |Si|. Let J be the ideal of R
generated by S.

(a) Set ¢, =dim (R/(J + I**1)) for k > 0. Then

c.—12nc_,— Z S5;Cp—j (2)
i=1
fork>1
(b) Define the power series os(t) = L5 sit' and let t be an element of [0,1]
such that os(t) converges. If the sequence (dim R/(J + I*)) of integers
is eventually constant then 1 — nt + o5(t) > 0.

Proof. (a) Fix k, write U;¢, S; = {21, -, 2m} Where 8(2;41) > 6(2) for each
appropriate ¢, and set k; = §(2;) for each 7. Define

A=@R/(J + "5,
i=1
and let B be the direct sum of n copies of R/(J + I*). Thus
k m _
Z S§jCr—j = Z Cp—p; == dim A,
i=1 i=1

and we must prove that

¢, — 12 ne-; —dimA.



Finitely presented soluble groups 299
This will follow if there is a exact sequence
A-LBIST/(J + I —s 0,
since then
nce-, = dim B = dimim + dim ker

=¢ —1+dimimy < ¢, — 1+ dim 4.

Set Y = {y1,---,yn} and write A, B respectively for the direct sums of m,n
copies of R. Define

U:B—1T by (tq, - »—)Zt,y,
and
$:A- B by (V1,0 3 Um) > (U, -« - Uy),
where uy,:--,u, are the elements of R uniquely determined by Y v;2; =

Y uy;. It is not difficult to verify that &, ¥ induce maps ¢, with the
required properties.

(b) Set y(t) = ¢ cxt*. Multiplying the inequality (2) by t* and summing
over k, we have

v(t) = A= t)7" > nty(t) — os(t)y(2),

and hence

Y1 —nt+os(t) > (1 -1)7, (3)
provided that (t) and os(t) are convergent.
Now set by = co, define by = ¢, — ¢x—; for k > 1 and write B(t) = T3° bit*.
Since the sequence (c;) is eventually constant, 3(t) is a polynomial. We have
¢ = Yro bi, and so y(¢) = B(t)/(1—t). Therefore y(t) converges in [0,1), and
if 05(t) is convergent at t € [0,1) we conclude from (3) that 1—nt+os(t) > 0.
If 05(1) is convergent then os(1) = lim,,;_ o5(t) by Abel’s theorem on power
series, and s0 1 — n + o5(1) > 0 as required. This completes the proof of
Lemma 1.5.

Let S be a subset of R and let J be the ideal generated by S. We define the
closed ideal J generated by S to be Ny, (J + I*). Clearly we have J + I* =
J + I* for every integer k; and R/J is finite-dimensional if and only if the
sequence (dim (R/(J + I**1))) is eventually constant.

Lemma 1.6. Asin Lemmal5let SC1, suppose s = |{s € S| d(s) =k}
finite for each k, and write o5(t) = X5, 8it'. Let E = {e; | i € N} C I and
lett €[0,1). If o5(t) converges and 1 —nt+0s(t) <0, then there is a set S*
with S C S* C I such that



300 J. S. Wilson

(i) |{s € S*|d(s) = k}| is finite for each k,
(i) 1 — nt+ os+(t) <0, so that dim R/ K is infinite, where K 1is the closed
ideal generated by S, and
(iil) every element of E has nilpotent image in R/ K.

For example, we could take F = {u | 1 + v € F}, or, if £ is countable, we
could take E = I; in the latter case we would conclude that the image of I
in R/K is a nil ideal.

Proof. We find a positive integer ¢ large enough to ensure that
l1-nt+os(t)+q¢'(1-t)" <.

Thus -
1—nt+os(t)+ > t% <0,
1

since

1< g (1 0T
for each i > 1. Let S* = SU {ef’ | i € N}. Clearly we have §(ef*) > ¢i for
each 3. It follows that

) X )
o5+ (t) = os(t) + Dt < ag(t) + Y 87,
1 1

and
1—nt+os+(t) <O0.

This completes the proof of Lemma 1.6.

We now specialize to the case when ¢ = F, and, in the notation of Lemma
1.6, choose E={u|l1+u € F}. Ifu€ E and u™ € St then for p > m we
have . .

(I4+u)f =14+v” =1 (mod K).
Therefore the image G of F in R/K is a p-torsion group. Each of the rings
R/(K +I*) is finite, and the kernels of the maps from G to the groups of units
of these rings have trivial intersection, so that G is residually finite. Finally,

G spans R/K as a vector space over F,, so that if dim R/K is infinite then
sois G.

Lemma 1.7. If G has a presentation N — F—-G with n generators and r
relations, and if d = d(G/G'G?), then G has such a presentation with just
n — d relations not in F'F?.

Proof. The group F/F'F? may be regarded as an n-dimensional F,-vector
space, and since F/N = G we have F/F'FPN = G/G'G" so that the image
of N in F/F'F* has dimension n — d. We take relators w,, -+, w,_4 from N
mapping to a basis of this subspace, and multiply each remaining relator by
an element of (w,, -+, w,_,) such that the product is in F'F®.
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Proof of Theorem 1.1 We choose p with d = d(G/G'G?), set ¢ = F,, and
take a presentation N — F-»G with the property given in Lemma 1.7; say
N = (wy,---,wf). Suppose that (i) does not hold. Then r < n —d + 3d?, so
that r; < 3d? where r;, = r — (n—d). Hence, since d > 2, we can find ¢ € (0, 1)
with 1 — dt + rt? <0, i.e. with

l—nt+ ((n—d)t +nt?) <0.

Now r, is the number of relators in F'FP, and it is well known and easy to
check that F*FP = F'n (1 + I?). Thus we certainly have

1—nt+os(t) <0

where S = {w, — 1,---,w, — 1}.

Choose E = {u | 1 + u € F}, and construct S*, K and G as above. The
group G is an image of G which is an infinite residually finite p-group, and
Theorem 1.1 follows.

Some related results

A result analogous to Theorem 1.1 holds for presentations (in the category of
pro-p groups and continuous homomorphisms) of pro-p groups.

Theorem 1.8. Let G be a pro-p group having a presentation with n gener-
ators and r relations. If d = d(G) > 2, then either the inequality

r>n—d+id (1)

appearing in Theorem 1.1 holds, or each finitely generated dense abstract
subgroup of G has an infinite residually finite p-torsion quotient group.

Theorem 1.1 can be deduced from the above result by considering pro-p com-
pletions. Theorem 1.8 has the following consequence, which has no direct
counterpart for abstract groups:

Corollary 1.9. If G is a finitely generated soluble pro-p group and N is a
closed normal subgroup such that G/N is isomorphic to the group of p-adic
integers, then N is a finitely generated pro-p group.

For more details about the above results, see [25].

Next we consider Lie algebras. What follows is work of my research student,
Jeremy King. Before describing King’s result we need a definition. An ele-
ment y of a Lie algebra L is called ad-nilpotent if the map ad(y) : { — ly is
nilpotent, and L is said to be weakly ad-nilpotent with respect to a gener-
ating set Y if every commutator of weight at least 1 in the elements of Y is
ad-nilpotent. It follows from work in Gruenberg [18] that a finitely generated
soluble weakly ad-nilpotent Lie algebra is nilpotent.
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Theorem 1.10. (King, [19]) Let L be a Lie algebra having a presentation
with n generators and r relations and let d = dim (L /[L, L)) > 2. Then either
the inequality (1) holds or L has a quotient which is infinite-dimensional,
residually nilpotent and weakly ad-nilpotent. In particular, (1) holds if L is
soluble.

As in the proof of Theorem 1.1, let F' be the free group on a finite set X, let
Y = {r— 1|z € X}, and let R = ¢F. The subalgebra A of R generated by
Y is the free associative t-algebra on Y. Theorems corresponding to Lemmas
1.5, 1.6 hold for A, and in fact they follow easily from Lemmas 1.5, 1.6. The
Lie algebra L(Y) in A generated by Y is the free Lie algebra on Y. Thus
some of the proof of Theorem 1.10 can be modelled on the proof of Theorem
1.1. However the easy argument used in the proof of Theorem 1.1 to show
that the group G is infinite is not available for Lie algebras. In the proof
of the final assertion, the result of Gruenberg plays an analogous role to the
finiteness of finitely generated soluble torsion groups in Corollary 1.2.

Finally, we describe some results which depend on nilpotence criteria of Zel-
manov [28], according to which every finitely generated residually finite p-
torsion group satisfying a law is finite and every finitely generated weakly
ad-nilpotent Lie algebra satisfying a polynomial identity is nilpotent. Com-
bining these assertions with Theorems 1.1 and 1.10, we conclude that the
inequality (1) must hold for finitely presented groups with laws, and for Lie
algebras with polynomial identities.

A closer analysis yields the following result.

Theorem 1.11. (Wilson and Zelmanov, [27]) If G is a finitely presented
group having a presentation for which the inequality (1) does not hold, then,
for some prime p, the pro-p completion of G has a free abstract subgroup of
rank 2.

This suggests the following problem, which seems likely to be difficult.

Problem. Suppose that G is a group having a presentation for which (1)
does not hold. Must G have a free subgroup of rank 27

Lecture 2. Criteria for finitely presentability and a case study

Since the class of finitely presented groups is extension-closed and contains
the cyclic groups, all polycyclic groups are finitely presented; and, in par-
ticular, all finitely generated nilpotent groups are finitely presented. How-
ever, the significance of finite presentability for the structure of more general
soluble groups seems hard to determine. Even for metabelian groups the
matter is quite delicate. While there are many finitely generated metabelian
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groups which are not finitely presented, it was shown by Baumslag [4] and
Remeslennikov [21] in 1973 that every finitely generated metabelian group
can be embedded in a finitely presented metabelian group. For example, the
wreath product Z wrZ, which is isomorphic to

(a,z | [a,a*] =1 for all words w),
can be embedded in the metabelian group
(a,z,y | @¥ =aa®,[z,y] =1,[a,a’] = 1).

In 1980, Bieri and Strebel {10] succeeded in finding a geometrical interpre-
tation of the the property of being finitely presented for metabelian groups.
We shall discuss this interpretation later in the lecture.

Further examples of finitely presented soluble groups are provided by certain
groups of matrices over fields (especially arithmetic and S-arithmetic groups).
Every such group is virtually nilpotent-by-abelian, i.e., it has a nilpotent-by-
abelian normal subgroup of finite index. The group G with presentation

(@,y,a|1=[z,y,9] = [z,y,2] = [a%,0"], 0" = a*a?, ¥ = o)

is an example of a finitely presented group which is soluble but not virtually
nilpotent-by-abelian: Robinson and Strebel showed in [22] that the normal
subgroup A generated by a is abelian and is the largest nilpotent normal
subgroup, and clearly the quotient group G/A is a free nilpotent group of
class 2 on 2 generators.

I know of no examples of finitely presented soluble groups, or, indeed, of
finitely presented residually finite groups having no free subgroups of rank 2,
which are not virtually nilpotent-by-(nilpotent of class at most 2).

Necessary conditions for finite presentability

We shall now recall briefly some necessary conditions for a soluble group to
be finitely presented, and then we shall make a case study using the last of
these, which is the condition given by Corollary 1.4.

(1) The homological criterion

It is well known that the finite presentability of a group G implies that its
multiplicator M(G) = H,(G,Z) is finitely generated. Using the fact that
finitely generated modules for polycyclic groups are noetherian, one can easily
strengthen this to the following statement:

Lemma 2.1. If G is finitely presented and K is a normal subgroup such that
G/K is polycyclic, then the multiplicator M(K) is finitely generated, regarded
as a G/K-module.
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(2) The HNN criterion
In [9], Bieri and Strebel proved the following result:

Lemma 2.2. Suppose that G is finitely presented and has no free subgroup
of rank 2. Then for each N such that G/N = Z, the group G is an ascending
HNN ezxtension over a finitely generated base group contained in N.

This result allowed Bieri and Strebel to give a rather precise description of
finitely presented nilpotent-by-(infinite cyclic) groups:

Theorem 2.3. Suppose that N is a nilpotent normal subgroup of a finitely

generated group G and that G/N is an infinite cyclic group. The following

conditions are equivalent:

(i) G is finitely presented,

(ii) G/N' is finitely presented,

(iii) G 1s an ascending HNN extension over a finitely generated subgroup of
N;

(iv) there is an element t € G such that G = (N,t) and such that the char-
acteristic polynomial of the endomorphism of N** ® Q induced by t has
all coefficients in Z.

(3) The sphere criterion

Let @ be a finitely generated abelian group and let V(Q) = Hom (Q, R).
Thus V(Q) is a real vector space of dimension n, where n = dim ¢(Q ® Q).
Fix a norm || || in V(Q) and write S(Q) for the (n — 1)-sphere {v € V(Q) |
lv]l = 1}. For v € S(Q) let Q, be the submonoid {g € @ | v(¢) >0}. In
[10], Bieri and Strebel associated with each ZQ-module M the set

Iu={veS@Q)| M is a finitely generated module for the ring ZQ, }.

It transpires that X, is an open subset of S(Q).

Now let G be a finitely generated group, write K = G’ and set Q¢ = G*® and
Mg = K**. So Mg can be regarded as a ()g-module and the set X, may
be defined; it is an open subset of the sphere S(Q¢) and is an invariant of G.
Consider the following condition:

Bieri and Strebel proved the following remarkable result:
Theorem 2.3. If G is a finitely presented group having no free subgroups

of rank 2 then G satisfies (SC). Conversely, if G is a finitely generated
metabelian group satisfying (SC) then G is finitely presented.

Thus (SC) provides a geometrical characterization of finitely presented met-
abelian groups. But the utility of the invariant 3, and the condition (SC) is
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not restricted to metabelian groups. Abels has shown in [1] that the finitely
presented S-arithmetic groups G can be characterized using the set ¥y : in
particular, his results give the following theorem.

Theorem 2.4. If G is a finitely generated S-arithmetic group and G is
nilpotent-by-abelian then G is finitely presented if and only if (i) (SC) holds
and (ii) H,(G',Z) is a finitely generated ZG*®-module.

Of course, the necessity of (i) and (ii) above follows from Theorem 2.3 and
Lemma 2.1. Theorem 2.3 also implies that if G is any group satisfying (SC),
in particular, if G is finitely presented and has no free subgroups of rank 2,
then G/G" is finitely presented. A result of Bieri, Neumann and Strebel [8]
whose proof relies on the property (SC) is the following.

Theorem 2.5. If G is a finitely presented group having no free subgroups
of rank 2, then for all L > G' with G/L = Z* there is a a finitely generated
subgroup N > L with G/N = Z.

The invariant ¥,,, encodes important structural information for an arbitrary
finitely generated group G and it can be used, for example, in the study of
the automorphism group of G. However, when investigating finitely presented
soluble groups which are not nilpotent-by-abelian, one encounters modules for
non-abelian groups, and so far all attempts to find a natural extension of the
definition of ¥;; when M is a module for a non-abelian group have proved
elusive.

Moreover, if G does not have Z? as a homomorphic image, then the sphere on
which ¥,, lies contains at most two points, and so facts about open subsets
are of small utility. We note, for instance, that Theorem 2.5, whose proof
depends on properties of X, is vacuous in this case. If there is a subgroup
G, of finite index in G which maps surjectively to Z2, then for many purposes
one can replace G by G,. So the groups for which methods using invariants
on spheres are ineffective are those having no subgroup of finite index which
maps surjectively to Z2. We shall return to these groups at the end of the
lecture.

(4) The growth criterion

We saw in Lecture 1 that finitely presented soluble groups G satisfy the
following condition.

(GC) There is a constant x > 0 such that d(H**) < |G : H|} for all subgroups
H of finite index in G.

We shall illustrate how (GC) can be used to give information about finitely
presented soluble groups. First we establish a module-theoretic consequence

of (GC).
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Suppose that G = M xQ), where M is an elementary abelian p-group for some
prime p. Let H be a subgroup of finite index in Q and write K = [M, HJ.
Thus K«MH and we have MH/K = M/K x HK/K, so that

d((MH)®) > d(M/K) = dim g, (M/[M, H).

Combining this with (GC) we obtain useful information about the structure
of M; and this information is sometimes available for extensions which are
not split (see [26] or [16]):

Lemma 2.6. Suppose that G is a group which satisfies (GC) and which
is an extension M — G-Q), where M is an elementary abelian p-group. If
either G splits over M or Q) is a virtually torsion-free soluble minimaz group,
then there is a constant k > 0 such that dimg, (M/[M, H)) < k|Q : H} for
each subgroup H of finite index in Q).

We shall now test the power of the criterion (GC) on some specific groups.
Suppose that G satisfies (GC) and has the following structure:

(a) G = MxQ, with M abelian and pM = 0;
(b) @ = AxT, with A # 1;
(c) M, regarded as an F, A-module, is free of finite rank r > 0.

We take a subgroup D of finite index in A such that D<@, and write V =
(D —1)F,A. We have

M/MV = (F,A/V)" & (F,(A/D))",

so that dimg,(M/MV) = r|A/D|. Moreover MV = [M, D] is normal in G.
Let Hp = Co(M/MV), so that [M, Hp) = MV, and let Tp = Cr(M/MV).
Thus

|Q: Hp| < |Q: DTp| = |A/D||T/Tp|.

Writing k for the constant given by Lemma 2.6, we conclude that
r|A/D| < k|A/D|T/Tplt,

and so
|A/D| < k|T/Tp|  where ky = k*/r>. (4)

Let a € A and u € Tp, and choose a free generator m for the F, A-module
M. Modulo MV we have

mla,u] = ma v lau = ma"'a =m,

so that [a,u] € D, since the image of mF,A in M/MV is a free F,(A/D)-
module. Thus Tp < Cr(A/D). Because of (4), a bound independent of D for
the order of Cr(A/D)/Tp would clearly have important implications for the
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structure of (), but of course in general no such bound will exist. In order to
make further progress, we add some extra conditions:

(d) A is a torsion-free abelian group of finite rank;

(e) T = (z) is infinite cyclic;

(f) A is cyclic as a ZT-module, and the characteristic polynomial f of the

endomorphism of A ® Q induced by z has integer coefficients;

(g) every non-trivial subgroup of T acts irreducibly on A ® Q.
(For example, let A = Z[1/p] and f(t) =t —s with s € Z\{0}.) The group G
is clearly soluble but not virtually metanilpotent. We suspect that most, if
not all, finitely presented soluble groups are virtually metanilpotent, and so
we would like the hypothesis that G satisfies (GC) to lead to a contradiction.
We shall make careful estimates of indices for a range of choices of D, and at
this stage number-theoretic considerations will turn out to be relevant.
For n € N let £(n) be the exponent of Aut (Z/nZ) and §(n) the number of
distinct primes which divide n. The following result is elementary.

Lemma 2.7. Let S C N. If the set {n/e(n) | n € S} is bounded above then
so is the set {6(n) | n € S}.

Take ,m € N, and define D;,, = (a*a*,a*"a"" | a € A). We have

A/Dim = Z(t)/(f(2),t — Pt — p) = Z/(f (@), P'™ - D),

and this has order a;, = (f(»'),p™ — p). It can be shown that there is an
upper bound k, for all of the indices |Cr(A/Dy)/Tp,,, |- Therefore from (4)
we have for all I, m

Um < k1k2 |T/Cr(A/Din)| < krky €(aum),

so that the set {a;./e(ar,) | {,m € N} is bounded. It follows from Lemma
2.7 that {6(n) | n € S} is bounded, where S = {(f("),p'™ —p) | |,m € N}.
We note that by condition (g) the polynomial f is irreducible. The following
easy result gives a different interpretation of the above property.

Lemma 2.8. Letn € Z, let f(t) be an irreducible monic polynomial in Zt],
and let ¢ be a root of f in a splitting field. The following are equivalent:
(i) for all integers b € N there are integers I,m € N such (f(n'),n'™ —n) is
divisible by at least b distinct primes;
(ii) the ring R generated by c has infinitely many mazimal ideals I such that
the images of ¢c,n in R/I are non-zero and generate the same multiplica-
tive group.

Thus we have our contradiction if a root of f has the property expressed
in condition (ii) above, with n = p. In the case when f(¥) = t — s with
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s € Z\{0}, we need to know whether there are infinitely many primes ¢ such
that the images of s, p in Z/qZ generate the same multiplicative group.

It is natural to conjecture that if ¢, d are non-zero algebraic numbers which are
not roots of 1, then the ring R generated by ¢, d has infinitely many maximal
ideals I such that the images of ¢,d in R/I are non-zero and generate the same
multiplicative group. Unfortunately this seems hard to establish. Even in the
case when ¢, d € Q the matter is non-trivial. For the case when ¢,d € QQ and
cd > 0, there is a short argument (based on the proof of Lemma 4.2 of [26])
using Dirichlet’s theorem on primes in arithmetic progression and quadratic
reciprocity. A proof for the case when ¢,d € Q and ¢d < 0 was given by
Schinzel and Wgjcik [23]; it occupies six journal pages. A few more partial
results are known in the special case when one of the algebraic numbers is a
rational prime.

Our attempts above to arrive at a contradiction seem therefore to have met
with rather qualified success. For the specific examples that we have dis-
cussed, there may be other ways of obtaining a contradiction. However the
point about the above calculations is that they can be made to apply in a
more general context. We have already noted that if G is a group none of
whose subgroups of finite index has Z* as a homomorphic image, then the
information available from the geometric methods of Bieri and Strebel [10] is
of limited use. In [26] the following result was proved:

Theorem 2.9. Let G be a finitely presented soluble group and suppose that
no subgroup of finite index in G has Z* as a homomorphic image. Then G
has a nilpotent-by-cyclic subgroup of finite index.

The finitely presented nilpotent-by-cyclic groups are reasonably well under-
stood, by Theorem 2.3. In the proof of Theorem 2.9, deep results in the
representation theory of soluble minimax groups are used to reduce to some
groups resembling those discussed above, and these are shown not to satisfy
(GC), using calculations like those above, coupled with partial solutions to
the conjecture on pairs of algebraic numbers.

Lecture 3. Hilbert—Serre dimension

The condition (GC) discussed in the last lecture gives an inequality for each
subgroup of finite index, and we have seen how some of the inequalities can be
combined to elucidate the structure of finitely presented groups in a context
where other techniques (such as those associated with spheres) are unavail-
able. The arguments led rapidly to detailed calculations and an open problem
in number theory; and so it is clear that we can only expect (GC) to give
decisive results in very special circumstances.



Finitely presented soluble groups 309

In this lecture I will describe a rather less ad hoc way of reassembling infor-
mation from the inequalities given by (GC). Though more information is lost
in this procedure, it seems natural and it can be carried out for a large class
of finitely presented groups. It involves ideas similar to those in the classical
dimension theory of commutative algebra.

Let R be a ring. We fix an additive function A on R-modules of finite com-
position length and a right ideal I of R with A(R/I) finite.

Let M be a right R-module. We define the Hilbert—Serre dimension of M
with respect to I, denoted hs (M, ), as follows:

hs (M, I) =00 if A(M/MI") is infinite for some n € N

and

log A(M/MI"
hs (M, I) =lim supL/) otherwise.

n—00 IOg n
Thus if hs (M, I) = d is finite, then for all £ > 0 one has

AMM/MI™) < n***  for n large enough;

and d is the smallest number with this property. Equivalently, hs (M, I) may
be defined to be the Gelfand-Kirillov dimension of the associated graded
module @,5o(MI"/MI™").

It is clear that hs (N, I) < hs (M, I) if N is an R-module image of M, and that
hs (M, & M,, I) = max{hs (M,, I),hs (M,, 1)} for any R-modules M;, M,. It
follows that if M is finitely generated then hs (M,I) < hs(R,I). It is very
easy to prove

Lemma 3.1. Let I be an ideal of R with A\(R/I) finite, and suppose that

M, — M-»M, is a short exact sequence of R-modules. Then

(a) hs (M, I) < max {hs(M;,I),hs (M, I)}.

(b) If in addition I has the strong Artin-Rees property and M, M, are finitely
generated, then hs (M, I) = max {hs (M,,I),hs (M,, I)}.

We recall that an ideal I of a ring R is said to have the strong Artin—Rees
property if for each finitely generated R-module A and finitely generated
submodule B there is an 7y € N such that AI"N B = (AI™ N B)I*™ for all
n > ng.

In the case of interest to us, R is the group algebra F,Q, where @ is a poly-
cyclic group, and A(N) = dim g, (N) for each finite-dimensional R-module N.
Most of the results we describe below remain true if @ is a finitely generated
soluble minimax group which is virtually torsion-free (with the torsion-free
rank of @ playing the role of the Hirsch number), with slightly different proofs.
For the remainder of this section, the prime p and the polycyclic group @ will
remain fixed and R will denote F,Q.
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Lemma 3.2. If M is a finitely generated R-module and I is an ideal of
finite codimension in R, then hs (M, I) < h(Q).

Proof. Write r = h(Q). By the remarks preceding Lemma 3.1, it is sufficient
to prove the lemma in the case when M = R.
Let @, = @N (1 +I). Thus @, is the centralizer of R/I in Q and |Q : Q|
is finite. Since @, is polycyclic, there is a constant ¢ such that |Q,;/Q¥| < ck”
for all k£ € N, where r is the Hirsch number of Q.
Let n € N and let j € N satisfy p’~? < n < p’. Since R has characteristic p
we have A A

QF <1417 <141,
so that the image of @ in R/I™ has order bounded by

|Q/Q§’i| <cl@: Qi(P) <cn” where ¢ =c|Q:Qp"

Since dimg,(R/I™) is at most the dimension of the group ring of the image
of @ in R/I", we conclude that

dimpg,(R/I") < c'n".
The result follows.

It does not seem at all clear in this degree of generality whether or not the
statement hs (M, I) € NU{0} must hold for all finitely generated modules M.
However the following result, which is an easy extension of the Hilbert—Serre
theorem of commutative algebra, shows that this is so if @ is nilpotent and I
is the augmentation ideal of R. It can be proved by imitating the standard
proof of the Hilbert—Serre theorem (as described, for example, in [2], Chapter
11), and using the fact that the augmentation ideal of the group algebra of
a finitely generated nilpotent group has the strong Artin-Rees property (by
Theorem 5 of [20]) and has a polycentral generating set.

Lemma 3.3. Suppose that R = F,Q, where Q is a finitely generated nilpotent
group, and I is the augmentation ideal of R, and let M be a finitely generated
R-module. Then the Poincaré series

P(M,I,t)=>_dimg, (MI*/MI**)t*

k20

may be written in the form
f®)
H::l(l - tli)’
where f(t) € Z[t] and each l; is a positive integer. Moreover hs (M, I) is the
degree of the pole of P(M, I,t) at 1.

We now return to the general case in which @ is polycyclic and I has finite
codimension in R. We need information about modules M which is stable
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under passage from @ to subgroups of finite index. We define the (total)
Hilbert-Serre dimension of an R-module M to be the supremum of the num-
bers hs (M, I) as I runs through all ideals of R of finite codimension, and we
denote this by hs (M). Thus hs (M) < h(Q) if M is finitely generated, by
Lemma 3.2. If Q, is a subgroup of Q we write hs (Mg, ) for the total Hilbert—
Serre dimension of M regarded as an F,Q,-module. The next result gives
some information about the relationship between hs (Mg) and hs (Mg, ).

Lemma 3.4. Let Q, be a subgroup of Q and write d = hs (Mg) and d, =
hs (Mg,). The following assertions hold:

(a) d< dy;

(b) if |Q : Qi] is finite then d = d;

(c) if @, is a subnormal subgroup of Q and d, is finite, then d = d,.
If Q is nilpotent, the function hs (M) defined above coincides with a dimension
function that is better known. We recall that the Krull dimension k(M) of a

non-zero module M is the greatest ordinal d such that M has a descending
chain of submodules of order-type w?. We have

Lemma 3.5. (Groves and Wilson, [16]) If Q is nilpotent, then hs (M) =
k(M) for every non-zero finitely generated F,Q-module M.

The relevance of the above results to the condition (GC) comes from the next
result.

Lemma 3.6. Let M be an R-module with the property that some extension
G of M by Q satisfies (GC), and write C for the centralizer of M in Q. Then
hs (M) < 3h(Q/C).

Proof. We fix an ideal I of finite codimension in R. Set @, = QN (1 + I).
Thus |Q : @, is finite. Write b = |Q : CQ,| and r = h(Q/C), and let ¢ be a
constant satisfying

ICQ:L/C : (CQL/C)*| < ck”

for all k€ N. '
Let n € N and define j € N by p’~' < n < p’. We have QY <1417, and so
[M,CQY| < MI”. Thus we have

dimg, (M/MI?) < E|Q: CQP I} < kB|CQ,/C : (CQ./C)7 I},
where k& is the constant given by Lemma 2.6, and hence
dim g, (M/MI") < dimg, (M/MI?) < kbrep’® < kbbe(pn)t.

We conclude that hs (M, I) < 3h(Q/C), and since this holds for all ideals I of
finite codimension in R the result follows.
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Now we describe three applications of these ideas to finitely presented groups.
The results which follow are all deeper and more difficult than the results
discussed so far in this lecture.

1. Extensions by abelian groups

Let Q be an abelian group with n = h(Q), and let the (n — 1)-sphere S(Q)
be defined as in Lecture 2.

Definitions. . A rational hemisphere is a subset of S(Q) of the form

{v|v(g) >0}

with ¢ € Q. A rational spherical polyhedron (RSP) is a finite union of sets,
each of which is an intersection of finitely many rational hemispheres. The
dimension of an RSP is the dimension of a neighbourhood of an interior point.

The next two results explain our interest in rational spherical polyhedra.

Theorem 3.7. (Bieri and Groves, [7]) If M is a finitely generated ZQ-
module then the complement ¥$, of Xy tn S(Q) is a RSP.

Lemma 3.8. (Groves and Wilson, [16]) Suppose that M is a finitely gener-

ated ZQ-module and that k(M) = m. Then

(a) dim¥$, < m—1, and

(b) there is a subgroup @, of @ with h(Q,) = m such that M is finitely
generated as a ZQ,-module.

The deduction of assertion (b) above from the previous results is geometrical
in character. For each subgroup @, with k(Q,) = m define

S5(Q,@:) ={veS@Q) |v(@)=0}

Thus S(Q, Q) is a subsphere of dimension n — m — 1. Moreover Bieri and
Strebel showed in [11] that if M is a finitely generated Z@Q-module then M
is finitely generated for ZQ), if and only if S(Q,@,) N X5, = 0. So our task
is to find a subsphere of the form S(Q,@,) which is disjoint from a RSP of
dimension at most m, and it is fairly plausible on geometrical grounds that
this can be done.

It follows immediately from the above four results that if some extension of
the F,@-module M by @ satisfies (GC), then ¢, is a RSP of dimension at
most 3h(Q) — 1, and moreover M is finitely generated as an F,Q,-module for
some subgroup @, with h(Q;) < th(Q). This leads to the following result on
finitely presented nilpotent-by-abelian groups.
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Corollary 3.9. (Groves and Wilson, [16]) Let G be a finitely generated
nilpotent-by-abelian group satisfying (GC). Then there is a finitely generated
subgroup G, satisfying G' < G, € G such that

sh(G®®) if G' is a torsion group,
HG/Gy) >
3h(G™) =1 in general.

This should be contrasted with the result Theorem 2.5, proved by Bieri,
Neumann and Strebel, which implies that if G is a finitely presented group
without free subgroups of rank 2, and if h(G*®) » 2, then there is a finitely
generated subgroup G, » G' with G/G, 2 Z.

2. Extensions by nilpotent groups

The assertions collected in Theorem 3.10 are obtained using techniques and
results in the representation theory of finitely generated nilpotent groups.
The proofs are difficult, and yet one suspects that the results are far from
best possible.

Theorem 3.10. (Groves and Wilson, [16], [17]) Let Q be a torsion-free
nilpotent group and suppose that there is an F,Q-module M on which Q acts
faithfully and satisfying hs (M) < 2h(Q).

(a) If d(Q) < 2 then Q is abelian.

(b) If d(Q) < 5 then Q is nilpotent of class at most two.

(c) The centre of Q cannot be equal to Q' and be infinite cyclic.

(d) The group @ cannot be free nilpotent of class 2 and rank 3.

We would like to thank Aeroflot for providing us with the unexpected op-
portunity to work together with Hermann Heineken on the case d(Q) =5 of
assertion (b), in the Special Delegates Lounge at Krasnoyarsk Airport.

The assertions above yield structural information about finitely presented
metanilpotent groups, in the form of restrictions on the structure of the quo-
tients of these groups by their Fitting subgroups. For example, assertion (a)
leads to the following result.

Theorem 3.11.  (Groves and Wilson, [16]) If G is a finitely presented
meta-nilpotent group and d(G) < 2 then G is virtually nilpotent-by-(nilpotent
of class at most two).

A result valid for arbitrary finitely presented metanilpotent groups but with
a weaker conclusion has been proved by Brookes and Groves [12}: if G is such
a group then G is virtually nilpotent-by-(nilpotent of class at most d(G)).
Indeed, somewhat stronger results can be obtained using their techniques.
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3. Extensions by polycyclic groups

The behaviour and significance of hs (M) when @ is an arbitrary polycyclic
group seem a little obscure. We shall illustrate that hs (M) and k(M) do
not in general coincide. We begin by describing some important examples of
polycyclic groups.
Let A be a non-cyclic free abelian group of finite rank and let T be a free
abelian subgroup of the automorphism group of A such that A ®; Q is irre-
ducible as a QT}-module for all subgroups 7; of T of finite index. Thus the
ring F' of endomorphisms of 4 ®z Q as a ZT-module is an algebraic number
field, and T is a subgroup of the group of units of the ring of algebraic integers
of F. Set @ = AxT. It is apparent that some assertions from number theory
have ramifications for the structure of these groups. For example, Dirichlet’s
unit theorem implies that h(T) < h(A).
With @ as above, define M = F,A. Then M becomes an F,Q-module with
A acting on M by multiplication and T acting by conjugation. From the
commutative Hilbert—Serre theory we have hs (M,) = h(A) (see for example
Atiyah and Macdonald [2], Chapter 11). Lemma 3.4 shows that hs (M) =
hs (Mg). Therefore

hs (Mgy) = h(A) > 1.

The F,Q-submodules of M are just the ideals of F,A which are invariant
under the action of @, and, by a theorem of Bergman [6], all non-zero such
ideals have finite codimension in F, A. It follows that

k(M) = 1.

Now suppose that the group @ is as above, but that M is any F,Q-module
which, regarded as a module for the integral domain F, A, is torsion-free of
finite rank. Considerations like those in the above paragraph, together with
the inequality h(T) < h(A) which comes from Dirichlet’s unit theorem, give

hs (Mg) = hs (Ma) = h(A) > X(h(A) + h(T)) = 1h(G).

Thus no extension of M by @Q can satisfy (GC); and so no such extension can
be finitely presented. This result can be extended.

Theorem 3.12. (Brookes, Roseblade and Wilson, [18]) Suppose that Q is
a polycyclic group and M is an F,Q-module. If some extension of M by
Q is finitely presented, then Q has a normal subgroup L such that Q/L is
virtually nilpotent and such that L acts nilpotently on M. Finitely presented
abelian-by-polycyclic groups are virtually metanilpotent.

There are many examples of finitely generated abelian-by-polycyclic groups
which are not virtually metanilpotent (for example, standard wreath prod-
ucts of Z with polycyclic groups which are not virtually nilpotent), and the
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above result shows that such groups certainly cannot be embedded in finitely
presented abelian-by-polycyclic groups. This gives a negative answer to a
question raised in 1973 by G. Baumslag [5].

An important part of the proof of this difficult result is a reduction to the
case when @ is a split extension A X T of the type described above. The
hypothesis of the theorem has consequences not dissimilar to the assertion
hs (M) < ;h(Q), and the strategy is to use the unit theorem just as above.
The notion of applying the unit theorem to show that groups are not finitely
presented seems somewhat curious (and the strategy would break down for
extensions of nilpotent groups by soluble minimax groups), but it is the only
way known at the moment to tackle such problems.
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